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Abstract

We often observe disproportionate reactions to tangible information in large stock price

movements. Moreover these movements feature an asymmetry: the number of crashes is

more than that of frenzies in the S&P 500 index. This paper offers an explanation for

these two characteristics of large movements in which hedging (portfolio insurance) causes

amplified price reactions to news and liquidity shocks as well as an asymmetry biased to-

wards crashes. Risk aversion of traders is shown to be essential for the asymmetry of price

movements. Also, we show that differential information enhances both amplification and

asymmetry delivered by hedging.
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1 Introduction

Sudden and large movements in stock prices have always drawn economists’ attention. We see

them in the form of frenzies, when the price movement is in the positive direction, and crashes,

when the direction is negative. This paper focuses on two characteristics of crashes and frenzies:

amplificationandasymmetry.

In many cases, there seems to be no significant events prior to large price movements. Cutler,

Poterba and Summers (1989) document that for the postwar movements in the S&P 500 index.

This empirical fact suggests that large price movements are most oftenamplified price reactions

to comparatively insignificant information or liquidity shocks.

In addition, there is substantial difference between the number of crashes and frenzies, and

this is what we mean by theasymmetry. Hong and Stein (2003) report that nine of the ten largest

one-day price movements in the S&P 500 since 1947 were decreases. A broader look at the data

also confirms the asymmetry. Boldrin and Levine’s (2001) analysis of S&P 500 between 1889

and 1984 reveals that annual negative deviations1 are, on average, larger than positive ones. We

observe the following in the Boldrin and Levine data: There is one annual negative deviation

with magnitude larger than 50% but no positive deviation exceeds this value. The number of

annual negative deviations with magnitudes larger than 40% is 3 and that of positive deviations

is none. There are 6 annual negative deviations of size exceeding 30% compared to 4 positive

ones. Finally, 14 annual negative deviations have magnitudes larger than 20% and only 10

positive ones exceed this value. So the Boldrin and Levine data also implicates the asymmetry

between crashes and frenzies.

This paper offers an explanation for the two characteristics of large price movements, de-

picted above. Our explanation involves the use ofhedging (portfolio insurance) strategiesin

the stock market. Hedgers, who use these strategies, sell after the market has declined and

buy after the market rises. Therefore portfolio insurance is negatively price sensitive since

conventional supply schedules are increasing functions of price. Brady Commission Report

(1988) provides evidence for the use of portfolio insurance strategies during the crash of 1987

and furthermore blames these negatively price sensitive strategies for deepening the decline

hence perhaps causing the crash. The studies of Chicago Mercantile Exchange, Miller, Hawke,

Malkiel, and Scholes (1987), Commodity Futures Trading Commission (1987), Securities and

1For the years 1889-1984, Boldrin and Levine (2001) report the real S&P 500 index, and the “deviation” from

the difference between the log of the index value of a year and that of a subsequent year.
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Exchange Commission (1987) also highlight the important role of these strategies in the 1987

crash.2 As a possible contributing factor to the crash of 1929, we see arguments focusing on the

use of stop-loss orders which are primitive portfolio insurance strategies (Gennotte and Leland

(1990)). Gennotte and Leland (1990) explain the ’87 crash in concordance with the findings of

Brady Report by incorporating hedging (portfolio insurance) into a conventional noisy rational

expectations model.

Following Gennotte and Leland (1990) we develop a static noisy rational expectations

equilibrium (REE) model with hedgers using negatively price sensitive strategies in a CARA-

Gaussian environment. Our results show that hedging strategies amplify the effect of news and

liquidity shocks on price deviations. Convex hedging strategies cause overreaction to nega-

tive news and liquidity shocks, hence they create an asymmetry biased towards crashes. An

important class of hedging functions (put-option replication strategies3) satisfies the convexity

condition in a highly volatile market. We also examine the roles of risk aversion and asymmetric

information in our analysis. In particular, we show that risk aversion is necessary for asymme-

try of price deviations. Also, the asymmetric information is shown to enhance the amplification

and the asymmetry delivered by hedging. Finally we analyze trading behavior of rational agents

in the presence of hedgers, and question the emergence of hedging in financial markets.

The focus of our paper is characteristics of certain dynamic phenomena, namely crashes and

frenzies. This might seem puzzling since we employ a static model for the analysis. However,

in our static framework we can interpret comparative statics results on price as dynamic changes

over time. In particular, the equilibrium price reactions to changes in the information or liquidity

parameters are viewed as fluctuations over time. In the same fashion, crashes and frenzies are

interpreted as high sensitivity to changes in information or liquidity parameters. That is, if

we see a substantial fall in equilibrium price as a reaction to comparatively insignificant news,

we call it a crash (or a frenzy in the case of a price increase) in our setup. Note that, by this

interpretation, we also incorporate an observed characteristic, namely amplification, into our

definition of crashes and frenzies.

As mentioned above, in our setup, hedging (portfolio insurance) is the cause of amplifi-

cation and asymmetry in large price movements. Hedging strategies are naturally dynamic

strategies dependent on the price trend. Before explaining how hedging strategies fit into our

2Shiller (1989)
3Put-option replication is formally defined in Section 4. See Rubinstein and Leland (1981) for a detailed

exposition of the subject.
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static environment, let us discuss why they would cause amplified and asymmetric deviations.

For intuition, we can first look at stop-loss orders. With stop-loss orders we see sales after the

market has fallen under some exercise value. The aim is to protect one’s portfolio against fu-

ture potential losses. Here it is easy to see how a crash can be the result of an amplified price

reaction, because stop-loss itself puts a downward pressure on the price once the price begins

to fall. Moreover since there is no accompanying upward pressure, we are likely to observe an

asymmetry biased towards crashes in an environment where stop-loss orders prevail. In modern

hedging strategies, such as put-option replication, the idea is the same, but now we have both

upward and downward pressures on the price. That is, we see a buying spree from hedgers

in a bull market, and sales in a bearish one; hence comes the amplified price reactions. If the

downward pressure of the strategy were to be stronger than the upward one, we would observe

asymmetry biased towards crashes. This summarizes most of what we are trying to formalize

in §3.2.

Now we can return to the interpretation of hedging in our static environment. All hedging

activity is aggregated into a deterministic supply function of pricep, sayh(p). As we have

only one trading period in our model, let us takep∗ as our (hypothetical) initial price, and let

h(p∗) = 0. A fall in the security price leads to positive hedging supply, thus forp < p∗,

h(p) > 0. Similarly, we have positive hedging demand (or negative supply) with increasing

price, thush(p) < 0 for p > p∗. The more the price increases, the higher the hedging demand

(and vice versa); thus we wanth to be adecreasing functionof p. In summary, we will view

hedging as the change of a deterministic supply with respect to the change in pricep compared

to a hypothetical initial pricep∗. The supply is deterministic, because with stop-loss there is a

specific exercise value to strike on, and with others there are specific formulae to follow, such

as Black-Scholes in the case of put-option replication.

