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Abstract

This paper provides consistency and a distributional result for an esti-
mate of the integrated volatility in different Lévy type stochastic volatility
models based on high frequency data. As an estimator we consider the
p-th power variation, i.e. the sum of the p-th power of the absolute value
of the log-price returns, allowing irregularly spaced data. Furthermore,
we derive conditions on the mean process under which it is negligible.
This allows us more flexibility in modelling, namely to include further
jump components or even to leave the framework of semimartingales by
adding a certain fractional Brownian motion. As a special case our method
includes an estimating procedure for the scale parameter of discretely ob-
served Lévy processes.

key words and phrases: fractional Brownian motion, high frequency data,
Lévy process, limit theorem, power variation, quadratic variation, semimartin-
gale, stochastic volatility,

1 Introduction

Recently there have been proposed different Lévy type stochastic volatility mod-
els in the financial literature in an attempt to merge the desirable properties,
such as being able to fit fat tails, skews and smiles, of the pure jump and the
stochastic volatility models. In this paper we will derive estimators of the inte-
grated volatility for both types of stochastic volatility models, one where in the
classical setting of a stochastic volatility model the Brownian motion is replaced
by a purely discontinuous Lévy process (cf. Eberlein et.al (2003)), and another
one where a time changed Lévy process is used (cf. Carr et.al. (2003)). The
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integrated volatility is an important quantity for financial applications, since
it is needed for pricing volatility derivatives, such as volatility and variance
swaps and swaptions, cf. Howison et.al. (2003). These financial instruments
became increasingly popular to investors, since they avoid direct exposure to
the underlying asset, but make it possible to hedge volatility risk.

For our analysis we will use the concept of normed power variation, i.e. taking∑
i |ti − ti−1|γ |Xti −Xti−1 |p as maxi |ti − ti−1| → 0, where Xt denotes the log-

price process, which has already been studied in the classical stochastic volatility
setting by Barndorff-Nielsen and Shephard (2002, 2003) and Woerner (2003b),
and also when the Brownian motion is replaced by a stable process by Barndorff-
Nielsen and Shephard (2002).

We will provide consistency and a distributional result for the power varia-
tion estimator of the integrated volatility in the model

Xt = Yt +
∫ t

0

σsdLs. (1)

Here Yt is a fairly general mean process, possibly with jumps or even a frac-
tional Brownian motion, Lt is a purely discontinuous Lévy process and σt some
stochastic volatility process, e.g. a geometric Brownian motion, an Ornstein-
Uhlenbeck or Ornstein-Uhlenbeck type process.

A key step in the derivation of power variation estimates is to find the
correct exponent γ for the norming sequence to obtain non-trivial limits. It
turns out that in our general setting the important quantity is the Blumenthal-
Getoor index β of Lt, which measures the activity of the jumps. We obtain
γ = 1 − p/β, which is in line with the existing results, namely for the classical
setting γ = 1− p/2, where the Blumenthal-Getoor index of a Brownian motion
is 2 and 1 − p/α for α-stable processes, where the Blumenthal-Getoor index is
equal to the index of stability.

Furthermore, we will examine what kind of mean process Yt we can add
without affecting the estimate of the integrated volatility. It turns out that we
can add jump components, if the jump activity is not too high, and even specific
fractional Brownian motions, which means that we can leave the framework of
semimartingales. This freedom in the mean process can either be interpreted as
more flexibility in modelling or robustness against additive noise.

In addition as a special case with constant volatility process our method can
be used to estimate the scale parameter of a discretely observed Lévy process. In
the context of finance, especially for the CGMY process, this can be interpreted
as an estimate for the overall activity, cf. Carr et.al. (2002).

The outline of the paper is the following, first we will introduce our models
and notation, then prove consistency and asymptotic normality for the estimate
of the integrated volatility in (1). Next we consider the special case of estimation
the scale parameter and finally look at the stochastic volatility model based on
a time changed Lévy process.
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2 Models and Notation

First let us now briefly review the different classes of stochastic processes which
we will need in the following. Lévy processes are stochastic processes with
independent and stationary increments. They are given by the characteristic
function via the Lévy-Khichin formula

E[eiuXt ] = exp{t(iαu− σ2u2

2
+

∫
(eiux − 1− iuh(x))ν(dx))},

or for short by the Lévy triplet (tα, tσ2, tν)h, where α denotes the drift, σ2 the
Gaussian part, ν the Lévy measure and h is a truncation function, behaving like
x around the origin and hence ensuring the existence of the integral. Obviously
σ2 determines the continuous part and the Lévy measure the frequency and
size of jumps. If

∫
(1 ∧ |x|)ν(dx) < ∞ the process has bounded variation, if∫

ν(dx) < ∞ the process jumps only finitely many times in any finite time-
interval, called finite activity, it is a compound Poisson process. Furthermore,
the support of ν determines the size and direction of jumps. A popular example
in finance are subordinators, where the the support of the Lévy measure is
restricted to the positive half line, hence the process does not have negative
jumps and the process is of bounded variation in addition. For more details see
Sato (1999).

We will look at integrals of the form Xt =
∫ t

0
σsdLs where Lt is a Lévy

process and σt some stochastic process independent of Lt. This implies that
conditionally under σt Xt is an additive process (i.e. a process with independent
increments) and unconditionally it is a semimartingale.

For an overview over semimartingales both under financial and theoretical
aspects see Shiryaev (1999). In its canonical representation a semimartingale
may be written as

Xt = X0 + B(h) + Xc + h ∗ (µ− ν) + (x− h(x)) ∗ µ,

or for short with the predictable characteristic triplet (B(h), 〈Xc〉, ν)h, where
Xc denotes the continuous local martingale component, B(h) is predictable of
bounded variation and h is a truncation function. Furthermore, µ((0, t]×A;ω) =∑

(IA(J(Xs)), 0 < s ≤ t), where J(Xs) = Xs −Xs− and A ∈ B(IR − {0}) is a
random measure, the jump measure, and ν denotes its compensator, satisfying
(x2 ∧ 1) ∗ ν ∈ Aloc, i.e. the process (

∫
(0,t]×IR

(x2 ∧ 1)dν)t≥0 is locally integrable.
A measure for the activity of the jump component of a semimartingale is

the generalized Blumenthal-Getoor index,

β = inf{δ > 0 : (|x|δ ∧ 1) ∗ ν ∈ Aloc},

where Aloc is the class of locally integrable processes. This index β also deter-
mines, that for p > β the sum of the p-th power of jumps will be finite. Note
that if we are in the framework of Lévy processes, being an element of a locally
integrable process reduces to finiteness of the integral with respect to the Lévy
measure, since the jump measure is deterministic.
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As mean processes or noise components we will consider seminartingales,
especially with jumps, and outside the framework of semimartingales also frac-
tional Brownian motion. A fractional Brownian motion with Hurst exponent
H ∈ (0, 1) is defined by

1
Γ(H + 1/2)

(
∫ 0

−∞
((t− s)H−1/2 − (−s)H−1/2)dWs +

∫ t

0

(t− s)H−1/2dWs),

where (Ws,−∞ < s < ∞) denotes a Wiener process extended to the real line.
Fractional Brownian motion is popular in finance to model clustering and long
range dependence, cf. Shiryaev (1999).

