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Abstract

Mechanical interactions between growing dendrites and their parent melt are normally considered to be of little
significance. During conventional solidification processing this is undoubtedly true. However, during the solidification
of undercooled melts the twin conditions required to produce mechanical damage to dendrites, high flow velocities and
very fine dendrites, may exist. This is most likely in strongly partitioning alloy systems where the tip radius experiences
a local minimum at undercoolings in the range of 50–100 K. In this paper we present a model for the skin stress
resulting from fluid flow around a family of realistically shaped dendrites. We find that within a narrow undercooling
range about the minimum in the tip radius, mechanical deformation of the growing dendrite is likely. Experimental
evidence is presented from the Cu–3wt%Sn and Cu–O alloy systems that appear to show evidence of extensively
deformed dendritic structures consistent with mechanical damage. Other mechanisms for causing dendritic bending
during growth are considered and shown to be unlikely in this case. 2002 Acta Materialia Inc. Published by Elsevier
Science Ltd. All rights reserved.

Keywords: Rapid solidification; Alloys: copper; Microstructure; Theory and modelling

1. Introduction

It is widely accepted within the metallurgical
community that fluid flow during solidification can
have no mechanical effect on growing dendrites,
although thermo-solutal effects may be significant.
Indeed, Pilling & Hellawell [1], writing in 1996,
stated that ‘there are no reports of which we are
aware of dendritic arms being mechanically bent’.
During conventional solidification processing the

∗ Corresponding author. Fax:+44-113-242-2531.
E-mail address: a.m.mullis@leeds.ac.uk (A.M. Mullis).

1359-6454/02/$22.00 2002 Acta Materialia Inc. Published by Elsevier Science Ltd. All rights reserved.
PII: S1359 -6454(02 )00186-6

evidence, both experimental and theoretical, in
support of this view is compelling. However, dur-
ing the solidification of undercooled melts the
combined conditions of very fine dendrites and
high flow velocities for mechanically damaged
dendrites may be satisfied.

As a pure metal solidifies from its undercooled
parent melt the radius of curvature at the dendrite
tip, R, will decrease monotonically with increasing
undercooling, �T. However, in alloy systems,
particularly those in which one component is
strongly partitioning, the situation is more com-
plex. In this case,R will experience a local mini-
mum, typically at undercoolings in the range of
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50–100 K. This local minimum is indicative of the
transition from solutally controlled at low growth
velocity to coupled thermo-solutal growth at inter-
mediate growth velocity. Typical growth velocities
for this transition are of the order 1 m s�1�V�3
m s�1. It is in the vicinity of this local minimum
in R that the greatest likelihood of observing mech-
anically damaged dendrites exists.

Many of the techniques for processing
undercooled melts also provide the high fluid velo-
cities that are required if mechanical damage is to
occur. During the growth phase significant shrink-
age induced flow will occur. Shrinkage voids are
rare in samples processed at low undercooling and
consequently it would seem reasonable to assume
that shrinkage flow is such that continuity is main-
tained at the solid–liquid interface. For a dendrite
growing at velocity V the maximum shrinkage flow
velocity Vs is given by

Vs � Vd (1)

where d is the volume change upon melting. Tak-
ing a typical value [2] of d�0.05 for an FCC metal
with V�2 m s�1 we have Vs=0.01 m s�1.

Heating of metallic melts by electromagnetic
induction is known to produce potentially vigorous
stirring of the melt. The likely magnitude of this
stirring has been studied in detail for processing
by electromagnetic levitation, where flow rates of
the order of 0.3 m s�1 are expected [3–5], but is
much less well characterised when induction heat-
ing is utilised in other containerless processing
techniques. In the work reported here we use a
fluxing technique to produce undercooled melts.
Heating of the melt is by means of an induction
heated graphite susceptor, with a 2 mm wall thick-
ness. At the working frequency of the induction
heater used (450 kHz) a solid susceptor of this wall
thickness would transmit around 50% of the elec-
tromagnetic power directly to the sample. How-
ever, as the susceptor actually used in the experi-
ments had two viewing slots cut in line-of-sight
with the sample, the actual power transmitted dur-
ing experiments probably exceeded this level.
Consequently, taking 0.3 m s�1 as typical of the
flow velocity expected during electromagnetic levi-
tation (in which the sample experiences no electro-
magnetic screening) we believe that an estimate of

the flow velocity in our samples of the order 0.1
m s�1 may not be unreasonable during experiments
with �50% screening.