Having made an informal introduction to the functioning of our model, we can now discuss

how our results compare with others in the literature. Though there is an extensive literature

on the amplification observed in crashes and frenzies, the asymmetric feature of these large

movements has not been addressed until recent years. Boldrin and Levine (2001), Chalkley

and Lee (1998), Hong and Stein (2003), Veldkamp (in press), and Veronesi (1999) address

the asymmetry of crashes and frenzies. In Boldrin and Levine (2001) the asymmetry in large

price movements is driven by the asymmetry in the underlying technology shocks that drive

fundamentals. Chalkley and Lee (1998) propose a model with noise traders where risk aver-
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sion prevents agents from acting promptly on receiving good news and encourages them to act

quickly on receiving bad news. Veronesi’s (1999) work is similar to Chalkley and Lee (1998) in

spirit as risk aversion makes asset price a convex function of beliefs and leads to underreaction

to good news in bad times and overreaction to bad news in good times. Hong and Stein (2003)

obtain asymmetry via short-sales constraints, which cause revelation of bad information in bad

times and hidden bad information in good times. Veldkamp (2004) explains the asymmetric fea-

ture by asymmetric endogenous speed of learning: faster learning in good times causes quick

reaction to bad news and hence sudden crashes.

This paper is similar to studies of Chalkley and Lee (1998) and Veronesi (1999) in that we

also have risk aversion convexifying price reactions to changes in the underlying parameters,

which leads to asymmetry. The difference is that our explanation stems from the use of hedging

strategies, which also amplifies the price movements. As mentioned above, hedging is intro-

duced to REE models by Gennotte and Leland (1990) for the first time. However they only

focus on the cause of ’87 crash (hence do not analyze the asymmetry between crashes and fren-

zies), and they define crash as a discontinuity in the price function. Here in this paper, following

the REE model proposed by them, we offer an explanation for the asymmetry between crashes

and frenzies, and we are not seeking any discontinuities in price.4 There is another paper, Jack-

lin, Kleidon, and Pfleiderer (1992), which also attributes the ’87 crash to hedging strategies.

Following Glosten and Milgrom (1985), they model a market with bid-ask prices and sequen-

tial trading. What delivers crash is the underestimation of the extent of hedging activities. This

might cause a rise in the security price due to imperfect information aggregation, and ultimately

learning leads to a price correction, in this case to a fall in price. However, as in Gennotte and

Leland (1990), the asymmetry is not sought in Jacklin, Kleidon, and Pfleiderer (1992) either.

Our paper is organized as follows. In Section 3.1 we develop a noisy REE model with

hedgers and derive the unique equilibrium. Section 3.2 provides the results on amplification

and asymmetry in price deviations. Section 3.3 checks whether the conditions for asymmetry

derived in§3.2 are satisfied in practice, then we provide a numerical example demonstrating

amplification and asymmetry in Section 3.4. Section 3.5 focuses on the roles of risk aversion

and asymmetric information pertaining to amplification and asymmetry in crashes and frenzies.

Section 3.6 deals with the effect of hedging on rational agents’ trading behavior. Finally, Section

3.7 questions the emergence of hedging in the stock market.

4Actually we rule out discontinuities to ease the comparative statics exercises.
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2 CARA-Gaussian economy

We employ a static REE model, which is a simplified version of Gennotte and Leland (1990)

with one informed trader instead of many informed traders with different Gaussian information

sets. We mimic the approach of Demange and Laroque (1995) to compute the equilibrium price.

2.1 The model

We assume two periods of time in our model. Economic agents, whom we will specify later,

competitively trade in the first period and consume in the second. There is only one good in the

economy, and there are two securities (i.e. two claims on the good): a risk-free security and a

risky security with a future random payoffR, which realizes in the second period. The price

and the payoff of the risk-free security are normalized to1.

The four types of agents in our economy are as follows:

(1) insider,5 who observes the risky security pricep and a private random signalS on the

risky security payoffX;

(2) rational outsiders, who observe the risky security pricep ;

(3) liquidity traders, whose function is to add noise to the economy, that is, they create an

exogenously determined random net supply of the risky security;

(4) hedgers, who create a deterministic net supply of the risky security. This net supply,h, is

a decreasing function of the risky security pricep.

The informational structure in our model is as follows. The distribution of signalS is com-

mon knowledge whereas the realization of the signal is only known to the insider. Similarly,

distribution of liquidity supplyL is common knowledge, however neither the insider nor out-

siders know the realization ofL. The hedging supply functionh is known to both insider and

outsiders.

All random variables in our model are Gaussian. The future payoff of the risky security,

X, is a normal random variable with non-zero variance. Insider’s signal onX is of the form

S = X + Ω, whereΩ is distributed withN(0, σΩ). The liquidity supply,L, is also normal with

5We can justify the price-taking behavior of the single insider by assuming that she represents a continuum of

mass one of insiders who act competitively.
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distributionN(0, σL). The random variablesX, Ω, andL are jointly normally distributed and

independent from each other. Note that, throughout the paper, the random variables are denoted

by capital letters, and realizations of them are denoted by the corresponding small letters.

Utilities of rational agents, namely the insider and outsiders, exhibit constant absolute risk

aversion (CARA). The CARA-Gaussian setup allows us to aggregate outsiders into a single

agent, as all outsiders share the same information. From now on we denote the insider byi, and

the outsider byo. The constant Arrow-Pratt measure of absolute risk aversion of insider isai,

and that of outsider isao. To be more precise,1
ao

is the sum of all rational outsiders’ measures of

risk tolerance (as we are aggregating all outsiders into a single agent). We define theaggregate

Arrow-Pratt measure of absolute risk aversionA by setting 1
A

= 1
ai

+ 1
ao

. Utility functions of

insider and outsider are of the form,uj(Wj) = −e−ajWj , j = i, o, whereWj is agentj’s random

final wealth (which realizes in the second period). Both agents maximize expected utility of

final wealth over the first period and their expectations depend on their Gaussian information.

Insider and outsider are endowed with deterministic wealth (holdings of risk-free claim on the

good)ei andeo, respectively.

In the first period, the risky security is traded on the market against the risk-free security.

If agentj, j = i, o, purchasesDj units of the risky security at pricep, j’s random final wealth

would beWj = DjX + (ej − pDj). As the rational agentj maximizes her expected utility of

consumption in the second period, she solves

maxDj
E[−e−ajWj |Ij] (1)

s. to DjX + (ej − pDj) = Wj,

whereDj is j’s net excess demand of the risky security andIj is j’s Gaussian information.

Liquidity traders and hedgers determine the total net supply of the risky security in the first

period. Thus, in the first period, total supply of the risky security at pricep is l + h(p), wherel

is the realization of random liquidity supplyL.

In the second period, all uncertainty is resolved, and consumption takes place without any

further trade.