Classical stochastic volatility models can be written in the form

Xt = Yt +
∫ t

0

σsdBs,

where Yt is the mean process, Bt a Brownian motion and σt a volatility process,
e.g. a geometric Brownian motion (cf. Hull and White (1987)), an Ornstein-
Uhlenbeck process (cf. Scott (1987), Stein and Stein (1991)), or an Ornstein-
Uhlenbeck type process (cf. Barndorff-Nielsen and Shephard (2001)). We now
replace the Brownian motion by a purely discontinuous Lévy process and obtain
a stochastic volatility model

Xt = Yt +
∫ t

0

σsdLs.

This type of model when Lt is a generalized hyperbolic Lévy motion was pro-
posed by Eberlein et.al (2003) in the context of risk management. A slight
modification, namely the representation as a time changed Lévy process

Xt = Yt + LR t
0 σsds

was studied in Carr et.al. (2003). With our technique based on power variation
both models can be treated similarly.

Now we have reviewed our models and associated processes and can intro-
duce the method of power variation estimates. The concept of power variation
was introduced in the context of studying the path behaviour of stochastic pro-
cesses in the 1960ties and 1970ties, cf. Berman (1965), Hudson and Mason (1976)
for additive processes or Lepingle (1976) for semimartingales. Assume that we
are given a stochastic process X on some finite time interval [0, t]. Let n be a
positive integer and denote by Sn = {0 = tn,0, tn,1, · · · , tn,n = t} a partition of
[0, t], such that 0 < tn,1 < tn,2 < · · · < tn,n and max1≤k≤n{tn,k − tn,k−1} → 0
as n →∞. Now the p-th power variation is defined to be∑

i

|Xtn,i −Xtn,i−1 |p = Vp(X, Sn).

Well established are as n →∞ for convergence in probability the cases for p = 1,
where finiteness of the limit means that the processes has bounded variation,
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and p = 2, called quadratic variation, which is finite for all semimartingale
processes. However, in the classical stochastic volatility setting, i.e. for the
moment assuming that our process has the form

∫ t

0
σsdBs, only the case p = 2

leads to a non-trivial limit. Obviously, for p > 2 the limit is zero and for p < 2
the limit is infinity.

An extension of the concept of power variation is to consider an appropriate
norming sequence, as it was done in Barndorff-Nielsen and Shephard (2003),
which allows to find non-trivial limits even in the cases where the non-normed
power variation limit would be zero or infinity. Let us introduce the following
notation for the normed p-th power variation∑

i

∆γ
n,i|Xtn,i

−Xtn,i−1 |p = Vp(X, Sn,∆γ
n),

where γ ∈ IR and tn,i − tn,i−1 = ∆n,i denotes the distance between the i-th
and the i − 1-th time-point. When we have equally spaced observations, ∆n,i

is independent of i and the normed power variation reduces to ∆γ
nV (X, Sn). It

turns out that the important quantity for determining the appropriate norming
sequence is the Blumenthal-Getoor index. For the classical stochastic volatility
setting Barndorff-Nielsen and Shephard (2003) derived that γ = 1− p/2, where
2 is the Blumenthal-Getoor index of a Brownian motion. In our framework
with

∫ t

0
σsdLs the Blumenthal-Getoor index β of L will determine the norming

sequence, namely γ = 1− p/β and p < β.
In the following we need a measure of regularity for the sequence of parti-

tions. We use the term of ε-balanced partitions, ε ∈ (0, 1), which was introduced
by Barndorff-Nielsen and Shephard (2002) and is defined by

maxi ∆n,i

(mini ∆n,i)ε
→ 0,

as n → ∞. This means we compare how fast the minimum distance in the
partition converges to zero compared with the sequence of maxima, e.g. if
maxi ∆n,i = O(1/n) and mini ∆n,i = O(1/n2), then the partition is ε-balanced
for ε ∈ (0, 1/2). Obviously, an equally spaced partition is ε-balanced for all
ε ∈ (0, 1). If a partition is ε-balanced for some ε ∈ (0, 1), then it is also δ-
balanced for δ ∈ (0, ε]. Hence the larger ε the closer the partition is to an
equally-spaced one. We will denote with ε = 1 the equally spaced partition. In
the following we will show how the regularity of the sampling scheme together
with the regularity of the mean process Y will determine the choice of the power
variation exponent p.

3 Estimating the integrated volatility

In this section we will provide an estimate for the integrated volatility when
the underlying driving process is a purely discontinuous Lévy process with
Blumenthal-Getoor index β ∈ (0, 2), whose Lévy measure possesses a Lebesgue
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density. This means that we obtain results for infinite activity processes, includ-
ing most Lévy processes popular in finance, such as generalized hyperbolic Levy
motions, Normal inverse Gaussian processes, stable processes and CGMY pro-
cesses for Y > 0. Note that the limiting case β = 2 is the Brownian motion case
which has been extensively studied by Barndorff-Nielsen and Shephard (2002,
2003) and Woerner (2003b).

The key step to derive the results for purely discontinuous Lévy processes
is to split them into a stable part and some remainder, which can be done by
considering a Taylor series expansion of the density of the Lévy measure around
the origin. This method indicates why we do not get a result for finite activity
processes or infinite activity processes with β = 0, such as compound Poisson
processes and Gamma processes. Namely their first order term of the density
of the Lévy measure is not the Lévy measure of a stable process.

Our result implies that from the point of view of estimating the integrated
volatility the most important parameter is the Blumenthal-Getoor index. Hence
all processes with the same Blumenthal-Getoor index, i.e. the same level of ac-
tivity lead, up to the scale parameter, to the same result. We can see that the
generalized hyperbolic Lévy motion (including the hyperbolic Lévy motion, the
Normal inverse Gaussian process and the Student-t Lévy motion), the CGMY
process with Y = 1 and the Cauchy process form an equivalence class for esti-
mating the integrated volatility.