A number of other effects common in the pro-
cessing of undercooled melts may, however, tend
to mask the observation of deformed dendritic
structures. In particular, many alloys will tend to
undergo a spontaneous transition from a coarse
columnar structure to a fine grained equiaxed struc-
ture and then back to a columnar structure as the
undercooling is progressively increased. Unfortu-
nately this region of equiaxed grain structure
coincides with the local minimum in R, making the
observation of any potential deformation imposs-
ible in these systems. This transition is unlikely
however to be related to any mechanical defor-
mation taking place during the growth phase [6,7].
However, by use of an appropriate model of spon-
taneous grain refinement [8], suitable alloy systems
that do not grain refine can be identified.

In a recent paper, Battersby et al. [9] presented
the results of a comparative study of the solidifi-
cation of undercooled Cu, Cu–O and Cu–Sn melts.
In one of these samples, a Cu–3wt%Sn alloy
undercooled by 73 K, there was evidence of a
deformed dendritic structure which, we believe,
may have resulted from mechanical damage to the
growing dendrites. In this paper we present further
evidence from the study of the Cu–3wt%Sn sys-
tem, together with a new system, Cu–O, which
seems to provide compelling evidence of bent den-
dritic structures. We then present a detailed mech-
anical model which shows that mechanical bending
of dendrites is possible. Finally, we consider the
possibility that an alternative mechanism, thermo-
solutal advection, could have given rise to the
observed bending and find this to be unlikely.

2. Experimental procedure

Melt fluxing was chosen as the most suitable
means to study the alloy systems under consider-
ation, as the melting point of Cu-based alloys is
generally too low for significant undercoolings to
be achieved by electromagnetic levitation. The
method allows high undercoolings to be achieved
as nucleation on the container walls is prevented
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by isolating the melt from these surfaces. The flux
can also aid the removal of oxide impurities from
the melt by dissolution in the flux and protects the
surface from oxidation.

Undercooling experiments were performed
within a stainless steel vacuum chamber evacuated
to a pressure of 10�6 mbar and backfilled to 500
mbar with N2 gas. Samples were heated, in silica
crucibles, by induction heating of a graphite sus-
ceptor contained within an alumina radiation shi-
eld. Viewing slots were cut in the susceptor and
alumina to allow the sample to be viewed during
the experiment. A commercial soda-lime glass was
employed as the flux to reduce the number of
potential sites for heterogeneous nucleation. The
temperature was monitored by means of a k-type
thermocouple positioned at the base of the cru-
cible, which had been thinned, thus reducing the
thermal lag between the sample and the thermo-
couple. Heating and cooling curves were obtained
by using a chart recorder. A schematic diagram of
the fluxing apparatus is shown in Fig. 1. By using
this method it was possible to achieve temperatures
of up to 1473 K, thus easily accommodating melt-
ing and superheating of the alloy systems that were
to be investigated, ensuring that the samples were
completely contained within the glass flux.

Copper samples of 99.9999% purity (metal
basis) were obtained from ALFA (Johnson
Matthey). However, these samples contain a
residual level of oxygen. Based on the work of pre-

Fig. 1. Schematic diagram of the fluxing apparatus.

vious researchers, we have defined Cu–O alloys as
Cu containing at least 200 ppm of oxygen after
undercooling and oxygen free copper as containing
less than 200 ppm of oxygen.

A Cu–3wt%Sn alloy was prepared by arc melt-
ing under argon. All starting materials were
obtained from ALFA (Johnson Matthey) and were
of 99.9999% purity. In order to ensure complete
mixing of the elements and to eliminate any segre-
gation the alloy was re-melted and finally annealed
at 1023 K for 30 min.

After undercooling, the as-solidified droplets
were mounted in Bakelite, then polished and
finally etched in an appropriate solution to reveal
structure and substructure. Optical microscopy was
carried out on a Nikon Optiphot microscope using
bright field (BF), differential interference contrast
(DIC) mode and polarized light. Scanning electron
microscopy was performed on a CamScan Series 4
SEM. Vickers microhardness measurements were
carried out on the polished specimens using a Pho-
toplan microhardness tester, applying a load of 100
gf for 30 s.

