Ex Falso Quodlibet
‘Ex Falso Quodlibet’ is the mediaeval name for the rule of inference which allows that from a contradiction you may deduce anything whatsoever.  For instance, it licenses the move from the joint premisses


[1]
that Grannie strangled the cobra


[2]
that Grannie did not strangle the cobra

to the conclusion


[3]
that John Redwood is a lizard.

Many of you will be dubious about the bona fides of such a rule. Surely, you might think, the question of John Redwood’s place in the phylogenetic tree is utterly unconnected with any purported truths concerning Grannie.  So how can it possibly be properly deduced from them?  Or perhaps you wish to observe that we just don’t reason that way.  

Not that we never argue from contradictory premisses.  There is nothing wrong with reasoning

“If Grannie both did and did not strangle the cobra, then there’s something wrong with the logic they taught me at Balliol.”
And we are quite happy arguing from contradictory premisses when the whole point is to make explicit the contradiction.  Reasoning would be severely hobbled
 without recourse to Reductio Ad Absurdum as a legitimate mode of reasoning.  Why, only last week you were all reasoning like this:-
“Suppose that the Bursar is telling the truth. Then, given our other premisses, we can deduce in turn that the Chaplain is telling the truth, that the Dean is not, that the Warden is, and finally that the Chaplain is not. But this constitutes a contradiction. So our original supposition must have been false, and the Bursar is lying.”
But such performances are quite different from the deduction of Redwood’s lizardhood with which I began.  The conclusion is most welcome, no doubt, but we just don’t get to it  that way.  
Now I am in full agreement with your worries.  There is something extremely dodgy about Ex Falso Quodlibet, and those of you who have already raised the matter are close to spotting what is amiss.  But not close enough to see it clearly.  

Logicians, as you have already had occasion to observe, take it as obvious that anything follows from a contradiction.  So my first task is to show you some of the various considerations which have influenced them.  I instance two.  To soften you up, let’s begin with proofs in mathematics.
Mathematical reasoning
I begin with a special case, namely reasoning from a (particular) contradiction in mathematics, 1 = 0.  

1 = 0 is a necessary falsehood, something false in all possible worlds.  A very condensed contradiction, if you like.  Indeed, mathematicians have even adopted the equation as their shorthand for the English phrase ‘this yields a contradiction’.  They write things like
“........and then the Chaplain is not telling the truth.  1 = 0.  So the Bursar is lying.”

Well, can we deduce anything we like from 1 = 0 as premiss?  Nothing simpler.  Let us, for instance, prove that  ( = 3.  I shall use only steps of reasoning which are themselves impeccable.  The proof goes

Assume, as a premiss



 


[1]
1 = 0.

Multiply both sides by ( to yield










[2]
( = 0



Multiply both sides by 3 to yield 






[3]
3 = 0

And now from equations [2] and [3] it follows directly that 






[4]
( = 3.   Q.e.d.

And clearly the same pattern of proof will suffice to prove anything expressible as an equation.  But, of course, not every mathematical truth can be expressed as an equation.  The fact that ( is irrational, for instance, cannot be so expressed.  Indeed, the standard proof of the fact that ( is irrational is long, difficult, and beyond the grasp of most mathematicians in college.
  So can we prove it? Fortunately, we have a most elegant proof, as long as we can use the premiss that 1 = 0.  Here goes.  
Let us define a function f as follows.  It can have only two values, 0 and 1, and which value it takes is determined by the rule




f = 1
if ( is irrational





f = 0 
otherwise.

And notice first of all that f is well-defined.  And now we reason:

Either ( is irrational or it is not.  If it is, there is nothing to prove.  And if it is not, then f = 0.  But 0 = 1, so f = 1, which means that ( is irrational after all.  Q.e.d.
Of course, we could just as easily prove that ( is rational, a false result.  But don’t look a gift horse in the mouth. 

It will be immediately clear that the same trick will take us beyond the narrow confines of mathematics, to yield a proof of any proposition whatsoever.  We could, for instance, sort out the John Redwood matter once and for all.  Just define the famous Gecko
 function  g:-




g = 1 if John Redwood is a lizard





g = 0 otherwise.
I leave the rest of the proof to you as an exercise.