Theorem 1 Let

Xt = Yt +
∫ t

0

σsdLβ
s , (2)

where Yt is some stochastic process satisfying for some p < β

Vp(Y, Sn,∆1−p/β
n )

p→ 0. (3)

Denote by Lβ
t a purely discontinuous Lévy process with Blumenthal-Getoor index

2 > β > 0. Assume that the Lévy triplet is given in the following form:
a) if β < 1, we take h = 0 and the Lévy triplet is (0, 0, tg(x))0,
b) if β = 1 and

∫
|x|1|x|>1(x)g(x)dx < ∞, we take h(x) = x and the Lévy triplet

is (0, 0, tg(x))x,
c) if β = 1 and g(x) is symmetric and even, we take h symmetric and odd and
the Lévy triplet is (0, 0, tg(x))h,
d) if β > 1, we can take any h and the Lévy triplet is (0, 0, tg(x))h.
Assume furthermore that the density of the Lévy measure is Riemann integrable
and can be expanded in the following Taylor series expansion as x → 0

g(x) =
n∑

i=0

cix
i + ki|x|i

|x|1+β
+ o(

|x|n

|x|1+β
) (4)

=
c0

|x|1+β
+ f(x),

with β − n ≤ 0 and k0 = 0.
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Assume that the process σ is locally bounded Riemann integrable, nonnega-
tive and bounded away from zero. Furthermore, assume that σ is adapted and
stochastically independent of Lβ. Then for any t > 0, we obtain for 0 < p < β,
if Lt is a stable process, or 0 < p < β, p 6= β − 1

Vp(X, Sn,∆1−p/β
n )

p→ µp,β(
c0

β
)p/β

∫ t

0

σp
sds, (5)

as n →∞, where µp,β = E(|U |p) and U ∼ Sβ is a symmetric β-stable random
variable with Lévy triplet (0, 0, β|x|−1−β).

Proof. For the proof we proceed in the following way, first we will prove
(5) assuming that Y is zero and then show that under the condition (3) on Y
the process is actually negligible for (5).

First we have to calculate the characteristic triplet of
∫ t

0
σsdLβ

s conditional
under σ. We can approximate the integral by Riemann-Ito sums

∑m
j=1 σm,j−1(L

β
tm,j

−
Lβ

tm,j−1
) as m →∞, where Lβ

tm,j
−Lβ

tm,j−1
∼ P∆m,j with Lévy triplet (0, 0,∆m,jg(x))h

and ∆m,j = tm,j − tm,j−1. We obtain

E(exp(iu
m∑

j=1

σm,j−1(L
β
tm,j

− Lβ
tm,j−1

))|σ)

= exp(
m∑

j=1

∆m,j

∫
(eiuσm,j−1x − 1− iuσm,j−1h(x))g(x)dx)

= exp(
m∑

j=1

∆m,j

∫
(eiuy − 1− iuσm,j−1h(y/σm,j−1))

g(y/σm,j−1)
σm,j−1

dy)

= exp(
m∑

j=1

∆m,jiu

∫
(h(y)− σm,j−1h(y/σm,j−1))

g(y/σm,j−1)
σm,j−1

dy)

× exp(
m∑

j=1

∆m,j

∫
(eiuy − 1− iuh(y))

g(y/σm,j−1)
σm,j−1

dy)

= exp(
m∑

j=1

∆m,jiu

∫
(h(y)− σm,j−1h(y/σm,j−1))

g(y/σm,j−1)
σm,j−1

dy)

× exp(
m∑

j=1

∆m,j

∫
(eiuy − 1− iuh(y))

c0σ
β
m,j−1

|y|1+β
dy)

× exp(
m∑

j=1

∆m,j

∫
(eiuy − 1− iuh(y))

f(y/σm,j−1)
σm,j−1

dy)

Hence letting m → ∞ and using the conditions on σ and g, we can split∫ tn,i

tn,i−1
σsdLβ

s into a part Sβ
i which is conditional under σ stable with scale pa-

rameter (c0/β)
∫ tn,i

tn,i−1
σβ

s ds and characteristic triplet (0, 0, c0

∫ tn,i

tn,i−1
σβ

s ds/|x|1+β)h
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and a remainder Ri which is conditional under σ additive with characteristic
triplet (

∫ tn,i

tn,i−1

∫
(h(y) − σsh(y/σs))

g(y/σs)
σs

dyds, 0,
∫ tn,i

tn,i−1

f(x/σs)
σs

ds)h. By con-

struction Sβ
i and Ri conditional under σ are sequences of independent random

variables. Note that the drift of Ri vanishes under conditions a)-c).
Now we can proceed with the proof of (5) for p ≤ 1

P (|Vp(X, Sn,∆1−p/β)− (
c0

β
)p/βµp,β

∫ t

0

σp
sds| > γ)

= P (|
n∑

i=1

∆1−p/β
n,i |

∫ tn,i

tn,i−1

σsdLβ
s |p − (

c0

β
)p/βµp,β

∫ t

0

σp
sds| > γ)

= P (|
n∑

i=1

∆n,i|
(Sβ

i + Ri)

∆1/β
n,i

|p − (
c0

β
)p/βµp,β

∫ t

0

σp
sds| > γ)

≤ P (|
n∑

i=1

∆n,i|
(Sβ

i + Ri)

∆1/β
n,i

|p −
n∑

i=1

∆n,i|
Sβ

i

∆1/β
n,i

|p| > γ/2)

+P (|
n∑

i=1

∆n,i|
Sβ

ti

∆1/β
n,i

|p − (
c0

β
)p/βµp,β

∫ t

0

σp
sds| > γ/2)

≤ P (|
n∑

i=1

∆n,i|
Ri

∆1/β
n,i

|p| > γ/2)

+P (|
n∑

i=1

∆n,i|
Sβ

i

∆1/β
n,i

|p − (
c0

β
)p/βµp,β

∫ t

0

σp
sds| > γ/2) < ε (6)

For the second inequality we used that for p ≤ 1 applying |a + b|p ≤ |a|p + |b|p,
we have

|
∑

i

|ai + bi|p −
∑

i

|bi|p| ≤
∑

i

|ai|p.

For the second term in (6) we can apply the LLN conditional under σ together
with the scaling relation for stable processes and obtain that in probability

lim
n→∞

(
n∑

i=1

∆n,i|
Sβ

i

∆1/β
n,i

|p −
n∑

i=1

∆1−p/β
n,i (

c0

β

∫ tn,i

tn,i−1

σβ
s ds)p/β

∫
|y|pdSβ(y)) = 0

hence

lim
n→∞

n∑
i=1

∆n,i|
Sβ

i

∆1/β
n,i

|p = (
c0

β
)p/β

∫ t

0

σp
sdsµp,β .

For the first term in (6), we have to look at the different conditions on the
Lévy triplet.