3. Experimental results

The first system chosen for study was Cu–O.
Fig. 2a reveals the microstructure of a sample
undercooled by 47 K. The dendritic substructure is
highly irregular and consists of a large number of
bent primary and secondary dendrite arms. Another
interesting feature within the microstructure of the
sample can be seen at the bottom left hand corner
of the micrograph. The grain that separates the
dendrites via a faceted grain boundary is thought
to be an inter-penetrant grain. It has been suggested
that the formation of such grains during non-equi-
librium solidification is caused by the growth of
dendrites in different directions [10]. If dendrite
arms are bent by randomly directed flows during
growth, the formation of such grains is not
unlikely. Fig. 2b shows the microstructure of the
same sample under polarized light: a more con-
trasting topography of the dendritic structure is dis-
played. At higher magnifications (Fig. 2c, DIC
mode) an array of deformed secondary arms can be
seen, together with the inter-penetrant grain, which
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Fig. 2. Optical micrographs of a Cu–O sample undercooled
by 47 K prior to nucleation: (a) bright field image; (b) under
polarized light; (c) under DIC mode (etched in acidified potass-
ium dichromate).

provides strong evidence that the dendritic struc-
ture has been mechanically damaged.

The same microstructural effect was observed in
the Cu–3wt%Sn alloy system, previously studied
by Battersby et al. [9]. It was suggested that the
microstructures observed within this undercooling
range consisted of a not fully developed dendritic
network. Fig. 3 depicts the microstructure of a Cu–
3wt%Sn sample undercooled by 70 K prior to
nucleation. The combination of appropriate etchant
(acidified potassium dichromate) and differential
interference contrast reveals that the dendritic
structure is, in fact, well developed and appears to
be deformed, although the deformation is not as
well defined as that observed in the Cu–O alloy
system. It is also apparent that at this level of
undercooling, it is difficult to identify the primary
dendrite trunks, although it is clear that the second-
ary dendrite arms are bent and fragmented.

At higher undercoolings the dendritic substruc-
ture revealed, proved again to be highly deformed.
Fig. 4 shows the microstructure of the Cu–3wt%Sn
sample undercooled by 85 K prior to nucleation.
Within the microstructure, no grain boundaries are
observed associated with substructure, i.e. this is
not a fine array of subgrains. Moreover, at this
undercooling, the dendritic network is fully
developed and the primary and secondary dendrite
arms can clearly be defined. It can be seen that the
secondary arms have been deformed during growth

Fig. 3. Optical micrograph of a Cu–3wt%Sn sample
undercooled by 70 K prior to nucleation (DIC mode, etched in
acidified potassium dichromate).
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Fig. 4. Optical micrographs of the Cu–3wt%Sn sample
undercooled by 85 K prior to nucleation: (a) DIC-mode; (b)
under polarized light at higher magnifications (etched in acidi-
fied potassium dichromate).

from the undercooled melt, most probably due to
fluid flow effects.

As the undercooling is increased, growth of
deformation-free dendrites takes place, yielding a
structure of well-developed columnar dendrites, as
shown in Fig. 5 for the Cu–3wt%Sn alloy system.
At undercoolings above 100 K, a columnar den-
dritic structure is revealed with no evidence of bent
dendrites. The primary and secondary dendrite
arms can clearly be seen and the microsegregtion
pattern is very well defined (Fig. 6).

The structure of the Cu–3wt%Sn alloy remains
essentially unchanged up to �T=183 K. Above this
undercooling Battersby et al. showed that grain
refinement by recrystallisation takes place. The

Fig. 5. Optical micrograph of a Cu–3wt%Sn sample
undercooled by 91 K prior to nucleation (DIC-mode, etched in
acidified potassium dichromate).

same applies for the Cu–O alloy system, where
grain refined microstructures were observed at
undercoolings above 90 K[9].

Previous studies [11] on the Cu–Sn system (with
up to 6 wt% Sn) showed that at very low
undercoolings, solidification proceeded via the
growth of columnar dendrites that exhibited a very
well defined microsegregation pattern. It was sug-
gested that this was due to the large interval
between the solidus and liquidus lines and the low
diffusion coefficient of Sn in Cu. For the Cu–O
system it was shown that at undercoolings below
40 K the grain size was very coarse and the sub-
structure consisted of well developed dendrites
with coarse secondary arm spacing and no evi-
dence of bending and the presence of inter-penetr-
ant grains.

