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Introduction

Outline

1 Motivation: wind turbine blade fatigue control

2 Stochastic MPC: basic formulations

I Probabilistic constraints & recursive feasibility
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Motivation System model

Wind turbine blade pitch control

– Wind speed: v
assumed random

– Rotational speed: ω
assumed constant

– Blade pitch angle: β

– Power-optimal
pitch angle: β∗(v, ω)

ω

β

turbine blade

Control problem: track β∗ subject to constraints on fatigue damage
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Motivation System model

Blade dynamic model

β,Tm

Tp

d.c. motor

blade

blade pitch angle: β

motor torque: Tm

aerodynamic torque: Tp

friction torque: c
dβ

dt

Lumped parameter model J
d2β

dt2
+ c

dβ

dt
= Tm − Tp
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Motivation System model

Aerodynamic torque

Tp = Tp(α, vB)
wind speed at blade: vB = vB(ω, v)

angle of attack: α = α(β, ω, v)

vB α β

Tp

Hence the model

J
d2β

dt2
+ c

dβ

dt
= Tm − Tp(α, vB)

contains:

multiplicative uncertainty due to vB(ω, v)

additive uncertainty due to α(β, ω, v)

}
statistically dependent
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Motivation System model

Wind model

Wind speed variation with height z:

v = vref
log(z/z0)

log(zref/z0)

(ground roughness factor: z0 > 0)

v

z

Wind speed pdf p(v)

modelled using Weibull
or Gaussian distributions

v

p(v)
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Motivation System model

Wind model

time (s)

v

2001

— : v
approx. constant mean and variance over interval ∼ 200 s

— : vB
fluctuates due to blade rotation with period ∼ 1 s
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Motivation System model

Linearized discrete-time system model

Control input u determines motor torque: Tm = kmu

System output: net torque y = Tm − Tp

Approximate linear model around a setpoint identified as:

βk+1 = ak,1βk + ak,0βk−1 + bk,1uk + bk,0uk−1 + γk

using:

NACA 632-215(V) blade data

1 second sampling interval

least squares estimation of (θ̄,Σθ), θ = [a1 a2 b1 b2 γ]T
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Motivation System model

Linearized discrete-time system model

Model: x(k + 1) = Akx(k) +Bku(k) + wk,

Ak =

[
0 ak,2
1 ak,1

]
, Bk =

[
bk,2
bk,1

]
, wk =

[
0
γk

]
with parameters[

Ak wk
]

=
[
Ā 0

]
+

3∑
j=1

[
A(j) w(j)

]
qj(k)

Output: y(k) = ckx(k) + dk:[
ck dk

]
=
[
c̄ 0

]
+

2∑
j=1

[
c(j) d(j)

]
qj(k)

Random variable q(k) ∼ D, approximately i.i.d.,

identified empirically as truncated Gaussian
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Motivation Fatigue constraints

High-cycle fatigue

S-N curve gives number of cycles to failure (Nfail)
under cyclical stress loading:

...

...

∆σ

0 time

log(∆σ)

log(Nfail)

Extend to: non-zero mean stress (using Goodman’s rule)

combined stress loadings (using Miner’s rule)
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Motivation Fatigue constraints

Constraints

Blade stress amplitude depends on net torque, y:

y = Tm − Tp

hence for a given life-span Nlife, require:

Nfail/Nlife ≥ rate of violation of bound: y ≤ ȳ

for ȳ and Nfail obtained from S-N curves

Equivalent probabilistic constraints:

Pr{ckx(k) + dk ≤ ȳ} ≥ p, p = 1− Nfail

Nlife

Motor torque saturation: |Tm| ≤ Tmax implies hard input constraints

|u(k)| ≤ u
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Motivation Fatigue constraints

Constraints
More accurate probabilistic constraints

. . . on the average rate of violation of bounds over interval Ns

1

Ns

Ns−1∑
k=0

Pr{ckx(k) + dk ≤ ȳ} ≥ p, p = 1− Nfail

Nlife

...

...

...

time

y

ȳ

setpoint change

. . . on ranges of stress amplitudes, e.g. Pr{ckx(k) + dk > ȳr} < pr = Nfail,r/Nlife

...
Pr{ȳ2 ≤ ckx(k) + dk > ȳ1} < p1 = Nfail,1/Nlife
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Motivation Fatigue constraints

Problem formulation
System and constraints:

x+ = Ax+Bu+ w, A = A(q), B = B(q), w = w(q)

Pr{cx+ d ≤ ȳ} ≥ p, c = c(q), d = d(q)

|u| ≤ ū

Uncertainty: q ∼ D, where distribution D is finitely supported in practice

MPC law u(k) = κMPC(x(k)) obtained by solving, at k = 0, 1, . . .:

min
{u(k),u(k+1),...}

J
(
x(k), {u(k), u(k + 1), . . .}

)
subject to Pr

{
c(k + i)x(k + i) + d(k + i) ≤ ȳ

}
≥ p

|u(k + i)| ≤ ū, i = 0, 1, . . .

How can we ensure recursive feasibility?

analyse closed loop behaviour?

invoke probabilistic constraints?

parameterize predictions?
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Basic SMPC formulation Probabilistic constraints

Probabilistic constraints & recursive feasibility
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Basic SMPC formulation Probabilistic constraints

Recursive feasibility

Consider the general dynamics: x+ = f(x, u, q)

and probabilistic constraint: Pr{F (x, u, q) ≤ 1} ≥ p, q ∼ D

Suppose u(0) and u(1) are such that

Pr{F (x(k), u(k), q(k)) ≤ 1
∣∣x(0)} ≥ p, k = 0, 1

then:

(i) it is not necessarily true that

Pr{F (x(k), u(k), q(k)) ≤ 1
∣∣x(1)} ≥ p, k = 1

e.g. take x ∈ R, F (x, u, q) = f(x, u, q):

Pr{F (x(1), u(1), q(1)) ≤ 1
∣∣x(0)} ≥ p

but

Pr{F (x(1), u(1), q(1)) ≤ 1
∣∣xmax(1)} 6≥ p

k210

1

x(k) xmax(1)

@@R

(ii) for some realizations q(0), there may not exist any u(1) satisfying this constraint
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Basic SMPC formulation Probabilistic constraints

Recursive feasibility

Define T0 = {x : ∃u, F (x, u, q) ≤ 1 w.p. p},

then u(1) exists s.t. F (x, u, q) ≤ 1 w.p. p iff x(1) ∈ T0 w.p. 1 ←− hard constraint

∃{u(0), u(1), . . .} s.t.