Under condition a)-c) the drift term in Ri vanishes and conditionally under
σ we can apply Hudson and Mason (1976), which yields limn→∞

∑
i |Ri|p < ∞

in probability, since the Blumenthal-Getoor index of Ri is max(0, β − 1) = 0.
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Hence we obtain in probability
n∑

i=1

∆
1− p

β

n,i |Ri|p ≤ max
i

(∆
1− p

β

n,i )
n∑

i=1

|Ri|p → 0,

as n →∞ and p < β.
Under condition d) we can apply Woerner (2003a, Thm. 1) for 1 < p < β,

which yields limn→∞
∑

i |Ri|p < ∞ in probability, since the Blumenthal-Getoor
index of Ri is β − 1 ≤ 1. Hence we obtain in probability

n∑
i=1

∆
1− p

β

n,i |Ri|p ≤ max
i

(∆
1− p

β

n,i )
n∑

i=1

|Ri|p → 0,

as n →∞ and 1 < p < β. For β−1 < p ≤ 1 we have to split Ri in the pure jump
part R̄i, with Blumenthal-Getoor index β−1, and the drift µi =

∫ tn,i

tn,i−1

∫
(h(y)−

σsh(y/σs))
g(y/σs)

σs
dyds = O(∆n,i). Hence we can again, conditionally under σ,

apply Hudson and Mason (1976) and obtain in probability

n∑
i=1

∆
1− p

β

n,i |Ri|p

≤ max
i

(∆
1− p

β

n,i )
n∑

i=1

|R̄i|p + max
i

(∆
p− p

β

n,i )
n∑

i=1

∆1−p
n,i |µi|p

→ 0

as n → ∞ and β − 1 < p ≤ 1. For 0 < p < β − 1 we have to split Ri in
a conditionally stable component Sβ−1

i , the drift µi and a new remainder R̃i

which has Blumenthal-Getoor index zero. No we can proceed as for the pervious
case and for the second part of (6). This competes the proof of (6).

Next we have to show (5) for p > 1. This can be done with the same tech-
nique using Minkowski’s inequality instead of the triangular inequality, namely

P (|(Vp(X, Sn,∆1−p/β))1/p − (µp,β(
c0

β
)p/β

∫ t

0

σp
sds)1/p| > γ)

≤ P (|(
n∑

i=1

∆n,i|
Ri

∆1/β
n,i

|p)1/p| > γ/2)

+P (|(
n∑

i=1

∆n,i|
Sβ

i

∆1/β
n,i

|p)1/p − ((
c0

β
)p/βµp,β

∫ t

0

σp
sds)1/p| > γ/2) < ε

This implies the desired result as for p ≤ 1, noting that xp is continuous.
Hence we have completed the first part of the proof and it remains to show

that under condition (3) Y is negligible. For simplicity denote Zt =
∫ t

0
σsdLβ

s

Now for p ≤ 1 we obtain

P (|Vp(X, Sn,∆1−p/β
n )− µp,β(

c0

β
)p/β

∫ t

0

σp
sds| > γ)
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≤ P (|Vp(X, Sn,∆1−p/β
n )− Vp(Z, Sn,∆1−p/β

n )| > γ/2)

P (|Vp(Z, Sn,∆1−p/β
n )− µp,β(

c0

β
)p/β

∫ t

0

σp
sds| > γ/2)

≤ P (Vp(Y, Sn,∆1−p/β
n ) > γ/2)

P (|Vp(Z, Sn,∆1−p/β
n )− µp,β(

c0

β
)p/β

∫ t

0

σp
sds| > γ/2) < ε,

since Vp(Y, Sn,∆1−p/β
n )

p→ 0 by assumption (3) and
Vp(Z, Sn,∆1−p/β

n )
p→ µp,β( c0

β )p/β
∫ t

0
σp(s)ds by (6).

For p > 1 we again use Minkowski’s inequality together with the same tech-
nique, which yields

P (|(Vp(X, Sn,∆1−p/β
n ))1/p − (µp,β(

c0

β
)p/β

∫ t

0

σp
sds)1/p| > γ)

≤ P ((Vp(Y, Sn,∆1−p/β
n ))1/p > γ/2)

P (|(Vp(Z, Sn,∆1−p/β
n ))1/p − (µp,β(

c0

β
)p/β

∫ t

0

σp
sds)1/p| > γ/2) < ε.

This implies the desired result since xp is continuous. 2

Now we discuss the condition on the process Y . Condition (3) provides lots
of flexibility in choosing Y . This can be interpreted as for what kind of mean
process our estimate is still valid or how robust our estimate is against misspec-
ification of the model, i.e. what type of noise we can add without affecting the
estimate.

• Condition (3) is satisfied when Y is locally Hölder-continuous of the order
a, 1 ≥ a > 1/β, since this implies that (Ytn,j

− Ytn,j−1)/∆a
n,j ≤ Cj < ∞

and hence

Vp(Y, Sn,∆1−p/β
n ) =

n∑
j=1

∆1+ap−p/β
n,j |Yn,j − Yn,j−1

∆a
n,j

|p

≤ (max
j

Cj)(max
j

∆ap−p/β
n,j )t → 0

since ap− p/β > 0 for a > 1/β. Clearly it only makes sense to take a ≤ 1,
since a > 1 would imply that Y is constant. We can see that we can even
leave the framework of semimartingales and include models or noise where
Y is a fractional Brownian motion with Hurst exponent H ∈ (1/β, 1].

Furthermore, we can see that for β ≤ 1 the possible range of a is empty,
hence in these cases we cannot have a continuous mean process. However,
from a practical point of view this does not matter too much, since nor-
mally the time series are treated anyway before, in a way to get rid of the
drift component

10



• Condition (3) is also satisfied if we have finite p-th power variation of Y
and take p < β < 2, which means that the norming sequence tends to
zero.

For jump processes this is also very interesting since we can easily deter-
mine for which r we have finite r-th power variation and can then take
p ∈ [r, β). From Woerner (2003a) we know that assuming a general semi-
martingale setting, the r-th power variation is finite if either 1 ≤ βY <
r < 2 and 〈Y c〉t = 0 or βY < r ≤ 1, 〈Y c〉t = 0, B(h) + (x − h) ∗ ν = 0
and the jump times of Yt are previsible. Here βY denotes the generalized
Blumenthal-Getoor index of Y . Note that for subordinators, i.e. Lévy pro-
cesses with only positive jumps, or Lévy processes of bounded variation in
their usual representation with h(x) = x, the condition B(h)+(x−h)∗ν =
0 reduces to no drift and the condition of predictable jump times can be
dropped for additive processes.

Hence we can see that we need βY < β and the jumps are negligible for
βY < p < β.

• Even less restrictive than the previous condition is to assume that

Vp(Y, Sn,∆γ
n) → C < ∞,

where γ > 0 and 1 − (p/β) − γ > 0 which implies (3). One example in
which this holds is to take

Yt =
∫ t

0

fsdLs,

where L is a Lévy process with Blumenthal-Getoor index βY < β and
satisfies the conditions of Theorem 1, f is independent of L and locally
Riemann integrable. Then by Theorem 1, for p < βY , p 6= βY − 1

Vp(Y, Sn,∆1−p/βY
n ) → µβY ,p(

c0,Y

βY
)p/βY

∫ t

0

fp
s ds.