To further understand the microstructure–
undercooling relationship, microhardness measure-
ments were made on the Cu–3wt%Sn samples sol-
idified at various undercoolings. Results from these
measurements are shown in Fig. 7. The microhard-
ness increases to a maximum value of 148 kgf/mm2

at an undercooling of 85 K, then decreases with
further increases in undercooling, to 106 kgf/mm2

at an undercooling of 104 K and then increases
again with further increases in undercooling up to
a value of 133 kgf/mm2. The increase in
microhardness at low undercoolings strongly sug-
gests that the microstructure has been deformed,
which is consistent with the optical microscopy
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Fig. 6. SEM micrograph and X-ray maps of the Cu–3wt%Sn sample undercooled by 104 K prior to nucleation.

Fig. 7. Microhardness as a function of undercooling for the
Cu–3wt%Sn alloy.

observations. The following decrease in
microhardness is due to the fact that at the
undercoolings, solidification progresses via the
growth of deformation-free dendrites, which again
is consistent with the optical microscopy analysis.
At undercoolings above 100 K the microhardness
increases again due to a decrease in substructure
size and an increase of point and/or line defects.

In summary, it can be said that microscopical
examination of undercooled samples from the Cu–
O and Cu–Sn alloy systems suggests that within a
narrow undercooling range, between 45 and 85 K,
deformation of dendrites is apparent. In the Cu–
O system, this deformation appears to be centred
around an undercooling of 50 K, while in Cu–
3wt%Sn the maximum deformation occurs at a
somewhat higher undercooling, around 85 K.
Microhardness measurements in Cu–3wt%Sn are
consistent with increasing levels of stress in the as-
solidified samples as the undercooling is increased,
with a local maximum close to 85 K.

4. A model of flow induced stress in dendritic
structures

An analytical model of the flow induced stress
within a dendrite, modelled as a semi-infinite cyl-
inder of revolution of diameter d, has been given
by Pilling and Hellawell [1]. In this paper we use
a somewhat more realistic geometrical model for
the dendrite geometry. Solutions to the flow equa-
tions are obtained numerically, using a commercial
computational fluid dynamics (CFD) code, CFX
4.1 [12]. The results thus obtained are compared
with those of Pilling and Hellawell.

4.1. Dendrite geometry

In considering the dendritic structure that would
result from the solidification of an alloy system it
is clear that one of the regions most likely to show
deformation is the secondary arms. This is because
the secondary arms often show highly constricted
growth where they attach to the primary trunk.
This is a result of growing through the enriched
solute layer that surrounds the primary trunk.
Consequently, the base of a secondary dendrite
arm is much narrower, and hence may be deformed
more easily, than either the middle of the second-
ary arm or the primary trunk. An assessment of
whether dendrite deformation is possible has thus
been made on the basis of flow around a secondary
arm with a constriction at its base. In this respect
we are following the earlier work of Pilling and
Hellawell.

In defining a geometrical model of a secondary
arm belonging to an alloy dendrite we have
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imposed the following constraints. The dendrite,
which we take to be a figure of revolution of unit
height, should have a smooth, continuously differ-
entiable surface with a radius minimum r1, at z1,
and a radius maximum r2, at z2. Moreover, we
require dr/dz→0 as z→0 and dr/dz=0 at z=1. The
following parametric function can be shown to
satisfy all of these criteria

Z̄(t,q) � �x(t)cos(q)

x(t)sin(q)

z(t) �0�q�2p (2)

where

x � a0(a1t � a2t2 � a3t3 � a4t4) t�0 (3)

z � exp(�t2) t�0 (4)

and

a0 � (a2b2(3ab(a�b) � b3�a3))�1 (5)

a1 � 2ab(b4r1�a4r2) � 4a2b2(a2r2�b2r1) (6)

a2 � a5r2�b5r1 � ab(a3r2�b3r1 (7)

� 8ab(br1�ar2))

a3 � 2(b4r1�a4r2) � 4ab(a2r2�b2r1 (8)

� ab(r2�r1))

a4 � a3r2�b3r1 � 3ab(br1�ar2) (9)

a � ��ln(z1) (10)

b � ��ln(z2) (11)

Fig. 8 shows a representative example of the
geometry produced by this parametric represen-
tation. With an appropriate choice of the para-
meters r1, r2, z1 and z2, geometries which are in
good agreement with both observed secondary arm
goemetries in transparent analogue systems [13]
and phase-field simulations of alloy solidification
[14] can be generated.