{
F (x(k), u(k), q) ≤ 1 w.p. p

x(k) ∈ T0 w.p. 1

}
k = 0, 1 . . . iff x(0) ∈ R∞

R∞ = infinite-time reachability set [Bertsekas 1972]

T̂0 = {(x, u) : F (x, u, q) ≤ 1 w.p. p}, R0 = T0 = Projx(T̂0)

R̂k = {(x, u) : f(x, u, q) ∈ Rk−1 w.p. 1}
⋂
T̂0, Rk = Projx(R̂k), k = 1, 2, . . .

R∞ exists if T0 and supp(D) are compact, and
x+ = f(x, u, q) is stabilizable, with minimal ro-
bust control invariant set contained in int(T0).

R0 = T0

R1
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Basic SMPC formulation Probabilistic constraints

Recursive feasibility
Prototype stochastic MPC optimization:

min
{u(k),u(k+1),...}

J
(
x(k), {u(k), u(k + 1), . . .}

)
subject to F (x(k + i), u(k + i), q(k + i)) ≤ 1 w.p. p

x(k + i) ∈ T0 w.p. 1

i = 0, 1, . . .

Constraint at prediction time k + i is invoked with:

? worst case {q(k), . . . , q(k + i− 1)}
? stochastic q(k + i)

Finite horizon implementation requires terminal set, T

where x ∈ T =⇒
{
x+ ∈ T w.p. 1
F (x, κT(x), q) ≤ 1 w.p. p

for some terminal feedback law u = κT(x)
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Basic SMPC formulation Probabilistic constraints

Terminal set

Let O∞ = maximal admissible set for dynamics: x+ = f(x, κT(x), q)
and constraint: F (x, κT(x), q) ≤ 1 w.p. p

where Ok =
⋂k
j=0 Sj , k = 0, 1, . . .

S0 = {x : F (x, κT(x), q) ≤ 1 w.p. p}
Sk = {x(0) : x(k) ∈ S0 w.p. 1}

[cf. Kolmanovsky & Gilbert 1998]
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S0 = {x : F (x, κT(x), q) ≤ 1 w.p. p}
Sk = {x(0) : x(k) ∈ S0 w.p. 1}

[cf. Kolmanovsky & Gilbert 1998]

If Ok ⊆ Sk+1, then Ok
⋂
Sk+1 = Ok+1 = Ok, and

(i) x(0) ∈ Ok = Ok+1 ⇒


x(0) ∈ S1

...
x(0) ∈ Sk+1

 ⇒

x(1) ∈ S0 w.p. 1

...
x(1) ∈ Sk w.p. 1

 ⇒ x(1) ∈ Ok
w.p. 1

i.e. Ok is positively invariant with probability 1

(ii) x(0) ∈ Ok ⇒ x(i) ∈ Ok ∀i ≥ 0 ⇒ x(i) ∈ S0 w.p. 1 ∀i ≥ 0
⇒ x(0) ∈ Si ∀i ≥ 0

hence Ok ⊆
⋂∞
j=0 Sj = O∞

but O∞ ⊆ Ok by definition, so Ok = O∞
20 / 66



Basic SMPC formulation Probabilistic constraints

Recursive feasibility

Prototype stochastic MPC optimization:

min
{u(k),u(k+1),...}

J
(
x(k), {u(k), u(k + 1), . . .}

)
subject to F (x(k + i), u(k + i), q(k + i)) ≤ 1 w.p. p

x(k + i) ∈ T0 w.p. 1

}
i = 0, . . . , N − 1

x(k +N) ∈ T w.p. 1

? Choose T as the maximal admissible set O∞ (or an invariant inner approximation)

? Recursive feasibility guarantee:

if {u(0), . . . , u(N − 1)} is feasible for given x(0)
then {u(1), . . . , u(N − 1), κT(x(N))} is feasible for x(1) = f(x(0), u(0), q) w.p. 1

? Definition of cost J determines stability properties.

Consider expected and nominal quadratic costs.
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Basic SMPC formulation Probabilistic constraints

Recursive feasibility

Re-parameterize predicted control law: u = κT(x) + c

then predicted control inputs, {u(0), u(1), . . .}, at time 0 are defined by

u(k) = κT(x(k)) + c(k) with c(k) = 0, ∀k ≥ N
c(0) = {c(0), . . . , c(N − 1)}

Define feasible set F = {(x, c) : constraints are satisfied}, i.e.

F =

(x(k), c(k)) :

F (x(k + i), u(k + i), q(k + i)) ≤ 1 w.p. p

x(k + i) ∈ T0 w.p. 1

}
i = 0, . . . , N − 1

x(k +N) ∈ T w.p. 1


and Fx = Projx(F)

Then

x(0) ∈ Fx =⇒ (x(1), c̃(1)) ∈ F w.p. 1

where x(1) = f(x(0), κT(x(0)) + c(0), q)

c̃(1) = {c(1), . . . , c(N − 1), 0}
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Basic SMPC formulation Performance objective

Performance cost, stability and convergence
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Basic SMPC formulation Performance objective

Local Stability
Lyapunov (robust) stability ; local property of optimal

unconstrained MPC law κuc
MPC

Define

Muc
∞ = minimal robust invariant set under κuc

MPC

Fuc
x =

{
x(0) :

(x(k), u(k)) satisfies constraints ∀k ≥ 0

under u(k) = κuc
MPC(x(k)

}

? If κuc
MPC is asymptotically stabilizing and Muc

∞ ⊂ int(Fuc
x ), then

Muc
∞ is asymptotically stable

with region of attraction containing Fuc
x

? If κT = optimal unconstrained control law, then

κuc
MPC = κT and Fuc

x ⊇ T

and hence Fuc
x ⊇ T ⊃Muc

∞
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Basic SMPC formulation Performance objective