Here 1− (p/β)− (1− p/βY ) > 0 is obviously satisfied since βY < β.

Together with the previous consideration we can see that this type of jump
process is negligible for 0 < p < β and p 6= βY − 1.

• Using the same method as in the proof we can see that Y obviously also
satisfies (3), if it is the sum of processes, each of which satisfies (3).

The condition on σ is quite mild, e.g. it is implied by the Cox-Ingersoll-
Ross process and it is also satisfied by the jump process model, where σ is
an Ornstein-Uhlenbeck type process, as it is shown in Barndorff-Nielsen and
Shephard (2003).

Concerning condition (4) we look at some examples which show that it is
satisfied for most popular models.

11



Example: Stable process
For β-stable processes (4) is clearly satisfies with c0 = β and f(x) = 0. Hence
we obtain for p < β

Vp(X, Sn,∆1−p/β
n )

p→ µp,β

∫ t

0

σp
sds,

For the special case Y = 0 Barndorff-Nielsen and Shephard (2002) have already
obtained this result using a different method based on a time change argument.

Example: Generalized hyperbolic Lévy motion
The generalized hyperbolic Lévy motion includes many processes used in fi-
nance. The density at t = 1 is given by

dGH(λ,α,β,δ,µ)(x) = a(λ, α, β, δ, µ)(δ2 + (x− µ)2)(λ−1/2)/2eβ(x−µ)

×Kλ−1/2(α
√

δ2 + (x− µ)2),

where

a(λ, α, β, δ, µ) =
(α2 − β2)λ/2

√
2παλ−1/2δλKλ(δ

√
α2 − β2)

and Kλ denotes the modified Bessel function of the third kind with index λ.
We have the following parameter dependence, α > 0 determines the sharp,
0 ≤ |β| < α the skewness, µ ∈ IR is a location parameter and δ > 0 determines
the scaling. Unfortunately in general the density of the process is only known
for t = 1, however we can give a formula for the Lévy triplet(

µ, 0,
eβx

|x|

( ∫ ∞

0

e−
√

2y+α2|x|

π2y(J2
|λ|(δ

√
2y) + Y 2

|λ|(δ
√

2y))
dy + max{0, λ}e−α|x|

))
,

where Jλ denotes the Bessel function of the first order with index λ, Yλ the Bessel
function of the second order with index λ. Furthermore, we have α, δ > 0, and
0 ≤ |β| < α. For λ = 1 we obtain the hyperbolic Lévy motion, for λ = −1/2
the normal inverse Gaussian distribution and for α = β = 0 the Student-t
distribution. For a discussion of all possible limiting cases see Eberlein and von
Hammerstein (2003).

From Raible (2000) we know that the density of the Lévy measure can be
expanded in the form

g(x) =
δ

πx2
+

λ + 1/2
2

|x|
x2

+
δβ

π

1
x

+ o(
|x|
x2

),

as x → 0. Furthermore, the first moment exists which is equivalent to∫
|x|1|x|>1(x)g(x) < ∞. Hence (4) and b) are satisfied and for p < 1 we obtain

(5) with β = 1 and c0 = δ/π. We see that we can consider all possible limiting
cases for the parameters, except of δ → 0 which would mean to change the

12



Blumenthal-Getoor index to zero.

Example: CGMY process
CGMY processes form a flexible class for modelling in finance, see e.g. Carr
et.at. (2000). the density of the Lévy measure is given by

C
exp(−G|x|)
|x|1+Y

1x<0(x) + C
exp(−M |x|)
|x|1+Y

1x>0(x),

where C > 0 describes the overall level of activity, G, M ≥ 0 control the rate
of exponential decay on the right and the left tail and Y < 2 characterizes the
fine structure of the process. Clearly for 2 > Y > 0 condition (4) is satisfied by
using Taylor expansion for the exponential term. For G, M > 0 b) is satisfied,
whereas for G = M = 0 we are back to a stable process. Hence we obtain (5)
with β = Y and c0 = C.

4 Distributional Theory

In the previous section we have proved consistency for the power variation es-
timate of the integrated volatility when the number of observations tends to
infinity. To get some idea how this estimate performs in practice, when our
sample of observations is finite we need a distributional theory, which enables
us to calculate confidence intervals. Unfortunately the distributional theory does
not hold in the same generality as the consistency, but we need some stronger
conditions on the mean process Y , the volatility process σ and the regularity of
the partition ε.

Theorem 2 Let

Xt = Yt +
∫ t

0

σsdLβ
s , (7)

where Yt is some stochastic process satisfying for some p < β/2

V2p(Y, Sn,∆1−2p/β
n )

p→ 0 (8)

Vp(Y, Sn,∆1−p/β
n )√

mini ∆n,i

p→ 0 (9)

V2p(Y, Sn,∆2−2p/β
n )

mini ∆n,i

p→ 0. (10)

Assume the same conditions on L and σ as in Theorem 1. Furthermore, assume
that σ has the property that for γ = p and 2p as n →∞

1√
minj ∆n,j

n∑
j=1

∆n,j |σγ(ηn,j)− σγ(χn,j)|
p→ 0 (11)
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for any χn,j and ηn,j such that

0 ≤ χn,1 ≤ ηn,1 ≤ tn,1 ≤ χn,2 ≤ ηn,2 ≤ tn,2 · · · ≤ χn,n ≤ ηn,n ≤ t.

Then for any t > 0, for any sequence of ε-balanced partitions Sn, ε ∈ [2/3, 1] and
0 < p < β−β/(2ε), if Lt is β-stable, or 0 < p < β−β/(2ε), p 6= β−1, (β−1)/2
otherwise, we obtain

Vp(X, Sn,∆1−p/β
n )− µp,β( c0

β )p/β
∫ t

0
σp

sds√
µ−1

2p,βνp,βV2p(X, Sn,∆2−2p/β
n )

D→ N(0, 1), (12)

as n → ∞, where µp,β = E(|U |p) and νp,β = V ar(|U |p) with U ∼ Sβ is a
symmetric β-stable random variable.