2.2 Equilibrium

Next we define the equilibrium price in the fashion of rational expectations equilibrium:a

rational expectations equilibrium price of the risky security is a functionP (s, l) such that, for
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any realization of signal and liquidity supply(s, l),

Di(p|s) + Do(p|P (s, l) = p) = l + h(p),

whereDi(p|s) solves insider’s maximization problem given in (1), conditional on the observa-

tion of the pricep and the signals,6 and Do(p|P (s, l) = p) solves outsider’s maximization

problem given in (1), conditional on the observation ofp and the knowledge about the price

functionP (s, l) to update the beliefs ons.

Note that as insider is the only informed trader in the economy, observation of risky se-

curity’s price does not add any information on top of what he already has. We letΣ denote

outsider’s Gaussian information. From the definition above we already knowΣ coincides to the

knowledge ofP (s, l) = p; however we would like to express outsider’s information explicitly

as a function ofs andl in the equilibrium, hence we introduce this new notation. The excess

demand functions of insider and outsider are given by7

Di(p|S = s) =
E[X|s]− p

aivar(X|S)
, Do(p|Σ = σ) =

E[X|σ]− p

aovar(X|Σ)
. (2)

The following notation is introduced:8

a∗i = aivar(X|S), a∗o = aovar(X|Σ),
1

A∗ =
1

a∗i
+

1

a∗o
.

Given joint distributions ofX, S, andL, A∗ is only a function of insider’s risk aversionai,

and outsider’s risk aversionao. That is, the value ofA∗ does not depend on the realization

of insider’s signal and liquidity supply (since normal conditional variances are independent of

realizations). We further assume the following:

S1. I + A∗h is strictly monotone (i.e. either strictly increasing or strictly decreasing).9

6The random variables are denoted by capital letters and realizations of them are denoted by the corresponding

small letters.
7Expressions of excess demand functions in CARA-Gaussian environments are well-known, however we still

provide the derivations in (B1) of Appendix B.
8Note that we abuse the notation here by writingvar(X|S) instead ofvar(X|s), i.e. we condition the variance

of X on the distribution of signal rather than its realization. However normal conditional variances do not depend

on realizations, thus our notation for the variance fits to this characteristic of the Gaussian environment.
9I denotes the identity function, i.e.I(x) = x ∀x ∈ R.
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This assumption guarantees a continuous equilibrium price function that can be used for

comparative statics. Without assuming S1, the proof of the existence of an equilibrium still

holds, but it leads to a price correspondence which may not be single-valued. One now has the

following:

Proposition 1 (Equilibrium) Assume S1. Then the unique rational expectations equilibrium

price is given by

P (s, l) = f−1
(A∗

a∗i
E[X|s] +

A∗

a∗o
E[X|σ]− A∗l

)
= f−1

(
E[X|σ] +

A∗

a∗i
(σ − E[X|σ])

)
,

wheref−1 is the inverse off ≡ I + A∗h, andσ = E[X|s] − ai var(X|S) l is the (realization

of) outsider’s information.

Proof. S1 guarantees thatf−1 is a well-defined continuous function. Excess demand functions

of insider and outsider are also well-defined sincevarΩ andvarX are non-zero. Hence market

clearing yields(
1

aivar(X|S)
+

1

aovar(X|Σ)

)
p + h(p) =

E[X|s]
aivar(X|S)

+
E[X|σ]

aovar(X|Σ)
− l.

Outsider’s informationσ is revealed by the observation of price and the knowledge of price

function. The price function is essentially derived from the market clearing condition above,

thus outsider’s information coincides with the knowledge of market clearing condition. Since

the hedging functionh and distributions ofS andL are common knowledge, and values of con-

ditional normal variances are independent from realizations10, outsider can induce the following

information from market clearing: E[X|s]
aivar(X|S)

−l. Multiplying this argument by a known constant

(namelyaivar(X|S)) would not matter for the informational content, therefore outsider’s infor-

mation is equivalent to the knowledge of the realizationσ = E[X|s] − ai var(X|S) l. Recall

thatS andL are jointly normally distributed. SoΣ (the random distributionσ belongs to) is also

normally distributed, and outsider’s demand as given in (2) holds. Rewriting market clearing

condition we have

p + A∗h(p) =
A∗

a∗i
E[X|s] +

A∗

a∗o
E[X|σ]− A∗l,

10See (A1) in Appendix A.
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whereA∗, a∗i , anda∗o are as defined above. WritingA
∗

a∗o
= 1− A∗

a∗i
, and using definition off ; the

result follows.�

Note that the equilibrium price of risky security given by Proposition 1 is a function of

insider’s private signals and liquidity supplyl. In the Gaussian framework,E[X|s] is a linear

increasing function ofs, and givens the assessment of conditional expectation does not put a

burden on the agents from the informational perspective since all the parameters necessary to

extract its functional form are common knowledge. Therefore the comparative statics results

in this paper do not change qualitatively if the equilibrium price is taken as a function of the

vector(E[X|s], l) rather than(s, l). For this purpose we introduce the following notation: let

N stand for the random variableE[X|S], and letν be the realized value, i.e.E[X|s]. Then the

equilibrium price function takes the form11

P (ν, l) = f−1
(
Q(ν, l)

)
, where (3a)

Q(ν, l) = −A∗

a∗o

{
1− cov(X, Σ)

varΣ

}
EX +

{cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)}
ν

−
{

a∗i
cov(X, Σ)

varΣ
+ A∗

(
1− cov(X, Σ)

varΣ

)}
l. (3b)

2.3 Asymmetric price deviations and non-linear prices

As it follows from (3a), equilibrium price12 is a function of insider’s expectation of the risky

payoff ν, and the liquidity supplyl. Here, we would like to discuss how the asymmetry be-

tween crashes and frenzies emerges in our setup. IfP (ν, l) were linear in(ν, l), negative and

positive shocks of the same magnitudes would create price deviations of the same size. Then

we could only attribute the asymmetry in favor of crashes to more frequent and significant neg-

ative shocks. As there is no evidence of more frequent negative news or liquidity shocks in the

history of S&P 500, we are interested in asymmetric price deviations triggered by symmetric

shocks. Formally, we have the following: given(ν0, l0), we say that there is anasymmetry in

11See (B2) in Appendix B for the derivation.
12From now on, the term “price” stands for the risky security price unless otherwise stated.
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deviationsat the equilibrium priceP (ν0, l0) if for some(∆ν, ∆l) > 013

P (ν0, l0)− P (ν0 −∆ν, l0) 6= P (ν0 + ∆ν, l0)− P (ν0, l0), or

P (ν0, l0)− P (ν0, l0 −∆l) 6= P (ν0, l0 + ∆l)− P (ν0, l0).