Expectation MPC cost

Quadratic expected value cost:

J(x(k), {u(k), u(k + 1), . . .}) =

∞∑
i=0

E
(
‖x(k + i)‖2Q + ‖u(k + i)‖2R

)
optimal unconstrained control law: u(k) = KLQx(k)

B Finite cost → minimize numerically online

B Quadratic in dof c(k):

V (x(k), c(k)) = c(k)TPccc(k) + 2x(k)TPxcc(k) + pk(x(k))

Pcc, Pxc computed offline, Pxc = 0 if κT = KLQ

B Optimal value V ∗(x) = min
c∈Fc(x)

V (x, c) is lower-bounded in x

B MPC law: κMPC(x) = κT(x) + c∗, where c∗ = arg min
c∈Fc(x)

V (x, c)
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Basic SMPC formulation Performance objective

Expectation MPC cost
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E
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Basic SMPC formulation Performance objective

Expectation MPC cost: convergence analysis

Let
c∗(0) = {c∗(0), . . . , c∗(N − 1)} = arg min

c∈Fc(x(0))
V (x(0), c)

c̃(1) = {c∗(1), . . . , c∗(N − 1), 0}

Then, by definition, for x(0) ∈ Fx:

V (x(1), c̃(1)) = V ∗(x(0))−
(
‖x(0)‖2Q + ‖u(0)‖2R − lss

)
but c̃(1) ∈ Fc(x(1)) w.p. 1, so the optimal value function satisfies

E
(
V ∗(x(1))

)
≤ V ∗(x(0))−

(
‖x(0)‖2Q + ‖u(0)‖2R − lss

)
? summing over r time-steps:

1

r

r−1∑
k=0

E
(
‖x(k)‖2Q + ‖u(k)‖2R

)
≤ lss +

1

r

[
V ∗(x(0))− E

(
V ∗(x(r))

)]

? hence

lim
r→∞

1

r

r−1∑
k=0

E
(
‖x(k)‖2Q + ‖u(k)‖2R

)
≤ lss
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E
(
V ∗(x(1))

)
≤ V ∗(x(0))−

(
‖x(0)‖2Q + ‖u(0)‖2R − lss

)
? summing over r time-steps:

1

r

r−1∑
k=0

E
(
‖x(k)‖2Q + ‖u(k)‖2R

)
≤ lss +

1

r

[
V ∗(x(0))− E

(
V ∗(x(r))

)]

? hence

lim
r→∞

1

r

r−1∑
k=0

E
(
‖x(k)‖2Q + ‖u(k)‖2R

)
≤ lss
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Basic SMPC formulation Performance objective

Expectation MPC cost: convergence analysis

If lss = 0 (no additive disturbance), then

E
(
V ∗(x(1))

)
≤ V ∗(x(0))−

(
‖x(0)‖2Q + ‖u(0)‖2R

)
and (x(k), u(k))→ (0, 0) as k →∞

If κT = KLQ, then lss is minimal:

lss = min
{u(0),u(1),...}

lim
r→∞

1

r

r−1∑
k=0

E
(
‖x(k)‖2Q + ‖u(k)‖2R

)
Hence

(i) the bound lim
r→∞

1

r

r−1∑
k=0

E
(
‖x(k)‖2Q + ‖u(k)‖2R

)
≤ lss holds with equality

(ii) lim
k→∞

κMPC(x(k)) = KLQx(k)
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Basic SMPC formulation Performance objective

Nominal MPC cost

Linear dynamics: x+ = Ax+Bu+ w, (A,B,w) = (A(q), B(q), w(q)), q ∼ D

E(A,B,w) = (A0, B0, 0)

State decomposition: x = z + e

Control decomposition: u = v +KTe, v = Kvz + c

Nominal dynamics: z+ = A0z +B0v

B Nominal cost:

V0(x(0), c(0), z(0)) =
∞∑
k=0

(
‖z(k)‖2Q + ‖v(k)‖2R

)
B Optimal value: V ∗0 (x) = min

(c,z)∈Fc,z(x)
V0(x, c, z) is lower-bounded in x

B MPC law: κMPC(x) = KTe+ v∗, where (c∗, z∗) = arg min
(c,z)∈Fc,z(x)

V0(x, c, z)

v∗ = Kvz
∗ + c∗
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Basic SMPC formulation Performance objective

Nominal MPC cost: convergence analysis

Recursive feasibility:

x(0) ∈ Fx =⇒ (x(1), c̃(1), z̃(1)) ∈ F w.p. 1

where x(1) = Ax(0) +BκMPC(x(0)) + w

c̃(1) = {c∗(1), . . . , c∗(N − 1), 0}
z̃(1) = A0z∗(0) +B0v∗(0)

Hence V0(x(1), c̃(1), z̃(1)) ≤ V ∗0 (x(0))−
(
‖z∗(0)‖2Q + ‖v∗(0)‖2R

)
, and

V ∗0 (x(1)) ≤ V ∗0 (x(0))−
(
‖z∗(0)‖2Q + ‖v∗(0)‖2R

)
? sum over r time steps:

r−1∑
k=0

(
‖z∗(k)‖2Q + ‖v∗(k)‖2R

)
≤ V ∗0 (x(0))

? asymptotically:

lim
k→∞

(
‖z∗(k)‖2Q + ‖v∗(k)‖2R

)
= 0 =⇒


z∗(k)→ 0

v∗(k)→ 0

κMPC(x(k))→ KTx(k)

as k →∞
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Basic SMPC formulation Performance objective

Nominal MPC cost: convergence analysis

If KT is mean-square stabilizing, i.e. ∃PT � 0:

PT − E
[
(A+BKT)TPT(A+BKT)

]
= I

then the closed loop dynamics under u = κMPC(x):

x+ = (A+BKT)x+ w′, w′ = B(v∗ −KTz
∗) + w

has finite l2-gain (w′ → x), γ, i.e. ∃γ > 0:

r−1∑
k=0

E
(
‖x(k)‖2

)
≤ ‖x(0)‖2PT + γ

r−1∑
k=0

E
(
‖Bv∗(k)−KTz

∗(k) + w(k)‖2
)