Proof. We us the same notation as in Theorem 1, namely Zt =
∫ t

0
σsdLβ

s . The
idea of the proof is to show (12) for Z first, by using characteristic functions
and then extend it to the general X by applying Slutzki’s Lemma. First of all
we wish to show

Vp(Z, Sn,∆1−p/β
n )− µp,β( c0

β )p/β
∫ t

0
σp

sds√
µ−1

2p,βνp,βV2p(Z, Sn,∆2−2p/β
n )

D→ N(0, 1). (13)

Since we assume that σ is independent of Lβ , we will in the following always
work conditionally under σ. The first step is to prove

Vp(Z, Sn,∆1−p/β
n )− µp,β( c0

β )p/β
∫ t

0
σp

sds√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds

D→ N(0, 1), (14)

which is equivalent to show that

Vp(Z, Sn,∆1−p/β
n )−

∑n
i=1 ∆n,i|

Sβ
i

∆
1/β
n,i

|p√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds

p→ 0 (15)

∑n
i=1 ∆n,i|

Sβ
i

∆
1/β
n,i

|p − µp,β( c0
β )p/β

∫ t

0
σp

sds√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds

D→ N(0, 1). (16)

For the proof of (15), we can use the same technique as in Theorem 1, namely
for p ≤ 1 the triangular inequality and for p > 1 Minkowski’s inequality. For
simplicity we only show the first part

|

∑n
i=1 ∆n,i|

Sβ
i +Ri

∆
1/β
n,i

|p −
∑n

i=1 ∆n,i|
Sβ

i

∆
1/β
n,i

|p√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds
|

≤ (maxi ∆n,i)
1/(2ε)

√
min ∆n,i

(maxi ∆n,i)
1−1/(2ε)−p/β Pn

i=1 |Ri|pq
νp,β(

c0
β )2p/β

R t
0 σ2p

s ds
.
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The first term tends to zero since we have an ε-balanced partition. The second
term tends to zero using the same arguments for the convergence of the sum as
in Theorem 1. Besides 1− 1/(2ε)− p/β > 0 is equivalent to our condition on p,
namely p < β−β/(2ε). Note that for the equally spaced setting, we take ε = 1.
Of course the first term is then equal to 1 but the second still tends to zero.

We establish (16) by using the conditional characteristic function together
with Taylor expansion and the scaling relation for stable processes as in Theorem
1, we obtain

log(E(exp(iu

∑n
i=1 ∆n,i|

Sβ
i

∆
1/β
n,i

|p − µp,β( c0
β )p/β

∫ t

0
σp

sds√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds
)|σ))

= log(E(exp(iu

∑n
i=1 ∆n,i( c0

β )p/βσ∗pn,i|Sβ |p − µp,β( c0
β )p/β

∫ t

0
σp

sds√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds
)|σ))

= iu

∑n
i=1 ∆n,i( c0

β )p/βσ∗pn,i(log φ|Sβ |p)′(0)− µp,β( c0
β )p/β

∫ t

0
σp

sds√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds
(17)

−u2

2

n∑
i=1

(
2∆2

n,i(
c0
β )2p/βσ∗2p

n,i

νp,β( c0
β )2p/β

∑n
j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds
(18)

×
∫ 1

0

(1− s)(−1)(log φ|Sβ |p)′′(s
∆n,i( c0

β )p/βσ∗pn,i√
νp,β( c0

β )2p/β
∑n

j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds
)ds)

(19)

where φ|Sβ |p denotes the characteristic function of |Sβ |p and hence (log φ|Sβ |p)′(0) =
E|Sβ |p. Furthermore, we have used the notation

∫ tn,i

tn,i−1
σβ

s ds = ∆n,iσ
∗β
n,i and

denoted by Sβ a β-stable random variable.
Now we have to show that as n →∞ the first summand (17) tends to zero.

Applying condition (11) and using the notation
∫ tn,i

tn,i−1
σp

sds = ∆n,iσ̄
p
n,i it tends

to zero, since

|
∑n

j=1 ∆n,j(σ
∗p
n,j − σ̄p

n,j)µp,β( c0
β )p/β√

νp,β( c0
β )2p/β

∑n
j=1 ∆n,j

∫ tn,j

tn,j−1
σ2p

s ds
| ≤ |

∑n
j=1 ∆n,j(σ

∗p
n,j − σ̄p

n,j)µp,β( c0
β )p/β√

minj ∆n,j

√
νp,β( c0

β )2p/β
∫ t

0
σ2p

s ds
|.

For the second summand (18) we can show similarly that the argument of
φ′′ tends to zero as n →∞. Using −(log φ|Sβ |p)′′(0) = V ar|Sβ |p and∑n

j=1 ∆2
n,jσ

∗2p
n,j∑n

j=1 ∆2
n,j σ̄

2p
n,j

→ 1, (20)
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we obtain the desired result. (20) holds applying condition (11) and that the
partitioning is at least 1/2-balanced:

|
∑n

j=1 ∆2
n,j(σ

∗2p
n,j − σ̄2p

n,j)∑n
j=1 ∆2

n,j σ̄
2p
n,j

| ≤ maxj ∆n,j√
minj ∆n,j

|
∑n

j=1 ∆n,j(σ
∗2p
n,j − σ̄2p

n,j)√
minj ∆n,j

∫ t

0
σ2p

s ds
|

→ 0.

This yields that (18/19) tends to −u2/2 and hence provides (16).
It remains to show that we can repace the denominator in (14) by√

µ−1
2p,βνp,βV2p(Z, Sn,∆2−2p/β), hence it is sufficient to show that

|

∑n
j=1 ∆2

n,j(|
Sβ

j +Rj

∆
1/β
n,j

|2p − σ̄2p
n,jµ2p,β( c0

β )2p/β)∑n
j=1 ∆2

n,j σ̄
2p
n,jµ2p,β( c0

β )2p/β
| p→ 0.

As before we have to distinguish the case for 2p ≤ 1 and 2p > 1. We restrict
ourselves to show 2p ≤ 1:

|

∑n
j=1 ∆2

n,j(|
Sβ

j +Rj

∆
1/β
n,j

|2p − σ̄2p
n,jµ2p,β( c0

β )2p/β)∑n
j=1 ∆2

n,j σ̄
2p
n,jµ2p,β( c0

β )2p/β
|

≤
∑n

j=1 ∆2−2p/β
n,j |Rj |2p∑n

j=1 ∆2
n,j σ̄

2p
n,jµ2p,β( c0

β )2p/β
+

∑n
j=1 ∆2

n,jσ
∗2p
n,j (|Sβ |2p − µ2p,β)∑n

j=1 ∆2
n,j σ̄

2p
n,jµ2p,β

+

∑n
j=1 ∆2

n,j(σ
∗2p
n,j − σ̄2p

n,j)∑n
j=1 ∆2

n,j σ̄
2p
n,j

.

The first term tends to zero as shown for (15), the third as for (20). For the
second term we can use the same method as in Barndorff-Nielsen and Shephard
(2002), namely that the convergence of this term holds if, conditional under σ,
the standard deviation of the numerator is of smaller order than the denomina-
tor, as n →∞:

√
ν2p,β

µ2p,β

√∑n
j=1 ∆4

n,jσ
∗4p
n,j∑n

j=1 ∆2
n,jσ

∗2p
n,j

≤ (maxj ∆n,j)3/2

minj ∆n,j

√∑n
j=1 ∆n,jσ

∗4p
n,j∑n

j=1 ∆n,jσ
∗2p
n,j

,

where the first term tends to zero since the partition is at least 2/3-balanced
and the second tends to a constant. This completes the proof of (13).