Clearly,non-linearityof the equilibrium price function inν or l is necessary and sufficient

for asymmetry in price deviations. Recall thatf ≡ I + A∗h. When there is no hedging supply,

f = I andP (ν, l) is linear in (ν, l) by (3a)-(3b). So asymmetric information by itself can

not create asymmetric deviations in price. With non-zeroA∗, non-linearity of hedging supply

h becomes a necessary and sufficient condition for a non-linear equilibrium price function,

and consequently for asymmetric deviations in price. Given(ν0, l0) we say information and

liquidity shocks cause abias towards negative price deviationswithin the setUv0 × Ul0 if for

all (∆ν, ∆l) > 0 such thatv0 −∆v ∈ Uv0, v0 + ∆v ∈ Uv0 , l0 −∆l ∈ Ul0, l0 + ∆l ∈ Ul0, the

following holds:

P (ν0, l0)− P (ν0 −∆ν, l0) > P (ν0 + ∆ν, l0)− P (ν0, l0),

P (ν0, l0)− P (ν0, l0 −∆l) > P (ν0, l0 + ∆l)− P (ν0, l0).

Suppose equilibrium price functionP is continuously differentiable. Then there exists a

bias towards negative price deviations withinUv0 × Ul0 if and only if P (ν, l) is strictly concave

in ν andl within Uv0 × Ul0. This is due to the fact that for a strictly concave and continuously

differentiable functiong

g(x1) < g(x0) + g′(x0)(x1 − x0),

and lettingx1 equal to firstx0 −∆x and thenx0 + ∆x one gets

g(x0)− g(x0 −∆x) > g(x0 + ∆x)− g(x0).

Note the following obvious that wheneverP (ν, l) is globally concave inν and l, all shocks

will cause a bias towards negative price deviations in the economy. One can also interpret the

strict concavityof equilibrium priceP asoverreaction to negative shockscompared to the price

reaction to positive shocks.

13(∆ν, ∆l) > 0 if and only if both∆ν and∆l are strictly positive.
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3 Amplification and asymmetry

In this section we present comparative statics of the equilibrium priceP (ν, l). The first-order

partial derivatives ofP (ν, l) with respect toν andl determine the sensitivity of price to changes

in the information parameter and liquidity supply, respectively. The second-order partial deriv-

atives determine the concavity of price function, hence it reveals the nature of bias within the

asymmetric price deviations. Our purpose is to see how hedging activity affects the first and

second-order partial derivatives of equilibrium price. If, in the presence of hedging, there is

higher price sensitivity to changes in information and liquidity, we will be able to conclude

that hedging amplifies price reactions. Also, if, with hedging, the equilibrium price becomes

a concave function of the underlying parameters, this will imply that hedging creates a price

asymmetry biased towards negative deviations.

First we examine the sensitivity of price. Taking partial derivatives ofP (ν, l) with respect

to ν andl yield

∂P (ν, l)

∂ν
= (f−1)′

(
Q(ν, l)

)[ cov(X,Σ)
varΣ

+ A∗

a∗i

(
1− cov(X,Σ)

varΣ

)]
, (4a)

∂P (ν, l)

∂l
= −(f−1)′

(
Q(ν, l)

)[
a∗i

cov(X,Σ)
varΣ

+ A∗
(
1− cov(X,Σ)

varΣ

)]
. (4b)

Lemma B in Appendix C shows thatcov(X,Σ)
varΣ

≤ 1. Therefore

sign
(∂P (ν, l)

∂ν

)
= sign

(
(f−1)′

(
Q(ν, l)

)
,

sign
(∂P (ν, l)

∂l

)
= −sign

(
(f−1)′

(
Q(ν, l)

))
.

Consider the case with no hedgers in the market, i.e. the case withh ≡ 0. Then(f−1)′ ≡ 1 and

sign
(∂P (ν, l)

∂l

∣∣∣
h≡0

)
< 0 < sign

(∂P (ν, l)

∂ν

∣∣∣
h≡0

)
.

This means when there are no hedgers in the market the equilibrium price is a strictly increasing

function ofν and a strictly decreasing function ofl. This is naturally plausible since security

prices tend to increase in the presence of good news and they tend to fall when liquidity of the

security increases. Theoretically, presence of hedgers may pervert this observed characteristic

of security prices, that is, prices may fall with good news and increase with liquidity supply.

The following lemma provides the necessary and sufficient condition for hedging to lead to

price reactions in accord with reality.
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Lemma 1 Let f−1 be differentiable. ThenP (ν, l) is strictly increasing inν and strictly de-

creasing inl if and only if

(S1′) I + A∗h is strictly increasing.

The proof simply follows from (4a)-(4b) and the fact that(f−1)′(y) = 1
1+A∗h′(x)

, given y =

f(x). Also, note that S1 necessarily holds when S1′ holds.

To further our analysis, we incorporate the size of hedging activity as a parameter into the

hedging supply function by letting

h(p) = αΠ(p), ∀p.

In the expression above,Π is a decreasing function ofp, andα denotes the fraction of assets

protected by hedging (portfolio insurance). We now have the following proposition:

Proposition 2 (Amplification) Assume that S1′ holds andf−1 is differentiable. As the fraction

α of assets protected by hedging increases, the equilibrium price function becomes more sensi-

tive to changes in the information parameterν and the liquidity parameterl. That is,
∣∣∂P (ν,l)

∂ν

∣∣
and

∣∣∂P (ν,l)
∂l

∣∣ are increasing functions ofα.

Proposition 2 reveals theamplifying effectof hedging activity on price movements. The

intuition is easy to see: once the price begins to fall (due to bad news or increasing liquidity

supply), there will be more hedging supply of the security which will further push the prices

to much lower levels. So, in the presence of hedging, one will see amplified price reactions to

the triggering events (such as bad news or higher liquidity). Naturally, the bigger the size of

hedging activity is, the larger the price reactions will be. Of course, the same argument works

for the price hikes.

Next we analyze the second characteristic of large price movements: theasymmetryin favor

of crashes. To that end, we need to check the concavity of equilibrium price with respect to the

parametersν andl (see§2.3). In the case of twice-differentiable price functions, concavity is

determined by the second-order partial derivatives:

∂2P (ν, l)

∂ν2
= (f−1)′′

(
Q(ν, l)

){cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)}2

, (5a)

∂2P (ν, l)

∂l2
= (f−1)′′

(
Q(ν, l)

){
a∗i

cov(X, Σ)

varΣ
+ A∗(1− cov(X, Σ)

varΣ

)}2

. (5b)

They lead us to the following result:
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Proposition 3 (Asymmetry) Assume that S1′ holds andf−1 is twice-differentiable. If hedging

supplyh is a strictly convex function within the set

P
(
Uν0 , Ul0

)
= {p : p = P (ν, l) s.t. (ν, l) ∈ Uν0 × Ul0},

then:

(a) information and liquidity shocks cause a bias towards negative price deviations within

Uν0×Ul0, i.e. P (ν, l) is strictly concave inν and strictly concave inl for (ν, l) ∈ Uν0×Ul0,

(b) the bias becomes more significant withinUν0×Ul0 as the fractionα of assets protected by

hedging increases, i.e.∂
2P (ν,l)
∂ν2 and ∂2P (ν,l)

∂l2
are decreasing functions ofα within Uν0×Ul0.

It is easy to check that even if S1′ does not hold, the results above (on amplification and

asymmetry) will hold within the domain{
(ν, l) : (I + A∗h)′

(
P (ν, l)

)
> 0

}
.