Hence

1

r

r−1∑
k=0

E
(
‖x(k)‖2) ≤ γ E

(
‖w(0)‖2

)
+

1

r
‖x(0)‖2PT +

γ′

r
V ∗0 (x(0))
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Basic SMPC formulation Performance objective

Expectation vs Nominal MPC cost

Both expectation and nominal cost ensure: robust asymptotic stability of Muc
∞

and finite l2-gain (w → x)

However

B nominal can be less representative of predicted performance than expectation cost
↑

since e∗(0) = x(0)− z∗(0) is not necessarily zero

B nominal allows different (linear) feedback gains in nominal and disturbed dynamics
↑

extra flexibility enables e.g. KT chosen for large T = O∞
Kv chosen for good l2 performance: Kv = KLQ
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Basic SMPC formulation Performance objective

Problem formulation: summary

Prototype stochastic MPC optimization:

min
c

min
{u(k),u(k+1),...}

J
(
x(k), {u(k), u(k + 1), . . .}

)
subject to F (x(k + i), u(k + i), q(k + i)) ≤ 1 w.p. p

x(k + i) ∈ T0 w.p. 1

}
i = 0, . . . , N − 1

x(k +N) ∈ T w.p. 1

? expectation or nominal cost

? constraint at prediction time k + i invoked with:

– worst-case uncertainty at prediction times k, k + 1, . . . , k + i− 1

– stochastic uncertainty at prediction time k + i
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Implementation Propagating uncertain predictions

Propagating uncertain predictions

Tube MPC

Split predicted trajectories (input/state) into nominal + uncertain components

X0 XN

nominal trajectory
����

uncertain tube�
Xk

Xk+1

. . .

. . .

Applications to:

? Linear model plus additive uncertainty or uncertain state estimation

Langson (’04), Mayne (’05)

? Nonlinear model plus uncertainty Blanchini (’90), Lee (’02), Raković (’06)

? Linear and nonlinear stochastic systems with additive or multiplicative uncertainty
Cannon (’09), Cannon (’10)
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Split predicted trajectories (input/state) into nominal + uncertain components

X0 XN

nominal trajectory
����

uncertain tube�
Xk

Xk+1

. . .

. . .

Computational advantages:

? Offline computation assuming a fixed disturbance feedback law

B linear systems Gossner (’97), Langson (’04), Mayne (’05)

? Outer approximation using one-step-ahead predictions

B nonlinear or stochastic systems Blanchini (’90), Lee (’02), Cannon (’09)
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Implementation Propagating uncertain predictions

Propagating uncertain predictions

Tube MPC

Split predicted trajectories (input/state) into nominal + uncertain components

X0 XN

nominal trajectory
����

uncertain tube�
Xk

Xk+1

. . .

. . .

Different approaches to computing probability distributions

Model uncertainty Exact tubes Approximate tubes

additive numerical integration numerical integration

additive and multiplicative sampling/M-C simulation parametric bounds
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Approximate tubes
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Parameter bounds

Affine in the disturbance dynamics:

xk+1 = A(qk)xk +B(qk)uk + d(qk)

(A, b, d) = (A0, B0, 0) +

m∑
i=1

(A(j), B(j), d(j))qj,k

qk ∼ D i.i.d., supp(D) = Q

Confidence region: if qk ∈ Q̂(p) w.p. p, where Q̂(p) = Co{q(i), i = 1, . . . , l},
then

xk+1 ∈ Co{A(q(i))xk +B(q(i))uk + d(q(i)), i = 1, . . . , l} w.p. p

= Co{Â(i)xk + B̂(i)uk + d̂(i), i = 1, . . . , l}
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Probabilistic tubes

Tube cross-section at prediction time-step i:

{X (1)
i|k , . . . ,X

(r)
i|k }, e.g. X (j)

i|k = zk+i|k + {e : |e| ≤ ē
(j)
i|k}

with X (1)
i|k ⊆ · · · ⊆ X

(r)
i|k X (1)

i|k

X (2)

i|k

xk

i = 1

i = 2

i = N

nominal trajectory zk+i|k
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Probabilistic tubes

Terminal sets:

{X (1)
T , . . . ,X (r)

T }, X
(j)
T = {x : |x| ≤ x̄

(j)
T }

with X (1)
T ⊆ · · · ⊆ X (r)

T X (1)
T

X (2)
T

xk

i = 1

i = 2

i = N

nominal trajectory zk+i|k
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Probabilistic tubes

Let S(j)? =

{
X (1)

? j = 1

X (j)
? −X (j−1)

? j = 2, . . . , r

(i). Define transition probabilities pjm, j,m = 1, . . . r:

S(1)

0|k S(1)

1|k

S(2)

1|k

S(1)

2|k

S(2)

2|k

S(1)

N−1|k

S(2)

N−1|k

S(1)
T

S(2)
T

p11 p11 p11

p22 p22
p22

p11

p21 p21 p21

p12 p12

p21 p12

then p
(j)
i = Pr(ek+i|k ∈ S

(j)
i|k ) is given by

p
(1)
i

p
(2)
i
...

p
(r)
i

 = Πi


1
0
...
0

 , Π =

p11 · · · p1r
...