Logical reasoning
All very well, you may say, but what about contradictions expressed in ordinary English, explicit contradictions like 


Grannie both did and did not strangle the cobra?

Can you prove anything whatsoever from such a premiss?  Not having that trick with equations available, how will you get John Redwood into the picture?  
The logicians will offer you their standard proof.  First of all, some notation.  Let ‘P’ stand for the proposition that Grannie strangled the cobra, and let ‘Q’ stand for the proposition that John Redwood is a lizard.  Or, as we put it in our elegant shorthand


P:    Grannie strangled the cobra


Q:    John Redwood is a lizard.
And then here is the standard formal proof, laid out text-book style:-


[1]
P is true, and P is false
Given as premiss


[2]
P is true


From [1]


[3]
P is false


From [1]


[4]
P is true or Q is true

From [2]


[5]
Q is true


From [3] and [4].

The steps of reasoning involved are surely unexceptionable.  If P is true, then a fortiori either P or Q is true.  And if one of P and Q is true, but P is false, then it must be Q is true.

So there you are.  A proof of anything whatsoever from a contradiction.  The logicians are going to say that the inference from P and not-P to Q only looks dubious because the intermediate steps are missing.  You can’t see how to draw that conclusion straightway. But you can get from premiss to conclusion by a series of steps, using principles of reasoning to which you are already committed.  

Hence, they will say, Ex Falso Quodlibet is a perfectly good rule of inference:  it is a consequence of rules of inference which you already accept.
What if I still feel suspicious?
Then you are probably Wolfgang.  But even if not, you may well still feel that there is something dubious about all of this.  That somehow the wool is being pulled over your eyes, that there has been a sleight of hand which you can’t quite pin down.

If so, you are right.  Wolfgang is right to be suspicious.  The above manoeuvres are indeed sleight of hand.  The logicians are rather good magicians, and they have very cleverly concealed the trick.  Precisely what the trick was will be revealed in Week 4, but if some of you want to be thinking about it before then, I offer two hints.  To substantiate your suspicions, you need to show what is wrong with the logical proof given above.  There is something wrong with it, but the effect is very subtle.  
Your first hint is that as long as you stay within the world of formal logic, there is indeed nothing wrong with EFQ. Our classical formal logics all deploy it, and are right to do so, given the way they are set up.  EFQ is indeed a consequence of the other rules.  But suppose you stand back, outside formal logic, and ask a different question:

Is classical formal logic an adequate model of human reasoning?  Does the formal system correctly mimic what we do when we reason?  Especially when we reason using ‘if’?  

And your second hint is that each of the individual moves in the proof works perfectly well in English reasoning.  If P is true we can certainly deduce that at least one of P and Q is true. And if at least one of P and Q is true, but P is false, it follows that Q must be true.  

-oOo-
� Or, if you like, the single premiss that Grannie both did and did not strangle the cobra.





� Anyone who suspects that this might not be true is invited to visit 		� HYPERLINK "http://users.ox.ac.uk/~ball0888/oxfordopen/redwood.htm" ��http://users.ox.ac.uk/~ball0888/oxfordopen/redwood.htm�





� (For mathematicians studying Natural Deduction only)  Hobbled, but not completely disabled, because RAA is not an essential rule of Natural Deduction systems. It can be derived from the other rules.  But its presence in a system sure as hell makes proofs an awful lot simpler.


� First-year mathematicians can take this as a challenge.  If you get to understand the proof, then you will have mastered a huge amount of Analysis.  You can find the bare bones of the proof at � HYPERLINK "http://www.mcs.csuhayward.edu/~malek/Mathlinks/Pi.html" ��http://www.mcs.csuhayward.edu/~malek/Mathlinks/Pi.html�.   But that will not help you.  To be properly persuaded you need to read a wonderful book:


 


	Michael Spivak:  Calculus, Berkeley, 1980


� First defined by M.H. Thatcher