Now we have to add the process Y to prove the general form of (12). We
use the following reformulation

Vp(X, Sn,∆1−p/β
n )− µp,β( c0

β )p/β
∫ t

0
σp

sds√
µ−1

2p,βνpβV2p(X, Sn,∆2−2p/β
n )

16



=
Vp(X, Sn,∆1−p/β

n )− Vp(Z, Sn,∆1−p/β
n )√

µ−1
2p,βνp,βV2p(X, Sn,∆2−2p/β

n )

+
Vp(Z, Sn,∆1−p/β

n )− µp,β( c0
β )p/β

∫ t

0
σp

sds√
µ−1

2p,βνp,βV2p(Z, Sn,∆2−2p/β
n )

√
µ−1

2p,βνp,βV2p(Z, Sn,∆2−2p/β
n )√

µ−1
2p,βνpβV2p(X, Sn,∆2−2p/β

n )
,

which leads to the desired result if we can show

Vp(X, Sn,∆1−p/β
n )− Vp(Z, Sn,∆1−p/β

n )√
µ−1

2p,βνp,βV2p(X, Sn,∆2−2p/β
n )

p→ 0 (21)

√
µ−1

2p,βνp,βV2p(Z, Sn,∆2−2p/β
n )√

µ−1
2p,βνp,βV2p(X, Sn,∆2−2p/β

n )

p→ 1. (22)

For the proof of (21) we can use the same technique as in Theorem 1, noting
that for p ≤ 1

|Vp(X, Sn,∆1−p/β
n )− Vp(Z, Sn,∆1−p/β

n )|√
µ−1

2p,βνpβV2p(X, Sn,∆2−2p/β
n )

≤ Vp(Y, Sn,∆1−p/β
n )√

mini ∆n,i

√
µ−1

2p,βνp,βV2p(X, Sn,∆1−2p/β
n )

,

where

Vp(Y, Sn,∆1−p/β
n )√

mini ∆n,i

p→ 0,

√
µ−1

2p,βνp,βV2p(X, Sn,∆1−2p/β
n )

p→

√
νp,β(

c0

β
)p/β

∫ t

0

σ2p
s ds

as n →∞ by the assumptions together with Theorem 1.
Finally, it remains to prove (22). Equivalently, we can show that

|µ−1
2p,βνp,βV2p(Z, Sn,∆2−2p/β

n )− µ−1
2p,βνp,βV2p(X, Sn,∆2−2pβ

n )|

µ−1
2p νp,βV2p(X, Sn,∆2−2p/β

n )

p→ 0

Now we can proceed similarly as for (21)

|µ−1
2p,βνp,βV2p(Z, Sn,∆2−2p/β

n )− µ−1
2p,βνpβV2p(X, Sn,∆2−2p/β

n )|

µ−1
2p,βνp,βV2p(X, Sn,∆2−2p/β

n )

≤
|µ−1

2p,βνp,βV2p(Y, Sn,∆2−2p/β
n )|

µ−1
2p,βνp,βV2p(X, Sn,∆2−2p/β

n )

≤
|µ−1

2p,βνp,βV2p(Y, Sn,∆2−2p/β
n )|

mini ∆n,iµ
−1
2p,βνp,βV2p(X, Sn,∆1−2p/β

n )
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Piecing together (13), (21) and (22) leads to the desired result. 2

Let us discuss the conditions on Y first. The conditions are stronger than for
Theorem 1, especially since we need that (8) is satisfied for 2p.

In addition, we have two parameters which determine how to choose p,
namely the balance coefficient ε, describing the regularity of the sampling scheme,
and the Hölder coefficient or Blumenthal-Getoor index describing the regularity
of the sample paths of Y . It turns out the more regular the sampling scheme
the less regularity we need in the sample paths and vice versa.

• Similarly as for condition (3), condition (8) is satisfied if Y is Hölder
continuous with exponent a, 1 ≥ a > 1/β.

Condition (9) is satisfied, if maxj ∆p(a−1/β)
n,j / minj ∆1/2

n,j → 0, hence if Sn is
β/(2p(aβ − 1))-balanced. Hence we must satisfy at least 1 > β/(2p(aβ −
1)), which is however only for the equally spaced case. Taking into account
the range of a, we see that p > β/(2(β − 1)), hence at most p > 1. If
we have an ε-balanced partition ε ∈ [2/3, 1), we need ε ≥ β/(2p(aβ − 1)),
hence

p ≥ β/(2ε(aβ − 1)) (23)

The relation (23) allows us to compute the possible range p, when we know
the regularity of the paths and the regularity of the partition.

Finally (10) holds if (9) is satisfied.

• Similarly to the discussion for Theorem 1, for (8) to hold, we need 2p <
β ≤ 2 hence p < β/2. Furthermore, (9) is satisfied if we have finite p-th
power variation and maxi ∆1−p/β

n,i / mini ∆1/2
n,i → 0, hence if the partition

is β/(2(β − p))-balanced. This leads to the range β/2 > p in an equally
spaced setting, or β − β/(2ε) ≥ p for an ε-balanced partition. Hence
knowing the regularity of our partitioning we can calculate the possible
range of p, e.g. in the most irregular spaces case we have to take β/4 ≥ p.
Obviously conditions (8) and (9) imply (10).

Our considerations for continuous mean processes and mean processes with
jumps show that for the distributional theory we do not get a result when
the mean process is a mixture of both since the range of possible values of p is
disjoint. However, in practice this does not seem to be very restrictive since the
data is normally treated to get rid of the drift term anyway. Condition (12) en-
sures that

∑
i ∆1−p/β

n,i |
∫ tn,i

tn,i−1
σsds|p converges fast enough to

∫
σp

sds as required
for (16) to hold. In Barndorff-Nielsen and Shephard (2003) it is shown that
(12) is satisfied for Ornstein-Uhlenbeck type processes. Unfortunately, for con-
tinuous processes σ it is only clear that condition (12) holds if we have Hölder
continuity with exponent > 1/2, hence more regularity than for a Brownian
motion or a diffusion process, normally used as volatility process.

Example:(Ornstein-Uhlenbeck-type model including leverage)
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We can modify the model by Barndorff-Nielsen and Shephard (2001)

dXt = σtdLt + ρdZ̄λt

dσ2
t = −λσ2

t dt + dZλt,

where Z̄t = Zt−E(Zt) and it is assumed that the subordinator Z with Blumenthal-
Getoor index γ is independent of the purely discontinuous Lévy process L with
Blumenthal-Getoor index β. For the equally spaced setting we obtain the dis-
tributional theory for γ < p < 1/β, or γ < p ≤ β − β/(2ε) for the ε-balanced
setting. This implies that we have to choose a Lévy process Z with sufficiently
small Blumenthal-Getoor index γ, e.g. a compound Poisson process or a Gamma
process.