. . .
...

pr1 · · · prr


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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Probabilistic tubes

Let S(j)? =

{
X (1)

? j = 1

X (j)
? −X (j−1)

? j = 2, . . . , r

(ii). Define pj as the probability of satisfying soft constraints in S(j)? :

Pr
(
fTxk+i+1|k + gTuk+i+1|k > h | ek+i|k ∈ S

(j)
i|k
)
< pj i ≤ N − 1

Pr
(
fTxk+i+1|k + gTuk+i+1|k > h | xk+i|k ∈ S

(j)
T
)
< pj i ≥ N

(i) and (ii) imply

Pr(fTxk+i+1|k + gTuk+i+1|k > h) <
[
p1 p2 · · · pr

]
Πie1

for all i
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Probabilistic tubes

The constraint

Pr(fTxk+i|k + gTuk+i|k > h) < p

is satisfied for all i if Π and p1, . . . , pr satisfy[
p1 p2 · · · pr

]
Πie1 < p, ∀i

? Fix Π and p1, . . . , pr offline and optimize {X (j)
i|k } online subject to constraints

on: (i). transition probabilities

(ii). probabilities of satisfying soft constraints

? Hard constraints are satisfied if feasible for x ∈ X (r)
i|k and x ∈ X (r)

T
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Probabilistic tubes

Aside: the constraint

1

Ns

n+Ns∑
i=n+1

Pr(fTxk+i|k + gTuk+i|k > h) < p

is satisfied for all n if Π and p1, . . . , pr satisfy

1

Ns

Ns−1∑
i=0

[
p1 p2 · · · pr

]
Πie1 < p

? Fix Π and p1, . . . , pr offline and optimize {X (j)
i|k } online subject to constraints

on: (i). transition probabilities

(ii). probabilities of satisfying soft constraints

? Hard constraints are satisfied if feasible for x ∈ X (r)
i|k and x ∈ X (r)

T
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Tube constraints
For tractable implementation:

1 apply constraints to {X (j)
i|k } instead of {S(j)i|k }

2 invoke transition probability constraints via inequality constraints

↓

Define p̃jm =

j∑
l=1

plm j,m = 1, . . . , r, and invoke constraints:

(a). on transition probabilities via

Pr
(
xk+i+1|k ∈ X (j)

i+1|k | xk+i|k ∈ X (m)

i|k
)
≥ p̃jm i ≤ N − 1

Pr
(
xk+i+1|k ∈ X (j)

T | xk+i|k ∈ X (m)
T
)
≥ p̃jm i ≥ N

(b). on the probability of constraint satisfaction within X (j)
? via

Pr
(
fTxk+i+1|k+gTuk+i+1|k > h | xk+i|k∈X (j)

i|k
)
< pj i ≤ N − 1

Pr
(
fTxk+i+1|k+gTuk+i+1|k > h | xk+i|k∈X (j)

T
)
< pj i ≥ N
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Tube constraints

The constraint

Pr(fTxk+i|k + gTuk+i|k > h) < p

is satisfied under (a) & (b) for all i if Π and p1, . . . , pr satisfy[
p1 p2 · · · pr

]
Πie1 > p, ∀i

and, additionally, if pj and p̃jm satisfy

pj < pj+1

p̃jm ≥ p̃j m+1

}
for j = 1, . . . , r − 1

? pj < pj+1 ⇐⇒ probability of satisfying soft constraint
increases towards centre of tube

? p̃jm ≥ p̃j m+1 ←− always holds (since X (1)
? ⊆ · · · ⊆ X (r)

? )
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Tube constraints

Invoke the constraints on: (a). transition probabilities
(b). probabilities of satisfying soft constraints

using polytopic confidence regions for disturbance q, e.g.:

xk+i+1|k ∈ Co{Â(j)xk + B̂(j)uk + d̂(i), j = 1, . . . , l} w.p. p̃jm

implies

Pr
(
xk+i+1|k ∈ X (j)

i+1|k | xk+i|k ∈ X (m)

i|k
)
> p̃jm

whenever

Co{(Â(j) + B̂(j)KT)x
(m,r)

i|k + B̂(j)ck+i|k + d̂(j), j = 1, . . . , l} ⊆ X (m)

i+1|k, r = 1, . . . , s

where X (m)

i|k = Co{x(m,r)

i|k , r = 1, . . . , s}

⇓

finite set of linear constraints in the variables ck, {x(m,j)

i|k }
online optimization via QP
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Approximate tubes

Example

B Model parameters:

A(0) =

[
1.2 0.1
0.1 1.26

]
A(1) =

10−2

a

[
−1 −0.5
−1 0.2

]
, A(2) =

10−2

a

[
−0.6 0.7
−0.3 0.3

]
B(0) =

[
0.5
0.21

]
, B(1) =

10−3

a

[
−1
−2

]
, B(2) =

10−3

a

[
2
−9

]
d(1) =

1

a

[
0.1
0.01

]
, d(2) =

1

a

[
0.5
0.12

]
a =
√
6.

B Uncertainty distribution:

−a a0
qjk

φ(qjk)

1/a

B Transition and constraint violation
probabilities for r = 2:

Π =

[
p11 p12

p21 p22

]
=

[
0.3 0.1
1 1

]
[
p1

p2

]
=

[
0.1
0.3

]
, p = 0.4
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Approximate tubes

Constraint: Pr{x1 > 0.8} < 0.4

Horizon: N = 5

−1 0 1 2 3 4 5 6 7 8 9
−1

−0.5

0

0.5

1

1.5

2

2.5

3

prediction time−step, i

pr
ed

ic
te

d 
st

at
e 

bo
un

ds

0 5 10 15 20
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

time−step, k

pl
an

t s
ta

te

— : {Projx1(X (j)

i|0 ), i = 1, . . . , 5, j = 1, 2}
— : {Projx1(X (j)

T ), j = 1, 2}
— : E(x1(k)), constrained MPC
— : E(x1(k)), unconstrained optimal
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— : {Projx2(X (j)

i|0 ), i = 1, . . . , 5, j = 1, 2}
— : {Projx2(X (j)

T ), j = 1, 2}
— : E(x2(k)), constrained MPC
— : E(x2(k)), unconstrained optimal
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Implementation Additive and multiplicative uncertainty, approximate tubes

Affine uncertainty: Approximate tubes

E(u(k)):

0 5 10 15 20
−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

time−step, k

co
nt

ro
l i

np
ut

E(‖x(k)‖2Q + ‖u(k)‖2R):

0 5 10 15 20
0

10

20

30

40

50

60

70

80

time−step, k
cu

m
ul

at
iv

e 
cl

os
ed

 lo
op

 c
os

t

— : constrained MPC
— : unconstrained optimal

Target constraint violation rate: 0.4, actual: 0.2 (conservative!)
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Implementation Additive and multiplicative uncertainty, exact tubes

Affine uncertainty: Exact tubes
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Affine uncertainty: Exact tubes