To sum up, under plausible conditions, whenever a shock (either of informational nature

or liquidity based) occurs in the economy, the deviation in price is amplified due to hedging.

Hence with hedging, the deviations are more likely to be significant, that is they are more likely

to be a crash or a frenzy. Moreover if the hedging function is (globally) strictly convex, then a

bias towards negative deviations is observed. We can summarize these results as follows:

Corollary 1 (Main Result) Assume that S1′ holds andf−1 is twice-differentiable. If hedging

supplyh is a strictly convex function, then there exists a bias towards crashes in the economy.

One criticism towards the results of this section might be the extent of their dependence on

hedging. After all, having lots of irrational agents, programmed to behave in ways to create

amplification and asymmetry, would not be much of an explanation for the characteristics we

are examining. Therefore we would like to show that our results do not stem from an imposed

environment with a lot of irrational hedgers accompanied by just enough rational traders to

equate supply and demand. The main difference between rational traders (insider, outsider)

and hedgers is that their demands react differently to price deviations. That is, the demand of

rational traders is a decreasing function of price whereas the demand of hedgers is increasing

in price. So we can determine the dominance of a group (namely rational traders or hedgers) in

the market by checking the sensitivity of their aggregate demand with respect to price.
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Proposition 4 (Market Demand) Let f−1 be differentiable. S1′ holds if and only if the aggre-

gate demandZ of the risky security is strictly decreasing inp, where

Z(p) = Di(p|ν) + Do(p|σ)− h(p).

This proposition shows that demand of rational traders prevail over that of hedgers if and

only if S1′ holds. Since we get the results of this section with practically one assumption,

namely S1′, we can say that our results hold within an environment where rationality prevails.

4 Put-option replication

In this section, we examine a specific hedging (portfolio insurance) strategy: the put-option

replication. Put-option replication was the most popular hedging strategy during 1980’s, in

particular, during the October ’87 crash. The formula for the put-option replication is taken

from Gennotte and Leland (1990):14 The hedging strategy is assumed to be applied to a fraction

α of risky securities. The incremental hedging supply when new price isp, relative to the supply

at the hypothetical initial price (p∗ = 1), is given by

ĥ(p) = α
(
Φ(d(1))− Φ(d(p))

)
,

whereΦ(.) is the standard cumulative normal distribution function, andd(.) is derived from the

Black-Scholes formula

d(p) =
ln

(
p
K

)
+ 1

2
var(X|Σ)√

var(X|Σ)
.

with K as the striking price for the option (or the protection level in the replication case).15

Possibility of negative security prices is a caveat of the CARA-Gaussian framework. Natu-

rally we focus on strictly positive prices for the analysis of put-option replication. Note that

ĥ′(p) = − αφ(d(p))

p
√

var(X|Σ)
,

14Gennotte and Leland (1990) point out the differences in their formula compared to Black and Scholes (1973).

They assume that interest rate has been normalized to zero, and assume a one-year time horizon. Moreover in theirs

payoff is normally distributed (as in our model), whereas in Black and Scholes (1973) payoff follows a log-normal

process.
15In the actual Black-Scholes formula, we would haved(p) =

(
ln

(
p
K

)
+ 1

2var(X|P )
)(√

var(X|P )
)−1

.

However as we elaborated before, observingP is equivalent to observingΣ (see Proposition 1).
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whereφ(.) is the standard normal density function. Clearly,ĥ is decreasing in the domain of

strictly positive prices. Extractinĝh′(p), we get

ĥ′(p) = −α

p

exp
(
− 1

2

( ln p
K

+ 1
2
var(X|Σ)√

var(X|Σ)

)2
)

√
2πvar(X|Σ)

.

Now it is easy to see the following:

Lemma 2 Givenp0 > 0, if α ≤ p0

√
2πvar(X|Σ)

A∗ , thenĥ′(p) > − 1
A∗ for all p ∈ [p0,∞). More-

over, asα tends to 0, the set
{
p : ĥ′(p) > − 1

A∗

}
will converge to the domain of strictly positive

prices(0,∞).

So if α is sufficiently small, S1′ holds forĥ over a strict subset of positive prices. It is easy

to check that all our proofs will work over this strict subset. To be more precise, our results on

amplification and asymmetry still hold over the domain{
(ν, l) : ĥ′(P (ν, l)

)
> − 1

A∗

}
,

and this domain converges to{(ν, l) : P (ν, l) > 0} asα tends to 0.

For the convexity of̂h, we need to check the second-order partial derivative:

ĥ′′(p) = − α√
var(X|Σ)

φ′(d(p))d′(p)p− φ(d(p))

p2

=
αφ(d(p))

p2
√

var(X|Σ)

( d(p)√
var(X|Σ)

+ 1
)

=
α exp(−d(p)2)

p2
√

2πvar(X|Σ)

( ln
(

p
K

)
var(X|Σ)

+ 2
)
.

The following result can be easily proved using this equation:

Lemma 3 ĥ is strictly convex over the domain
{
p : p > K

e2var(X|Σ)

}
. Asvar(X|Σ) tends to∞,

the domain wherêh is strictly convex will converge to the set of strictly positive prices.

Now using Lemma 2, Lemma 3, and our results from Section 3, we obtain the following:

Proposition 5 (Put-option Replication) If the vector of information and liquidity parameters

are in the domain
{
(ν, l) : P (ν, l) > K

e2var(X|Σ)

}
, α is less than

K
√

2πvar(X|Σ)

A∗e2var(X|Σ) , and hedgers em-

ploy put-option replication̂h as the hedging strategy, then there exists a bias towards crashes

in the economy, i.e.
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(a)
∣∣∂P (ν,l)

∂ν

∣∣ and
∣∣∂P (ν,l)

∂l

∣∣ are increasing functions ofα,

(b) P (ν, l) is strictly concave inν and strictly concave inl,

(c) ∂2P (ν,l)
∂ν2 and ∂2P (ν,l)

∂l2
are decreasing functions ofα.

Moreover asvar(X|Σ) tends to∞, the domain where the bias towards crashes is observed

will converge to
{
(ν, l) : P (ν, l) > 0

}
.

Proposition 5 reveals that for a large domain of positive security prices there would be a

bias towards crashes when market is highly volatile and put-option replication is the hedging

strategy.

Though put-option replication and other portfolio insurance strategies played an important

role in modern times, it is hard to use the same argument for the first half of the century. The

sophisticated portfolio insurance strategies did not even exist then. However there is a hedging

strategy which has been in use arguably as long as stock markets existed: stop-loss. In its most

primitive form, hedgers sell their risky securities when the price falls below a predetermined

level, sayK. Use of this primitive hedging form clearly creates the asymmetry we want: there is

an additional downward pressure on sales once price falls belowK whereas there is no pressure

when market goes up. Hence we get an asymmetry biased towards crashes with stop-loss as

well.