4.2. Equations of flow

If we assume that the liquid metal acts as an
incompressible Newtonian fluid with viscosity m

Fig. 8. The geometrical model used to represent a dendrite in
the flow calculation.

and velocity ū � (u,v,w), the steady-state equa-
tions of flow are given by

�·ū � 0 (12)

and

r(ū·�)ū � �·s̄̄ (13)

where r is the density of the fluid.
The stress tensor for an incompressible Newton-

ian fluid is given by

s̄̄� �pĪ̄� m(�ū � [�ū]T) (14)

where Ī̄ is the unit tensor and p is the fluid
pressure.

Solutions to the flow equations, subject to the
boundary conditions described below, are obtained
numerically with the commercial CFD code CFX
4.1, utilising the control volume cell method in
which Cartesian co-ordinates, xi, in physical space
undergo a non-singular mapping to non-orthogonal
co-ordinates xi in computational space using a gen-
eralisation of the Rhie and Chow formulation.

In Cartesian co-ordinates Eq. (13) is

∂
∂xi(ru

iuk) �
∂

∂xis
ik (15)

where sik is the stress tensor

sik � �pdi
k � m�∂ui

∂xk �
∂uk

∂xi�. (16)
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This implies that

∂
∂xi�ruiuk�m

∂uk

∂xi� � �
∂r
∂xk �

∂
∂xi�m∂ui

∂xk� (17)

∂
∂xiJ

i
uk � Suk (18)

where the total flux vectors and source terms are
given by

Ji
uk � ruiuk�m

∂uk

∂xi (19)

and

Suk � �
∂r
∂xk �

∂
∂xi�m∂ui

∂xk� (20)

Eq. (20) is the general form of the scalar advec-
tion-diffusion equation. Keeping the velocity
components, ui, in the fixed Cartesian directions
the transformation into computational space pro-
ceeds as

∂
∂xiĴ

i
uk � �gSuk (21)

with

Ĵi
uk � rûiuk��ij

∂uk

∂xi (22)

�ij � m�ggij (23)

where gij is the metric tensor for the control volume
cell and �g is the volume of the corresponding cell.
Full details of the computational scheme are given
in Ref. [15]

4.3. Flow boundary conditions

For a dendrite of unit height, as described by
Eq. (2), the computational domain extends from
�6�x�6, �6�y�6 and 0�z�6. The maximum
diameter of the dendrite used in any of the simula-
tions was 0.3. Boundary conditions are specified
within the computational domain as follows. On
the upstream boundary (y–z plane at x=�6) we
apply a constant flux condition, which is equivalent
to fluid entry at constant velocity U aligned along

the x-direction (i.e. orthogonal to the principal axis
of the dendrite)

ū(x � �6,y,z) � �U

0

0 � (24)

while on the downstream boundary (y–z plane at
x=6) fluid exit is via a zero pressure boundary

p(x � 6,y,z) � 0. (25)

No slip conditions are applied at all solid sur-
faces, that is

ū(Z̄) � 0 (26)

where Z̄ is the locus defined by Eq. (2). All other
domain walls are zero flux boundaries.

4.4. Calculation of the bending moment

Values for the shear stress acting along the tan-
gent to the surface of the dendrite due to drag, trq
and hydrostatic pressure, Prq, are obtained from the
stress tensor s̄̄ for the converged solution. Follow-
ing Pilling and Hellawell we may write the force
acting in the x-direction, Fx, as

Fx(z,q) � trq(z)sin(q) � Prq(z)cos(q) (27)

wherein the total force, F(z), acting on the dendrite
at height z is given by

F(z) � �
2p

0

F(z,q)r(z)dq (28)

The skin stress in the dendrite arm, as a function
of position, is given by

s(z) �
M(z)r(z)
I[r(z)]

(29)

where M(z) is the bending moment and I(z) the
moment of inertia of the section at z. Assuming
the dendrite bends about its narrowest point, r1,
these are

M(z1) � �
1

z1

�F(z)(z�z1)dz (30)
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and

I[r(z1)] �
p[r(z1)4]

4
. (31)