5 Estimating the scale parameter

Leaving the framework of stochastic volatility models by setting the volatility
process σ equal to one, we obtain a Lévy process and with the p-th power vari-
ation we can estimate the first order coefficient of the Taylor series expansion
of the density of the Lévy measure c0. This coefficient c0 is obviously equal to
some constant times the scale parameter which enters the Lévy triplet as a con-
stant multiplicative term of the Lévy measure and hence changes the time scale.
Rammeh (1997) and Woerner (2003c) provided local asymptotical normality for
the special case of the scale parameter of stable processes, but unfortunately it
turns out that our power variation estimates are not efficient in this sense.

Corollary 1 Assume we have a purely discontinuous Lévy process Lβ
t with

Blumenthal-Getoor index 2 > β > 0. Assume that the Lévy triplet is given in
the same form as in Theorem 1. Then for any t > 0, we obtain for 0 < p < β,
if Lβ

t is a β-stable process, or 0 < p < β, p 6= β − 1

Vp(L, Sn,∆1−p/β
n )

p→ µp,β(
c0

β
)p/βt, (24)

and for any sequence of ε-balanced partitions Sn, ε ∈ [2/3, 1] and 0 < p <

β − β/(2ε), if Lβ
t is β-stable, or 0 < p < β − β/(2ε), p 6= β − 1, (β − 1)/2

otherwise, we obtain

Vp(L, Sn,∆1−p/β
n )− µp,β( c0

β )p/βt√
µ−1

2p,βνp,βV2p(L, Sn,∆2−2p/β
n )

D→ N(0, 1), (25)

as n →∞, where µp = E(|U |p) and νp = V ar(|U |p) with U ∼ Sβ is a symmetric
β-stable random variable.

Example:
With the power variation method we can estimate the scale parameter α of a β-
stable process, where c0 = αβ. For generalized hyperbolic Lévy motions we can
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infer the scale parameter δ, since in this case c0 = δ/π. Raible (2000) proposed a
different type of estimator for the scale parameter of the generalized hyperbolic
Lévy motion based on counting the number of jumps. For the CGMY process
we can infer the parameter C, which is a measure for the overall level of activity
of the process.

6 Stochastic volatility based on time changed
Lévy processes

Carr et.al. (2003) proposed a different construction of a Lévy type stochastic
volatility model using a time changed Lévy process. From the perspective of
fitting data to the model, their construction seems to be more tractable since
the characteristic function is straightforward to calculate.

In our framework of estimating the integrated volatility the two models do
not behave very differently, only that for the time changed Lévy process we
estimate the p/β-th integrated volatility with the p-th power variation instead
of the p-th integrated volatility as for the other model. However, since many
commonly used Lévy processes like the generalized hyperbolic Lévy motion have
β = 1 it does not lead to a different result.

Theorem 3 Let

Xt = Yt + LβR t
0 σsds

, (26)

Denote by Lβ
t a purely discontinuous Lévy process with Blumenthal-Getoor index

2 > β > 0. Assume that the Lévy triplet is given by (0, 0, tg(x))h. Assume
furthermore that the density of the Lévy measure is Riemann integrable and can
be expanded in the following Taylor series expansion as x → 0

g(x) =
n∑

i=0

cix
i + ki|x|i

|x|1+β
+ o(

|x|n

|x|1+β
)

=
c0

|x|1+β
+ f(x),

with β − n ≤ 0 and k0 = 0.
Assume that σ and Y satisfy the conditions as in Theorem 1, then for any

t > 0, we obtain for 0 < p < β, if Lt is stable, or 0 < p < β, p 6= β − 1,

Vp(X, Sn,∆1−p/β
n )

p→ µp,β(
c0

β
)p/β

∫ t

0

σp/β
s ds, (27)

as n →∞.

Proof. The proof is similar as for Theorem 1. The calculation of the conditional
characteristic function is even easier

E(exp(iu(LR ti
0 σsds

− LR ti−1
0 σsds

))|σ)

20



= exp(
∫ ti

ti−1

σsds

∫
(eiux − 1− iuh(x))g(x)dx)

= exp(
∫ ti

ti−1

σsds

∫
(eiux − 1− iuh(x))

c0

|x|1+β
dx)

× exp(
∫ ti

ti−1

σsds

∫
(eiux − 1− iuh(x))f(x)dx).

Hence we can split LR ti
0 σsds

− LR ti−1
0 σsds

into a part Sβ
i which is conditional

under σ stable with scale parameter (c0/β)
∫ tn,i

tn,i−1
σsds and characteristic triplet

(0, 0, c0

∫ tn,i

tn,i−1
σsds/|x|1+β)h and a remainder Ri which is conditional under σ

additive with characteristic triplet (0, 0,
∫ tn,i

tn,i−1
σsdsf(x))h. By construction Sβ

i

and Ri conditional under σ are sequences of independent random variables.
Note that the difference to Theorem 1 is, that in the scale parameter of the
stable random variable we only have σ, which results in the appropriate change
in the limit distribution due to the scaling relation for stable processes. Since
we do not have a drift term in Ri we do not need the conditions a) to d) on the
Lévy measure. The remaining part of the proof goes along the same lines as for
Theorem 1. 2

Theorem 4 Let

Xt = Yt + LβR t
0 σsds

,

where Yt and σ satisfy the same conditions as in Theorem 2 and L satisfies the
same conditions as in Theorem 3. Then for any t > 0, for any sequence of
ε-balanced partitions Sn, ε ∈ [2/3, 1] and 0 < p < β − β/(2ε), if Lt is β-stable,
or 0 < p < β − β/(2ε), p 6= β − 1, (β − 1)/2 otherwise, we obtain

Vp(X, Sn,∆1−p/β
n )− µp,β( c0

β )p/β
∫ t

0
σ

p/β
s ds√

µ−1
2p,βνp,βV2p(X, Sn,∆2−2p/β

n )

D→ N(0, 1), (28)

as n →∞.

Proof. Taking into account the remarks in the proof of Theorem 3, the proof
is analogously as for Theorem 2. 2

Example: (Time change with Ornstein-Uhlenbeck-type process)
We can modify the model by Carr et.al. (2003)

Xt = Z̄t + LβR t
0 σsds

dσ2
t = −λσ2

t dt + dZλt,

where Z̄t = Zt−E(Zt) and it is assumed that the subordinator Z with Blumenthal-
Getoor index γ is independent of the purely discontinuous Lévy process L with
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Blumenthal-Getoor index β. For the equally spaced setting we obtain the dis-
tributional theory for γ < p < 1/β, or γ < p ≤ β − β/(2ε) for the ε-balanced
setting. This implies that we have to choose a Lévy process Z with sufficiently
small Blumenthal-Getoor index γ, e.g. a compound Poisson process or a Gamma
process.
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