5 A numerical example: back to 80’s

The levels of risk aversion, hedging and market volatility necessary for substantial sizes of

amplification and asymmetry are, of course, matters of concern. In other words, we do not want

to generate amplification and asymmetry using implausible values for the parameters of our

model. So we examine the following numerical example:

Let us take put-option replication, the most popular portfolio insurance strategy of 80’s, as

the hedging function. We assumeα to be 0.05, which is not far from the hedging size in the

’87 crash. The protection levelK is assumed to be 85 percent of initial price. Let us fix the

initial equilibrium price to be 1 so thatK becomes 0.85. Assuming an expected 6 percent return

on the risky security compared to a risk-free asset is reasonable for U.S. markets, thus we let

E[X] = 1.06. Outsider is assumed to be more risk averse than insider by lettingai = 0.70
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andao = 1.40. Takevar(X|S), var(X|Σ) and cov(X,Σ)
varΣ

to be 200, 400 and 0.5, respectively.16

Note that these values illustrate the informational advantage of insider throughvar(X|Σ)
var(X|S)

= 2.

We assumel to be 0 as liquidity supply is not biased.

Then to create a 20 percent price deviation in the negative direction it takes a 2.9 percent fall

in the insider’s expectation on risky payoff (ν) whereas a positive price deviation of the same

magnitude requires a 8.5 percent increase inν. This example clearly depicts the asymmetry.

Moreover if there were no hedging in the market, a 20 percent price movement in any di-

rection would require a 18.1 percent change in the information parameterν. Clearly in the case

with put-option replication, price is more sensitive to the parameter changes, which illustrates

the amplification brought by hedging.

6 Roles of risk aversion and asymmetric information

Lee (1998) makes the following conjecture in the conclusion of his paper: “Under risk aversion

it is more difficult to trigger a frenzy than a crash because a surprise of the same degree in

the direction of the good state induces a smaller response than the one in the direction of the

bad state.” Granted Lee’s model exploits a totally different mechanism, his conjecture actually

pinpoints the role of risk aversion in our analysis. The following proposition demonstrates this:

Proposition 6 Assume S1′. As insider or outsider tends to be risk neutral, asymmetry vanishes

in the equilibrium price deviations.

Proposition 6 simply follows from Proposition 1 and equations (3a)-(3b):f−1 converges to

the identity function as either of the risk aversion parametersai or ao converges to0, which then

implies P (ν, l) converging to a linear function. If the equilibrium price converges to a linear

function, it simply means that asymmetry in price deviations vanishes.

This proposition is in accordance with Chalkley and Lee (1998) and Veronesi (1999). Both

papers emphasize convexifying effect of risk aversion on price reactions to changes in under-

lying parameters. In our model, risk aversion allows hedging to be incorporated to the price

function. If traders are risk neutral, then hedging does not affect price function at all, which

consequently means there are no asymmetric deviations.

16cov(X,Σ)
varΣ always takes values between 0 and 1. See Lemma B (C1) in Appendix C.
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Having elaborated on the role played by risk aversion in our analysis, next we discuss the

role of asymmetric information. For convenience, we first define a measure for the level of

asymmetry regarding information. Notice that the ratiovar(X|Σ)
var(X|S)

gives the imprecision of the

information of outsider relative to that of the insider, i.e. given the gaussian nature of our

framework this ratio delivers insider’s informational advantage over outsider. So we let

µ :=
var(X|Σ)

var(X|S)
,

and call the ratioµ, µ > 1, themeasure of asymmetric information.17 The bigger the measure

µ gets, the larger the asymmetry between insider and outsider is. Now we can easily see how

asymmetric information affects our analysis:

Proposition 7 (Asymmetric Information) Assume S1′ and thath′(.) < − 1
a∗i

. Also suppose

that f−1 is continuously twice-differentiable and hedging supplyh is strictly convex. There ex-

its µ̄ > 1 such that within the domain(µ̄,∞) of the asymmetric information measureµ

(a) the equilibrium price function becomes more sensitive to changes in the information para-

meterν and the liquidity parameterl asµ increases; i.e.
∣∣∂P (ν,l)

∂ν

∣∣ and
∣∣∂P (ν,l)

∂l

∣∣ are increasing

functions ofµ,

(b) the bias towards negative deviations becomes more significant asµ increases; that is,∂
2P (ν,l)
∂ν2

and ∂2P (ν,l)
∂l2

are decreasing functions ofµ.

The only new assumption in this proposition, which has not been employed before, is

h′(.) < − 1

a∗i
≡ − 1

aivar(X|S)
,

and this may be justified if the information of insider is sufficiently imprecise (i.e. ifvar(X|S)

is sufficiently large). The proposition states that, with sufficiently large asymmetry between in-

sider and outsider in terms of information owned, both amplification and asymmetry of price de-

viations will be more significant as the measure of asymmetric informationµ increases. Hence

asymmetric information certainly helps our cause.

Of course, one can still question the necessity of asymmetric information in our analysis.

After all, risk aversion and hedging strategies are sufficient ingredients to create asymmetry

in price deviations. That is, our analysis will go through without making use of asymmetric

17Since outsider’s information is more imprecise compared to that of insider’s, the measure of asymmetric

informationµ ≡ var(X|Σ)
var(X|S) is always strictly greater than 1.
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information at all. However, such analysis will be hard to justify when it comes to numerical

computations. For instance, in Section 5 we are able to generate significant amplification and

asymmetry with risk aversion coefficientsai = 0.7 andao = 1.4. Without asymmetric informa-

tion, the same effect would require implausibly high risk aversion coefficients for CARA utility

traders.

7 Trading behavior in the presence of hedgers

All previous sections have dealt with the effects of hedging on equilibrium price. Now we

would like to analyze the effect of hedging on rational agents’ trading behavior. Recall that

equilibrium demand function of a rational trader is of the form

Dj(P (ν, l)|Ij) =
E[X|Ij]− P (ν, l)

ajvar(X|Ij)
, (6)

whereIj stands for the Gaussian information of agentj = i, o. We can partition the ratio-

nal demand into theinformation effect E[X|Ij ]

ajvar(X|Ij)
, and thesubstitution effect− P (ν,l)

ajvar(X|Ij)
. The

overcoming effect among these two determines the direction of the rational demand reaction

whenever price deviates.

Clearly, portfolio allocation of a rational trader would be different depending on whether

there are hedgers in the market or not, because the price is affected by the presence of hedgers.

However we would like to analyze a more significant impact of hedging on the trading behavior.

In particular, we want to see whether a rational trader ever changes the direction of his reaction

to the information and liquidity shocks. The following proposition shows that he does indeed.

Proposition 8 (Trading Behavior) Assume S1′ and thatf−1 is differentiable. Then the follow-

ing hold:

(a) Do(P (ν, l)|σ) is decreasing inν and increasing inl.

(b) Di(P (ν, l)|ν) is increasing inl.

(c) If the fractionα of assets protected by hedging is sufficiently small, thenDi(P (ν, l)|ν) is

increasing inν. If α is sufficiently large, thenDi(P (ν, l)|ν) is decreasing inν.