4.5. Dendrite radius as a function of
undercooling

No well-defined route exists for calculating the
radius of a secondary dendrite arm as a function
the undercooling at which it grew. However, where
dendritic growth has been observed directly, in
transparent analogue casting systems such as suc-
cinonitrile [16] and xenon [17], the evidence is that
the morphology of dendrites grown at different
undercoolings is probably self-similar when scaled
against the tip radius, R. Consequently, many of
the more obvious length scales of the dendrite are
simple multiples of R, and this technique has pre-
viously been used by a number of authors to esti-
mate the dimensions of various dendritic features
[8,18]. Here we assume our secondary dendrite
arms are a fixed multiple of R, which we estimate
from marginal stability theory.

If we assume that the thermal conductivities in
the solid and liquid, 	l and 	s, are equal we may
write

R �
�

s∗�ThypPtF(Ac)
(32)

where Ac and F(Ac) are two dimensionless quan-
tities first suggested by Lipton et al. [19]

Ac �
1

1�(1�k)Iv(Pc)
(33)

F(Ac) � xl �
2xcDtmCocpAc(1�k)

HDl

(34)

with

� �
gTl

rH
(35)

where g is the interfacial energy between the solid
and liquid phases, Tl the liquidus temperature, Dl

is the thermal diffusivity in the liquid phase, m the
slope of the liquidus line, Co the alloy concen-
tration and k the partition coefficient. Pt is the ther-
mal Peclet number in the liquid

Pt �
VR
2Dl

. (36)

The equivalent solutal Peclet number is given
by

Pc �
VR
2Dc

(37)

where Dc is the solutal diffusivity in the liquid.
Due to solute trapping at the interface at high

growth rates, k will be related to the equilibrium
partition coefficient, ke, by [20]

k(V) �
ke � aV /Dl

1 � aV /Dl

(38)

where a is the Aziz solute trapping parameter and
ke is defined such that m(1�ke) 
 0. s∗ is a stab-
ility constant which, for a plane interface, Mullins
and Sekerka [21] give as 1/4p2. The dimensionless
quantities xl and xc are given by

xl � 1�
1

�1 �
1
s∗Pt2

(39)

and

xc � 1 �
2ke

1�2ke��1 �
1
s∗Pc2

. (40)

Iv is the Ivantsov function [22]

Iv(Pt) � Pt exp (Pt)Ei(�Pt) (41)

where Ei is the exponential integral function.

4.6. Estimation of the yield stress for Cu–
3at%Sn at its melting point

The flow shear stress, as a function of the hom-
ologous temperature, T/Tl, has been obtained from
the deformation maps of Frost and Ashby [23]. At
the low undercoolings at which dendritic defor-
mation was observed, the plateau time, that is the
time between recalescence and complete solidifi-
cation of the sample, was of the order of a few
seconds. For bending sufficient to be evident in the
as-solidified sample (say �30°) to have occurred
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within the available time the shear strain rate
would have been of the order 10�1�10�2 s�1. At
these strain rates the required shear stress for pure
copper at its melting temperature is estimated as
(2.3–3.5)×10�4 ms(Tl), where ms(Tl) is the shear
modulus at the liquidus temperature.

Over most of the homologous temperature range
ms decreases linearly with T. Certainly this appears
to be a very good approximation up to T/Tl=0.6.
As far as we are aware the shear modulus of copper
has not been measured close to its melting point.
If the linear trend from low temperature data were
continued, we estimate, from the data of Frost and
Ashby that ms(Tl)�24 GPa. However, in many
materials the elastic moduli decrease rapidly as the
melting temperature is approached and this value
may thus be considerably in excess of the true
value. Using this value we deduce that an upper
bound on the flow stress for pure copper at its melt-
ing point may be of the order of 7 MPa. In the
absence of experimental data we have assumed that
the value for the dilute Cu–O and Cu–Sn alloys
will be of the same order.