Invoke probabilistic constraints by sampling uncertainty distributions directly
[Tempo, Calafiore, Campi]

? e.g. constraints: x(k) ∈ T0 w.p. 1 & F (x(k), u(k),D) ≤ 1 w.p. p invoked via the
constraints:

∀x ∈ Xk :
1

Nσ

Nσ∑
j=1

σj(x) ≥ p, σj(x) =

{
1, F (x, u(k), qj) ≤ 1

0, F (x, u(k), qj) > 1

where {x(0),X1,X2, . . .} = robust uncertain tube given q ∈ Q = supp(D) w.p. 1

? Bounds exist on Nσ to ensure satisfaction of Pr
{
F (x, u,D) ≤ 1

}
≥ p w.p. 1− ε

[Campi]

? Avoids conservative parametric confidence bounds and computationally expensive
numerical convolutions
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Affine uncertainty: Exact tubes

Assume:

(i) Q: convex, bounded, poytopic

(ii) F (x, u, q): convex in (x, u) [Prekopa, 1995]

then: Xk = Co{x(k,l), l = 1, . . . , r},
and x(k) ∈ T0 & Pr

{
F (x, u,D) ≤ 1

}
≥ p invoked via

∀l = 1, . . . , r :
1

Nσ

Nσ∑
j=1

σj(x
(k,l)) ≥ p, σj(x

(k,l)) =

{
1, F (x(k,l), u(k,l), qj) ≤ 1

0, F (x(k,l), u(k,l), qj) > 1

↑

Finite number of mixed integer linear constraints
[e.g. Blackmore, 2006]

47 / 66



Implementation Additive and multiplicative uncertainty, exact tubes

Application to terminal set calculation

Given r.p.i. Ω set such that
F (x,KTx,D) ≤ 1 w.p. p ∀x ∈ Ω

(i) cover ∂Ω with boxes Πi

(ii) If:
f(x,KTx,D) ∈ Ω w.p. 1

F (x,KTx,D) ≤ 1 w.p. p

}
∀x ∈ Πi

then Πi ∈ ∂Ω̂

(iii) set Ω = Co{∂Ω̂} and return to (i).
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Application to terminal set calculation

Example
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Additive uncertainty: problem formulation

Linear uncertain system:

plant model xk+1 = Axk +Buk + wk xk ∈ Rn

disturbance wk = Dqk, qk ∈ Q Q ⊂ Rm

{q0, q1, q2, . . .} assumed iid, with

B qk,i: zero-mean, independent, with known distributions:

Pr
{
qk,i ≤ ξi

}
= Fi(ξi), i = 1, . . . ,m

B Fi: right-continuous, with finitely many discontinuities and

Fi(ξ) =

{
1 for ξ ≥ αi
0 for ξ < −αi

⇓
Q compactly supported, Q = {q : |q| ≤ α}, α =

α1

...
αm


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Additive uncertainty: problem formulation

Linear probabilistic constraints:

Pr
{
fTx xk + gT uk ≤ h

}
≥ p

Quasi-closed loop input predictions: uk+i|k = KTxk+i|k + ck+i|k,

ck+i|k = 0, i ≥ N

State decomposition: xk+i|k = zk+i|k + ek+i|k

{
zk+i|k: nominal
ek+i|k: uncertain

zk+i+1|k = Φzk+i|k +Bck+i|k zk|k = xk

ek+i+1|k = Φek+i|k +Dqk+i|k ek|k = 0

Φ = A+BKT

Probabilistic constraints on predictions:

Pr
{
fT xk+i|k + gT ck+i|k ≤ h

}
≥ p
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Additive uncertainty: tubes

Future trajectories {xk+i|k, i = 0, 1, . . .} belong to a tube
centred on {zk+i|k, i = 0, 1, . . .}:

fTx = h− gT c

zk|k

zk+1|k
B
B
BM

zk+N|k
B
B
BM

ek|k = 0

ek+1|k
HHj

ek+N|k�

Compute the distributions of the projections fT ek+i|k directly

via a sequence of 1-dimensional convolutions
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Additive uncertainty: probabilistic constraints

Define γi as the minimum value such that

Pr
{
fT ek+i|k ≤ γi

}
= p

then Pr
{
fTxk+i|k + gT ck+i|k ≤ h

}
≥ p iff

fT zk+i|k + gT ck+i|k ≤ h− γi

Tightened linear constraints on nominal input/state predictions

Given the distribution of {w0, w1, w2, . . .},

compute γi for i = 1, 2, . . . using

fT ek+i|k = fTΦi−1Dqk|k + · · ·+ fTDqk+i−1|k

= sum of independent, scalar r.v.’s

γi can be computed offline
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Additive uncertainty: numerical convolution

For scalar r.v.’s X, Y with densities fX(x) : Pr{X ≤ x} =
∫ x

fX dx

fY (y) : Pr{Y ≤ y} =
∫ y

fY dy

the pdf of X + Y is the convolution

fX+Y = fX ∗ fY

0

fX

0

fY

↘ ↙

0

f ]X , fY

=⇒

0

fX+Y

fX+Y can be approximated to required accuracy via discrete convolution

55 / 66



Implementation Additive uncertainty, exact tubes

Additive uncertainty: numerical convolution

For scalar r.v.’s X, Y with densities fX(x) : Pr{X ≤ x} =
∫ x

fX dx

fY (y) : Pr{Y ≤ y} =
∫ y

fY dy

the pdf of X + Y is the convolution

fX+Y = fX ∗ fY

0

fX

0

fY

↘ ↙

0

f ]X , fY

=⇒

0

fX+Y

fX+Y can be approximated to required accuracy via discrete convolution

55 / 66



Implementation Additive uncertainty, exact tubes

Additive uncertainty: numerical convolution

For scalar r.v.’s X, Y with densities fX(x) : Pr{X ≤ x} =
∫ x

fX dx

fY (y) : Pr{Y ≤ y} =
∫ y

fY dy

the pdf of X + Y is the convolution

fX+Y = fX ∗ fY

0

fX

0

fY

↘ ↙

0

f ]X , fY

=⇒

0

fX+Y

fX+Y can be approximated to required accuracy via discrete convolution

55 / 66



Implementation Additive uncertainty, exact tubes

Additive uncertainty: numerical convolution

Discretization of distribution functions FfTΦiDq(·) on r intervals implies:

? approximation error: O(1/r2) (e.g. trapezoidal integration)

? computation: O(r2) multiplications/additions per convolution

supp(dFfTΦiDq) increases monotonically with i, but is finite for all i.