Part (c) of Proposition 8 depicts the significant impact of hedging that we were after. It is

easy to see from the proof that substitution and information effects move in different directions
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with respect to the changes in the information parameter. To be more specific, information

effect is an increasing function ofν, and substitution effect is decreasing inν. Without hedging

activity insider demands more of the risky security when good news arrive; that is, information

effect overcomes the substitution effect. In the presence of hedgers, this is not necessarily

the case. If the size of hedging is large enough, the price (hence the substitution effect) is

amplified excessively by hedgers, virtually cancelling the information effect. Then insider’s

demand decreases when good news arrive. This is certainly a significant change for insider’s

trading behavior since he changes the direction of his demand reaction to information shocks.

On the other hand, we do not see hedging affecting outsider’s trading behavior to the same

extent it affects insider’s. In particular, the direction of outsider’s demand reaction to informa-

tion and liquidity shocks does not differ with or without hedgers in the market. However the

way outsider reacts to information shocks is interesting. Part (a) of Proposition 8 shows that

whenever good news come (i.e. when insider’s expectation about the risky security increases)

outsider decreases her demand of the risky security regardless of the size of hedging activity.

This might seem puzzling at first, because conventionally we would expect increasing demand

following good news. The reason is actually the noise created by liquidity traders. When good

news come the price increases, but outsider is not sure whether it is the good news or liquidity

demand that increases the price. Therefore although her expectation on the risky security re-

turn increases, the price increase overcomes this effect due to the risk premium associated with

the liquidity trading. This translates into substitution effect overcoming information effect in

outsider’s demand.

Finally, from part (b) of Proposition 8 we see that hedging does not change the direction of

insider’s demand reaction to liquidity shocks.

8 Discussion on the emergence of hedging

In this section we investigate the emergence of hedging strategies in the stock market. First

let us verify that hedging strategy is not optimal for an outsider to employ. We know that

hedging demand (i.e, negative hedging supply) is an increasing function of price. If the trigger

for the price hike is an increase in the information parameterν, following Proposition 6.1,

outsider’s demand decreases. If the trigger for the hike is a decrease in the liquidity supplyl,

outsider’s demand again decreases. So whatever the origin of shock is, we always see hedging
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and rational demand dictating opposite directions in portfolio allocation. Therefore, hedging

strategy is clearly sub-optimal for the outsider, that is it will create a significant ex-ante utility

cost (given the observation of price) compared to employing the rational demand schedule. So

why do people employ hedging strategies after all?

Ex-post, hedgers might be better off compared to outsiders in the case of information shocks.

The reason is that both hedging demand and insider’s rational demand are in the same direction

(and both are opposite to outsider’s direction of demand) when the size of hedging is sufficiently

small. Since the insider has the privileged information, it is quite likely that insider is better off

compared to outsider (however we cannot say this with certainty as insider’s signal is noisy).

Hence the hedger is also quite likely to be better off compared to outsider after an information

shock. In the case of liquidity shocks, hedger’s demand is opposite in direction to both insider

and outsider. So if overwhelmingly information shocks trigger price deviations, employing

hedging strategies might prove to be ex-post profitable due to the argument above. Of course,

this explanation is far from a rigorous treatment of the matter.

Another interesting point is that whenever the size of hedging is sufficiently large, the

hedger’s demand is in the opposite direction of both insider and outsider. So a possibly winning

strategy for one person will be an almost certainly losing strategy when many people employ it.
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Appendix A: mathematical preliminaries

A1 Projection theorem. For jointly normally distributed random variablesX and Θ, the

following hold:

E[X|Θ = θ] = E[X] +
cov(X, Θ)

varΘ
(θ − EΘ),

var(X|Θ) = var(X)− (cov(X, Θ))2

varΘ
.

A2 Rao’s formula. For a normal random variable X, the following holds:

E[eX ] = e(EX+ varX
2 ).

Appendix B: derivations

B1 Derivation of excess demand functions.SinceX is normal,Wj is also normal forj = i, o.

By Rao’s formula (A2) we have

E[uj(Wj)|Ij] = − exp

(
−ajDjE[X|Ij]− aj(ej − pDj) + a2

jD
2
j

var(X|Ij)

2

)
.

Agentj ∈ {i, o} solves the maximization problem, given in (1). The solution to this problem is

Dj(p) =
E[X|Ij]− p

ajvar(X|Ij)
.

B2 Derivation of (3b). Recall thatσ = ν − a∗i l. Projection theorem (A1) implies

E[X|σ] = EX +
cov(X, Σ)

varΣ
(ν − a∗i l − EX).

Therefore

E[X|σ] +
A∗

a∗i
(σ − E[X|σ]) =

{cov(X, Σ)

varΣ
+

A∗

a∗i
(1− cov(X, Σ)

varΣ
)
}

ν

−
{cov(X, Σ)

varΣ
+ A∗(1− cov(X, Σ)

varΣ
)
}

l

−A∗

a∗o

{
1− cov(X, Σ)

varΣ

}
EX.

B3 Derivatives of the functionf−1. Let y = f(x). Then asf ≡ I + A∗h, we have

(f−1)′(y) =
1

1 + A∗h′(x)
, (f−1)′′(y) = − A∗h′′(x)(

1 + A∗h′(x)
)3 .
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Appendix C: proofs

C1 Lemma B. cov(X,Σ)
varΣ

≤ 1.

Proof: Note that

cov(X, Σ) = cov
(
X, E[X|S]− aivar(X|S)L

)
= cov(X, E[X,S])

= cov
(
X, EX +

cov(X,S)

varS
(S − EX)

)
=

(cov(X, S))2

varS
,

varΣ = var(E[X|S]) + ai
2(var(X|S))2varL

= var
(
EX +

cov(X, S)

varS
(S − EX)

)
+ ai

2(var(X|S))2varL

=
(cov(X, S))2

varS
+ ai

2(var(X|S))2varL.

Hence the result follows.�

C2 Proof of Proposition 2. Note thath′ = αΠ′ > − 1
A∗ due to S1′. We also know from (C1)

that cov(X,Σ)
varΣ

≤ 1. Thus from (4a)-(4b) and (B3), givenp = P (ν, l), one has∣∣∣∂P (ν, l)

∂ν

∣∣∣ = 1
1+αA∗Π′(p)

{
cov(X,Σ)

varΣ
+ A∗

a∗i

(
1− cov(X,Σ)

varΣ

)}
,∣∣∣∂P (ν, l)

∂l

∣∣∣ = 1
1+αA∗Π′(p)

{
a∗i

cov(X,Σ)
varΣ

+ A∗
(
1− cov(X,Σ)

varΣ

)}
.