5. Results

5.1. Comparison of the numerical model with the
analytical model of Pilling and Hellawell

For a semi-infinite cylinder Pilling and Hellaw-
ell found the force per unit length due to the flow
of a fluid with velocity U orthogonal to the princi-
pal axis of the dendrite to be

F � 3pmU (42)

which is independent of the radius of the cylinder.
This gives a bending moment for a cylinder of
length L of

M �
FL2

2
�

3
2
pmUL2 (43)

In Fig. 9 we present the results of our numerical
calculation of M as a function of the Reynolds
number, Re, for the flow

Re �
Vfrl
m

(44)

Fig. 9. Comparison of the results of the numerical flow model
with the analytical model of Pilling and Hellawell as a function
of the Reynolds number for the flow. Good agreement between
the two is apparent, particularly at high Reynolds number. The
numerical model exceeds the analytical model due to the fact
that the analytical model considers flow around a semi-infinite
body and thus ignores drag around the end of the dendrite.

where l is a characteristic length scale for the prob-
lem. Pilling and Hellawell chose the diameter of
the cylinder as their characteristic length scale so
for the purposes of direct comparison with the ana-
lytical model we have chosen to take the diameter
of the dendrite at its widest point, 2r2, as the
characteristic length scale.

It is apparent from the figure that agreement
between the relatively simple analytical model of
Pilling and Hellawell and the numerical model
presented here is generally very good, particularly
at higher Reynolds numbers, where the models
agree to within 10%. We suspect that the small
discrepancy that does exist between the models
arises largely due to the fact that we are consider-
ing flow around a body of finite length, which
includes drag effects around the end of the den-
drite. The location and size of the maximum and
minimum radius were found to have virtually no
effect on the calculated value of M. Parameters
were varied within the limits 0.02�r1� 0.055 and
0.05�z1� 0.09, the effect of this variation being
indicated by the error bars in Fig. 9.
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5.2. Flow stress as a function of undercooling in
Cu melts

To estimate the skin stress in a dendrite growing
from an undercooled melt we have adopted the fol-
lowing procedure. The tip radius as a function of
undercooling is estimated from Eq. (32), and this
is used to set the length scale for the problem, with
r1, r2 and L all being fixed multiples of R. Schwarz
et al.[8] found that the ratio of calculated tip radius
to measured dendrite trunk radius was approxi-
mately 20 with a standard deviation of 10, this
result being independent of undercooling. Here we
have assumed r2 � 20R. Analysis of images of rip-
ened dendrites grown from transparent analogue
casting systems indicates that r1 � r2 /4 and L �
10r2 would not be unreasonable [13]. While we

have not undertaken a full sensitivity analysis of
how s will vary with these parameters, we con-
sider that they are generally conservative and will
serve to give an indication of the likely stress lev-
els present. Most of the other parameters in the
model can be obtained in a fairly straightforward
manner. m and ke can be obtained from the equilib-
rium phase diagrams for Cu–O and Cu–Sn and
have been taken here as Co � 0.08 at.%, m �
46.2 K at.%�1 and ke � 0.013 for Cu–O and

Co � 3.0 wt%, m � 6.1 K wt%�1 and ke � 0.145
for Cu–Sn. All other material parameters have been
assumed to be typical of elemental Cu and are
readily available in the literature [2], with the
exception of g and a, which we have taken as
g � 0.223 J m�2 and a � 2 × 10�10 m. The gen-
eral validity of the parameter set has been checked
by comparing the predicted growth velocities with
the measured recalescence velocities reported by
Battersby et al. [9] for the same systems.

The bending moment on the dendrite is esti-
mated from

M �
3
2
y(Re)pmUL2 (45)

where y(Re) is the ratio of the numerical and ana-
lytical bending moments calculated above which
can be read off from Fig. 9. Utilising this pro-
cedure, an estimate of the skin stress in the dendrite
at its neck is given in Fig. 10a and b as a function
of undercooling and flow velocity in the melt for

Fig. 10. The estimated skin stress in the dendrite as a function
of undercooling and flow velocity for (a) the Cu–3wt%Sn alloy
and (b) the Cu–O alloy. Also indicated is the calculated dendrite
tip radius, R (dashed curve, right-hand axis) and the likely upper
bound of 7 MPa on the yield stress for flow at shear rates of
the order 10�1–10�2 s�1 (dotted line).