N.B. γi is bounded ∀i (since Φ is strictly stable)

⇑
e.g. Chebychev’s one-sided inequality gives γi ≤ α

√
fTΣif

where

α2 = p/(1− p)

Σ1 = DE(qqT )DT

Σi+1 = ΦΣiΦ
T +DE(qqT )DT , i = 1, 2, . . .
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Additive uncertainty: recursive feasibility

Consider the i-step-ahead prediction at time k:

fT ek+i|k = fTΦi−1Dqk + fTΦi−2Dqk+1 + · · ·+ fTDqk+i−1

↑ ↑

⇓
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Additive uncertainty: recursive feasibility

Consider the i-step-ahead prediction at time k:

fT ek+i|k = fTΦi−1Dqk + fTΦi−2Dqk+1 + · · ·+ fTDqk+i−1

↑ ↑
at time k + 1, this term has already been realized

⇓

Best bound on fT ek+i|k+1 given information on qk available at time k:

fT ek+i|k+1 ≤ ai−1 + fTΦi−2Dqk+1 + · · ·+ fTDqk+i−1

where
ai−1 = max

q∈Q
fTΦi−1Dq
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worst case bound probabilistic bound
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Additive uncertainty: recursive feasibility

Consider the i-step-ahead prediction at time k:

fT ek+i|k = fTΦi−1Dqk + fTΦi−2Dqk+1 + · · ·+ fTDqk+i−1

↑ ↑
worst case bound probabilistic bound

⇓

Best bound on fT ek+i|k+1 with probability p given information available at k:

fT ek+i|k+1 ≤ ai−1 + γi−1 w.p. p

where
ai−1 = max

q∈Q
fTΦi−1Dq

and γi−1 is the minimum value such that

Pr
{
fTΦi−2Dqk+1 + · · ·+ fTDqk+i−1 ≤ γi−1

}
= p
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Additive uncertainty: recursive feasibility

Predictions at time k must ensure feasibility at k + 1, k + 2, . . .

Hence tighten constraints on nominal i-step-ahead prediction by βi,

where βi = maximum element of ith column of:
γ1 γ2 γ3 γ4 · · ·
0 γ1 + a1 γ2 + a2 γ3 + a3 · · ·
0 0 γ1 + a1 + a2 γ2 + a2 + a3 · · ·
0 0 0 γ1 + a1 + a2 + a3 · · ·
...

...
...

...



Satisfaction of probabilistic constraints and recursive feasibility is ensured if

fT zk+i|k + gT ck+i|k ≤ h− βi

for i = 0, 1, 2, . . ., at each time k
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Additive uncertainty: recursive feasibility

Properties of βi

(i) βi = γ1 +
∑i−1
j=1 aj for i = 1, 2, . . .

⇑
Largest element of each column lies on the diagonal:

γ1 γ2 γ3 γ4 · · ·
0 γ1 + a1 γ2 + a2 γ3 + a3 · · ·
0 0 γ1 + a1 + a2 γ2 + a2 + a3 · · ·
0 0 0 γ1 + a1 + a2 + a3 · · ·
...

...
...

...


B Follows from γi+1 ≤ γi + ai

B Intuitively: future feasibility depends on worst case bounds

on disturbances that have already been realized

⇓

{β1, β2, β3, . . .} is monotonically increasing
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Additive uncertainty: recursive feasibility

Properties of βi

(ii) lim
i→∞

βi ≤ β̄ν , where β̄ν is defined for any integer ν ≥ 1 by

β̄ν = γ1 +

ν−1∑
j=1

aj +
ρν

1− ρ‖g‖S

where ‖g‖S =
√
gTSg and ρ, S satisfy

max
q∈Q
‖Dq‖S−1 ≤ 1

ΦSΦT ≤ ρ2S, ρ ∈ (0, 1)
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aj +
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1− ρ‖g‖S

where ‖g‖S =
√
gTSg and ρ, S satisfy

max
q∈Q
‖Dq‖S−1 ≤ 1

ΦSΦT ≤ ρ2S, ρ ∈ (0, 1)

Follows from

? aj = max
q∈Q

gTΦjDq ≤ max
‖v‖

S−1≤1
gTΦjv ≤ ‖ΦjT g‖S

? max
q∈Q

gTΦjDq ≤ ρ‖Φj−1T g‖S
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Additive uncertainty: recursive feasibility

Properties of βi

(ii) lim
i→∞

βi ≤ β̄ν , where β̄ν is defined for any integer ν ≥ 1 by

β̄ν = γ1 +

ν−1∑
j=1

aj +
ρν

1− ρ‖g‖S

⇓

lim
i→∞

βi lies in the interval (since ai ≥ 0 ∀i):

β̄ν −
ρν

1− ρ‖g‖S ≤ lim
i→∞

βi ≤ β̄ν
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Additive uncertainty: recursive feasibility

Properties of βi

(ii) lim
i→∞

βi ≤ β̄ν , where β̄ν is defined for any integer ν ≥ 1 by

β̄ν = γ1 +

ν−1∑
j=1

aj +
ρν

1− ρ‖g‖S

⇓

lim
i→∞

βi lies in the interval (since ai ≥ 0 ∀i):

β̄ν −
ρν

1− ρ‖g‖S ≤ lim
i→∞

βi ≤ β̄ν

⇓

lim
i→∞

βi may be determined to any desired accuracy ε > 0

if ν is chosen to be sufficiently large that
ρν

1− ρ‖g‖S < ε
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Additive uncertainty: SMPC algorithm

