
Part A Quantum Theory: Problem Sheet 2 (of 2)

1. A particle of mass m and charge q moves on the x-axis under the influence of a harmonic
oscillator potential of angular frequency ω, and a constant electric field E . The potential
is

V (x) =
1

2
mω2x2 − qEx .

Show that the energy levels are

En =

(
n+

1

2

)
~ω − q2E2

2mω2
,

where n is a non-negative integer. [Hint: change variable.]

2. Consider the equation

Ĥψ = Eψ ,

where Ĥ is the differential operator

Ĥ =
~2

2m

(
− d

dx
+W (x)

)(
d

dx
+W (x)

)
,

W (x) is a real function, and E is a constant. Show that this is the stationary state

Schrödinger equation with potential V (x) = ~2
2m

(
W 2 − dW

dx

)
.

Show that∫ ∞
−∞

ψ̄Ĥψ dx =
~2

2m

∫ ∞
−∞

∣∣∣∣dψdx +Wψ

∣∣∣∣2 dx− ~2

2m

[
ψ̄

(
dψ

dx
+Wψ

)]∞
−∞

,

and hence that, for wave functions going to zero sufficiently fast at infinity, the energy E
is non-negative and that a solution with zero energy satisfies a first order equation.

By taking W (x) = λx, use your results to find the ground state energy, and corresponding
ground state wave function, for the one-dimensional harmonic oscillator with potential
V (x) = 1

2mω
2x2.

3. A particle of mass m moves in three dimensions under the influence of the potential

V (x, y, z) =
1

2
mω2(x2 + y2 + z2) .

Show that the energy levels have the form
(
n+ 3

2

)
~ω where n is a non-negative integer,

and find their degeneracies. Show that the ground state wave function is spherically
symmetric.

4. A particle moves in two dimensions under the influence of the potential

V (x, y) =
1

2
mω2

(
10x2 + 12xy + 10y2

)
.

By considering V in the rotated coordinates u = (x + y)/
√

2, v = (x − y)/
√

2, find the
energy levels and the associated degeneracy of each level.
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5. In a two-dimensional model of the hydrogen atom, the stationary state Schrödinger equa-
tion takes the form

− ~2

2m

[
1

r

∂

∂r

(
r
∂ψ

∂r

)
+

1

r2
∂2ψ

∂φ2

]
− e2

4πε0r
ψ = Eψ ,

where (r, φ) are polar coordinates. By separating the equation via ψ(r, φ) = R(r)Φ(φ),
show that Φ(φ) is a constant linear combination of eilφ and e−ilφ, where l is a non-negative
integer. [Hint: Use the fact that Φ(φ+ 2π) = Φ(φ).]

By further substituting R(r) = f(r)e−κr, where κ =
√
−2mE/~, show that the radial

equation becomes

f ′′ +

(
1

r
− 2κ

)
f ′ −

(
l2

r2
+
κ− β
r

)
f = 0 ,

where β is a constant you should identify. By substituting a generalized power series
expansion for f , of the form f(r) =

∑∞
k=0 akr

k+c, argue that c = l for a non-singular wave
function, and hence deduce the recurrence relation

ak =
2κ(k + l)− κ− β

(k + l)2 − l2
ak−1

in this case. Hence or otherwise show that the energy levels are of the form −ν/(2n+ 1)2,
where ν is a positive constant and n is a non-negative integer. What is the degeneracy of
each energy level?

6. Show that the function

G(x, s) = exp
[
−mω

(
1
2x

2 − 2sx+ s2
)
/~
]

satisfies the partial differential equation

− ~2

2m

∂2G

∂x2
+

1

2
mω2x2G = ~ωs

∂G

∂s
+

1

2
~ωG .

Deduce that if G(x, s) is expanded as a power series G(x, s) =
∑∞

n=0
sn

n!χn(x), then the
coefficient χn(x) satisfies the stationary state Schrödinger equation for the one-dimensional
harmonic oscillator with potential V (x) = 1

2mω
2x2 and energy En = (n+ 1

2)~ω.

Show that χn(x) = Hn

(√
mω
~ x
) (

mω
~
)n/2

exp(−mωx2/2~) where Hn is a polynomial of
degree n. Determine the polynomials H0, H1, and H2.

Show that ∫
R
G(x, s)G(x, u) dx =

√
π~
mω

exp

(
2mωsu

~

)
,

and hence deduce that∫
R
χj(x)χk(x) dx = δjkk!

√
π~
mω

(
2mω

~

)k
.

[You may use the identity
∫
R exp(−y2/σ2) dy = σ

√
π without proof.]

Hence show that

ψn(x) =
1√

2nn!

(mω
π~

)1/4
Hn

(√
mω

~
x

)
exp(−mωx2/2~)

are orthonormal.

Please send comments and corrections to sparks@maths.ox.ac.uk.
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