SinceΠ is a decreasing function, it is straightforward to see that
∣∣∂P (ν,l)

∂ν

∣∣ and
∣∣∂P (ν,l)

∂l

∣∣ are in-

creasing functions ofα. �

C3 Proof of Proposition 3. Due to S1′, h′ > − 1
A∗ . Hence from (B3) it follows that ifh is

strictly convex within the setP (Uν0 , Ul0), f−1 is strictly concave withinP (Uν0 , Ul0), conse-

quentlyP (ν, l) is strictly concave inν and strictly concave inl within Uν0 × Ul0. This proves

(a).

From (5a)-(5b) and (B3), givenp = P (ν, l) we have

∂2P (ν, l)

∂ν2
= − αA∗Π′′(p)(

1 + αA∗Π′(p)
)3

{cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)}2

,

∂2P (ν, l)

∂l2
= − αA∗Π′′(p)(

1 + αA∗Π′(p)
)3

{
a∗i

cov(X, Σ)

varΣ
+ A∗

(
1− cov(X, Σ)

varΣ

)}2

.
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Recall thatΠ is a strictly decreasing function. Ifh (and henceΠ) is strictly convex inP
(
Uν0 , Ul0

)
,

one hasΠ′′(p) > 0 for p ∈ P
(
Uν0 , Ul0

)
, thus ∂2P (ν,l)

∂ν2 and ∂2P (ν,l)
∂l2

are decreasing functions ofα

for (ν, l) ∈ Uν0 × Ul0. Hence (b) is proved.�

C4 Proof of Proposition 4. We haveZ(p) = − p
A∗ − h(p) + E[X|s]

aivar(X|S)
+ E[X|σ]

aovar(X|Σ)
and

Z ′(p) = − 1
A∗ − h′(p). Therefore S1′ holds if and only ifZ is strictly decreasing inp. �

C5 Proof of Proposition 7. First, note that the assumptions employed in the statement of the

proposition impose− 1
A∗ < h′(.) < − 1

a∗i
.Recall from (C2) and (C3) that we have the following

for p = P (ν, l):∣∣∣∂P (ν, l)

∂ν

∣∣∣ =
1

1 + A∗h′(p)

{cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)}
,∣∣∣∂P (ν, l)

∂l

∣∣∣ =
1

1 + A∗h′(p)

{
a∗i

cov(X, Σ)

varΣ
+ A∗

(
1− cov(X, Σ)

varΣ

)}
;

∂2P (ν, l)

∂ν2
= − A∗h′′(p)(

1 + A∗h′(p)
)3

{cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)}2

,

∂2P (ν, l)

∂l2
= − A∗h′′(p)(

1 + A∗h′(p)
)3

{
a∗i

cov(X, Σ)

varΣ
+ A∗

(
1− cov(X, Σ)

varΣ

)}2

.

Observe that asµ ≡ var(X|Σ)
var(X|S)

→ − 1

aovar(X|S)

�
1

a∗
i
+h′(p)

� we have1 + A∗h′(p) tending to0, and

consequently∣∣∂P (ν, l)

∂ν

∣∣, ∣∣∂P (ν, l)

∂l

∣∣ →∞,
∂2P (ν, l)

∂ν2
,

∂2P (ν, l)

∂l2
→ −∞.

However, we need to check that− 1

aovar(X|S)

�
1

a∗
i
+h′(p)

� > 1 asvar(X|Σ) > var(X|S). Suppose

not: using the assumption thath′(.) < − 1
a∗i

, we get

−aovar(X|S)

(
1

a∗i
+ h′(p)

)
> 1 =⇒ h′(p) < − 1

aovar(X|S)
− 1

a∗i
< − 1

aovar(X|Σ)
− 1

a∗i
= − 1

A∗ ,

which violates another assumption, namelyh′(.) > − 1
A

. Thus− 1

aovar(X|S)

�
1

a∗
i
+h′(p)

� > 1.

Following the limit results derived above and the fact thatP (ν, l) is continuously twice-

differentiable, there exits̄µ > 1 such that within the domain(µ̄,∞):
∣∣∂P (ν,l)

∂ν

∣∣, ∣∣∂P (ν,l)
∂l

∣∣ are

increasing inµ and ∂2P (ν,l)
∂ν2 , ∂2P (ν,l)

∂l2
are decreasing inµ. �

C6 Proof of Proposition 8.
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(a) From the extraction ofE[X|σ] it follows that ∂E[X|σ]
∂ν

= cov(X,Σ)
varΣ

and∂E[X|σ]
∂l

= −ai
∗ cov(X,Σ)

varΣ
.

Recall from (4a)-(4b) that

∂P (ν, l)

∂ν
= (f−1)′

(
Q(ν, l)

){cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)}
,

∂P (ν, l)

∂l
= −(f−1)′

(
Q(ν, l)

){
a∗i

cov(X, Σ)

varΣ
+ A∗

(
1− cov(X, Σ)

varΣ

)}
.

Following Lemma B (C1),cov(X,Σ)
varΣ

+ A∗

a∗i

(
1 − cov(X,Σ)

varΣ

)
≥ cov(X,Σ)

varΣ
. Moreoverh is a

strictly decreasing function, henceh′(.) < 1. Then it follows from (B3) that

(f−1)′
(
Q(ν, l)

)
=

1

1 + A∗h′
(
P (ν, l)

) ≥ 1

under S1′. So ∂P (ν,l)
∂ν

≥ ∂E[X|σ]
∂ν

and ∂P (ν,l)
∂l

≤ ∂E[X|σ]
∂l

. ThereforeDo(P (ν, l)|σ) is decreas-

ing in ν and increasing inl from (6).

(b) We have∂E[X|s]
∂l

= ∂ν
∂l

= 0. On the other hand,∂P (ν,l)
∂l

< 0 due to S1′ (see Lemma 1).

Thus from (6) one observes thatDi(P (ν, l)|ν) is increasing inl.

(c) We have∂E[X|s]
∂ν

= ∂ν
∂ν

= 1. Recall from (4a) that

∂P

∂ν
= (f−1)′

(
Q(ν, l)

){cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)}
.

First of all; A∗

a∗i
= a∗o

a∗i +a∗o
≤ 1, and cov(X,Σ)

varΣ
≤ 1 from Lemma B (C1). So

cov(X, Σ)

varΣ
+

A∗

a∗i

(
1− cov(X, Σ)

varΣ

)
≤ 1.

On the other hand, we have shown in part (a) that(f−1)′
(
Q(ν, l)

)
≥ 1. Therefore∂P (ν,l)

∂ν

can be greater or less than 1 depending on the exact value of(f−1)′
(
Q(ν, l)

)
. In particular,

following from (B3),

(f−1)′
(
Q(ν, l)

)
→

 1 as α → 0

∞ as α → − 1

A∗Π′
(

f−1
(

Q(ν,l)
)) .

Note that under S1′, α cannot take values larger than− 1

A∗Π′
(

f−1(.)
) , and also note that

− 1

A∗Π′
(

f−1(.)
) ≥ 0 asΠ is a decreasing function. ThereforeDi(P (ν, l)|ν) is increasing in

ν for sufficiently smallα, and it is decreasing inν for sufficiently largeα. �
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