Constraints on predicted {zk+i|k, ck+i|k} in MPC optimization at time k:

fT zk+i|k + gT ck+i|k ≤ h− βi, i = 0, . . . , N − 1

zk+N|k ∈ Sν

where the terminal constraint set Sν is defined by

Sν = {z : fTΦi−Nz ≤ h− βi, i = N, . . . , ν − 1

fTΦi−Nz ≤ h− β̄ν , i = ν, ν + 1, . . .}

↑

These constraints are sufficient to ensure recursive feasibility since

Sν ⊇ S∞

where S∞ is the maximal admissible set:

S∞ = {z : fTΦi−Nz ≤ h− βi, i = N,N + 1, . . .}
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Additive uncertainty: SMPC algorithm

Constraints on predicted {zk+i|k, ck+i|k} in MPC optimization at time k:

fT zk+i|k + gT ck+i|k ≤ h− βi, i = 0, . . . , N − 1

zk+N|k ∈ Sν

Properties of Sν :

(i) Sν is compact and non-empty iff h ≥ β̄ν (assuming (Φ, g) observable)

61 / 66



Implementation Additive uncertainty, exact tubes

Additive uncertainty: SMPC algorithm

Constraints on predicted {zk+i|k, ck+i|k} in MPC optimization at time k:

fT zk+i|k + gT ck+i|k ≤ h− βi, i = 0, . . . , N − 1

zk+N|k ∈ Sν

Properties of Sν :

(ii) Sν is finitely determined:

Sν = {z : fTΦi−Nz ≤ h− βi, i = N, . . . , ν − 1

fTΦi−Nz ≤ h− β̄ν , i = ν, ν + 1, . . . , ν +N∗}

? N∗ can be computed using e.g. [Gilbert & Tan, 1991]

? Sν is assumed to be compact
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Additive uncertainty: SMPC algorithm

Algorithm:

Offline Determine parameters γ1, β1, . . . , βν−1, β̄ν , N∗

defining the recursively feasible probabilistic constraints

Online At each time k = 0, 1, . . .:

1. Obtain the current state xk

2. Solve the QP:

c∗k = arg min
c

V (xk, c)

subject to fT zk+i|k + gT ck+i|k ≤ h− βi, i = 0, . . . , N − 1

zk+N|k ∈ Sν

3. Set uk = KTxk+i|k + c∗k|k.
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Additive uncertainty: State estimation example

Output feedback MPC formulation:

plant model xk+1 = Axk +Buk +Dwk

output yk = Cxk + Fvk

disturbance wk and measurement noise vk iid & compactly supported

Linear observer:

estimate update x̂k+1 = Ax̂k +Buk + L(yk − ŷk)

with ŷk = Cx̂k

state estimate: x̂, observer gain: L such that (A− LC) is strictly stable

Estimation error εk := xk − x̂k has dynamics:

εk+1 = (A− LC)εk +Dwk + Fvk

ε0: r.v. with known & compactly supported distribution and ε0 ∈ Π0
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Additive uncertainty: State estimation example

Model parameters

A =

[
1.6 1.1
−0.7 1.2

]
, B =

[
1
1

]
C =

[
0.9 0.2

]
, D = I, F = 1

Noise & uncertainty derived from truncated normal distrubtions:

vk ∼ { N (0, 1/242) truncated so that |vk| ≤ 0.12 }

wk ∼ { N (0, I/242) truncated so that ‖wk‖∞ ≤ 0.12 }

ε0 ∼ { N (0, I/242) truncated so that ‖ε0‖∞ ≤ 0.12 }

Probabilistic state constraints:

ηTx =
[
±1 ±0.3

]
, ηu = 0, h = 1.5, p = 0.8.

KT = −[1.03 1.07]: unconstrained LQ-optimal

L = −[0.83 1.22]: steady Kalman filter gain

}
=⇒ |λmax(Ψ)| = 0.12
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Additive uncertainty: State estimation example

Prediction parameters

Dof in predictions: N = 6

Horizon for transients: ν = 13

Probabilistic bounds γ0|k computed for k = 0, . . . , ν − 1

using rectangular integration with grid spacing 10−4

Terminal sets: non-empty for h ≥ β̄ = 1.31, 1.20
finitely determined, with N∗k = 10 for all k

Simulation parameters

104 realizations of disturbance and noise sequences

x0 = x̂0 + ε0, for 104 realizations of ε0
and fixed x̂0 = (1.8,−4.0)

64 / 66



Implementation Additive uncertainty, exact tubes

Additive uncertainty: Example

1 0.5 0 0.5 1 1.5 2 2.5
5

4

3

2

1

0

1

2

x1

x 2

Unconstrained
optimal control

SMPC

State constraint:
[1 0.3]x ≤ 1.5 �

��1

SMPC Feasible
set boundary���)

RMPC feasible
set boundary������)

x̂0 = (1.8,−4.0):

Constraint violation frequency: target observed (at k = 1)

SMPC 20% 20.0%
LQ-optimal – 100%
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Additive uncertainty: Example

1 0.5 0 0.5 1 1.5 2 2.5
5

4

3

2

1

0

1

2

x1

x 2

Unconstrained
optimal control

SMPC

State constraint:
[1 0.3]x ≤ 1.5 �

��1

SMPC Feasible
set boundary���)

RMPC feasible
set boundary������)

x̂0 = (1.8,−4.0):

Cumulative cost
12∑
k=0

E(‖xk‖2Q + ‖uk‖2R): SMPC 3.56
LQ-optimal 2.38

(RMPC infeasible)
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Additive uncertainty: Example

1 0.5 0 0.5 1 1.5 2 2.5
5

4

3

2

1

0

1

2

x1

x 2

Unconstrained
optimal control

SMPC

State constraint:
[1 0.3]x ≤ 1.5 �

��1

SMPC Feasible
set boundary���)

RMPC feasible
set boundary������)

x̂0 = (1.35,−4.0):

Cumulative cost
12∑
k=0

E(‖xk‖2Q + ‖uk‖2R): SMPC 1.72
RMPC 2.42
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Conclusions

1 Example: fatigue control

2 Stochastic MPC: basic formulations

I Probabilistic constraints & recursive feasibility

I Performance costs and stability analyses

3 Implementation

I Affine model uncertainty: approximate and exact tubes

I Additive model uncertainty: exact tubes
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