Cu–Sn and Cu–O. For completeness, the calculated
dendrite tip radius is also shown (dashed curve,
right hand axis) as is the estimated yield stress of
7 MPa. It is apparent from the figures that in both
cases the skin stress peaks very sharply close to the
region in which we observed deformed dendrites
in the as-solidified sample, around 75 K for Cu–
3wt%Sn and close to 50 K for Cu–O. This is
clearly the result of the decrease in tip radius asso-
ciated with the onset of solute trapping. In Cu–
3wt% Sn a flow velocity of 0.1 m s�1 causes the
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peak skin stress to exceed our estimated upper
bound of the stress required to cause deformation
in a narrow window centered around �T � 77 K.
For higher flow velocities, or conversely a lower
value of the yield stress, this window in which
deformation may occur is enlarged. In Cu–O, the
peak skin stress corresponding to a flow velocity
of 0.1 m s�1 is much higher, 12 MPa. This is con-
sistent with the experimental results in that the
deformation observed in the Cu–O samples
appears much more severe and extensive than in
the Cu–3wt%Sn samples. We also note the very
close correspondence in the shape of the skin stress
and microhardness curves for Cu–3wt%Sn (Figs.
10a and 7, respectively) which would suggest the
microhardness is a direct record of the stress the
sample was subject to during solidification.

6. Alternative bending mechanisms

Finally, we should consider the possibility that
the deformed structures observed arise as the result
of some other mechanism. The most likely such
mechanism is thermo-solutal advection, in which
perturbation of the isotherms (or isoconcentrate
lines) by the flow field results in bending of the
growing dendrite arms. The effects of flow on den-
dritic growth by thermo-solutal advection have
been studied by Mullis [24], for the case in which
the principal growth and flow directions are
aligned orthogonally. This analysis revealed that
thermal/solutal advection did indeed cause a
rotation of the principal growth direction into the
flow. Moreover, for small deflections of the tip,
the deflection, �x, is proportional to �t2. This is
consistent with the angle of the outward normal to
the tip, q, being rotated at a constant rate. As the
growth velocity is also constant, �x is proportional
to �z2, that is q is proportional to �z. This is most
conveniently expressed as

�x � �(�z)2 (46)

where � gives the rotation of the principal growth
direction per unit length of growth. Mullis found
that � is a function of two variables, � �
�(Ptf, Ptg), where Ptg and Ptf are the are the

Peclet numbers for growth and flow, with Ptg as
defined by Eq. (36) and Ptf given by

Ptf �
UR
2Dl

(47)

� was found to vary linearly with Ptf and as (Ptg)b,
with b��1.85. Using the measured growth velo-
cities reported by Battersby et al. [9[9]] and the
calculated values of the tip radii we estimate the
growth and flow Peclet numbers for Cu–O at 50
K to be of the order of 5×10�3 and 4×10�4,
respectively. The equivalent values for Cu–3wt%
Sn at 73 K are of the same order. Extrapolating
from the data of Mullis [24] we obtain a value for
� of 7.5×10�3 rad m�1. As the features reported
are typically 500 µm or less, this corresponds to a
maximum deflection of the principal growth direc-
tion of 2×10�4 degrees. Consequently we conclude
that the effect of flow induced bending due to
thermo-solutal advection during solidification is
negligible and that consequently any deformation
observed is likely to be mechanical.

7. Summary and conclusions

Under most conditions encountered within sol-
idification processing the likelihood of dendrites
experiencing mechanical damage due to flow of the
parent melt is remote. However, during the pro-
cessing of undercooled melts the conditions of both
very fine dendrites and potentially high flow velo-
cities required to initiate such damage may exist.
Using the example systems, Cu–O and Cu–
3wt%Sn, we have shown that conditions could
exist wherein mechanical damage may occur.
Damage is likely to be confined within a narrow
undercooling range, centered on the undercooling
where the dendrite tip radius passes through a local
minimum. This is around 50 K in Cu–O and some-
what higher at 75–85 K in Cu–3wt%Sn. Micro-
structural evidence is presented from both of these
systems which appear to show deformed dendritic
structures. The deformation is confined to the pre-
dicted low undercooling window and is generally
rather more extensive in the Cu–O system than in
Cu–3wt%Sn, again in line with model predictions.
In Cu–3wt%Sn microhardness measurements have
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been made on samples solidified at different levels
of undercooling. These show an increase in
microhardness with undercooling up to a local
maximum around 85 K, wherein the microhardness
falls abruptly before increasing again slowly with
undercooling. The general shape of this curve is
remarkably similar to the calculated stress curve
for Cu–3wt%Sn and is suggestive that microhard-
ness acts as a direct record of the solidification
stress induced in the sample.
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