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Abstract

We discuss the ‘continuity correction’ that should be applied to relate
the prices of discretely sampled barrier options and their continuously-
sampled equivalents. Using a matched asymptotic expansions approach
we show that the correction of Broadie, Glasserman & Kou (Mathematical
Finance 7, 325 (1997)) can be applied in a very wide variety of cases.
We calculate the correction to higher order in terms of the expansion
parameter (the scaled time between resets) and we show how to apply the
correction in jump-diffusion and local volatility models.

1 Introduction

Barrier options are now standard in many markets, especially FX markets.
Using variants of the method of images, it is easy to value a variety of contracts
in the standard Black—Scholes framework provided that the barrier condition
(knock-out, knock-in etc.) is applied continuously in time, referred to here as
continuous sampling. However, for a variety of practical and legal reasons (for
example, to avoid disputes as to whether the barrier was crossed or not), in
many contracts the barrier condition is only applied at a discrete set of times,
for example at the close of a trading day or week; we refer to these as reset
times. (For references on discrete sampling in practice, see [1].) The discretely
sampled option may be cheaper or more expensive to buy, depending on whether
the writer or the holder bears the cost of those sample paths that cross the
barrier level between reset times and then re-cross it before the next reset time,
and hence trigger the barrier with continous sampling but do not trigger it
with discrete sampling. For example, a continuously sampled down-and-out
call option is cheaper than its discretely sampled equivalent because the asset
price may fall below the barrier without triggering knock-out for the latter;
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by out-in parity (‘down-and-out + down-and-in = vanilla’), the corresponding
down-and in call is more expensive.

With just one reset, a typical barrier contract such as a down-and-out call
can be reformulated as a compound option, but with more resets this approach
rapidly becomes less feasible; although, remarkably, an exact solution can be
found using a combination of the Z transform and the Wiener—Hopf method [5],
it is not a simple expression and only applies to specific contracts in constant-
parameter Black—Scholes models. It is therefore of interest to develop approx-
imations valid for a large number of reset dates, relating the continuously and
discretely sampled prices, especially if the approximation can be written in terms
of a simple formula such as the image formula referred to above, or if it can be
widely applied. Conversely, such an approximation is also of interest in relation
to Monte-Carlo valuation of continuously-sampled options. If one simulates the
path price using a finite number of timesteps, then even if the exact asset price
path is simulated (for example by geometric Brownian motion) between resets,
the simulation also allows the price to cross the barrier and return between time
steps. Monte-Carlo pricing therefore suffers a bias due to discrete sampling of
the barrier, and this can be corrected for using the an approximation for a large
number of resets.

These questions have been considered in two important papers [1, 2] by
Broadie, Glasserman & Kou (referred to jointly as BGK below) using a prob-
abilistic approach involving results from renewal theory. They state that the
continuity correction for a down-and-out call with barrier B on an asset with
price S is

Va(S,t; B) = Veont (S, t; Be P7VI/NY L O(6>T/N),

where Viont (resp. Vg) is the continuously (resp. discretely) sampled value, N
is the number of equally-spaced sample dates, and
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where ((+) is Riemann’s zeta-function. That is, the barrier is apparently shifted
down by an amount Bof+/T/N (their result, as stated, is only correct to

O(o+/T/N) and so it is potentially misleading to write ¢~ PoVT/N pather than
1 — Bo+/T/N; however, as we show below, the exponential barrier correction
is correct to second order in certain cases). Their analysis is applicable only
to the constant-parameter Black—Scholes model; however, the ‘BGK correction’
is widely used in practice in other situations even though this has yet to be
formally justified. The paper [2] also discusses the Monte-Carlo issue, and ex-
tends the BGK correction to lookback contracts. Further extensions to other
barrier contracts, including double barrier contracts, are described by [11, 7];
the former shows that the BGK correction can be applied to all 8 combinations
of call/put, up/down, in/out contracts, while the latter confirms these results
and extends them to double barrier options; the paper also gives a different
approximation formula (which agrees with the BGK correction to O(o+/T/N))

B =- ~ (0.5826,



for the price, but like the BGK correction itself, it contains terms of higher order
whose presence is not justified by the accuracy of the approximation.

Our goal in this paper is to reinterpret the BGK correction using the method
of matched asymptotic expansions. This gives a very transparent view of how
the BGK correction works, and why it is widely applicable; it allows us to
extend the correction to a variety of contracts and models; and it enables us to
calculate higher order terms in the correction. Furthermore, it is in the nature
of the method that we obtain accurate approximations both when the asset
price is far from the barrier and when it is near the barrier.

2 Problem formulation

Although our method is very general, let us begin by considering the standard
case of a down-and-out call option with barrier B in the usual Black—Scholes
model. In the continuously sampled case the option value Veont (S, t; B) satisfies
the Black—Scholes equation

2
%‘F%O’ZSZ?)TZ—F(T—Q)S%—TV:O, B<S<oo, 0<t<T,
where o is the asset price volatility, r is the risk-free rate and ¢ is the dividend
yield. At time T the option has a payoff which, for the present purposes, we do
not need to specify, and on the barrier S = B we have the knock-out condition
Veont (B, t; B) = 0. The calculation of Von is a simple application of the method
of images, using the result that if V(S,t) is a solution of the Black—Scholes
equation, then so is Sl’z(r’q)/"QV(BQ/S, t). For the down-and-out call with
strike K above the barrier, we have

Veont(S,t; B) = Cy (S, t; K) — (S/B)'2=9/o" ¢ (B2/S, t; K)

where C,(S5,t; K) is the corresponding vanilla call price with strike K. (When
the barrier is above the strike, two more terms must be added to this expression,
to handle the jump in the payoff at S = B.)

We assume that the discretely sampled option is reset at IV equally spaced
reset times t1,to = t1 + AT,... Ty = T — AT, separated by an interval AT.
(If the interval from the current time until the first reset is also AT, we have
AT =T/(N + 1), but we do not assume this.) Then the option value V3(S,t)
(we suppress the dependence on the parameter B) satisfies the Black—Scholes
equation between reset times, but now for 0 < .S < oo rather than B < S < o0,
and at a typical reset time t; its value is updated by setting

Va(S, t;+) S>DB

V(S ti—) =
al ) {0 S < B.

That is, as the Black—Scholes equation is solved backwards from expiry, as we
reach each reset time we discard the option values for S < B and replace them



with zero to implement the knock-out condition. Note there is a discontinuity
in V4(S,t,—), at S = B, representing the value to the holder of asset price
paths which just pass over the top of the barrier: they have a small but nonzero
probability of reaching expiry without knockout on any remaining barrier.

This is the problem that is solved exactly in [5], following a transformation
of the Black—Scholes equation to the heat equation and a Z transform in time.
We use the method of matched asymptotic expansions in the limit N — oo. We
first make the preliminary scaling

t=T—t/o

For the remainder of the paper, time ¢’ is measured back from expiry and scaled
with o2 (the Black—Scholes equation is not completely non-dimensionalised, as
the scaling invariance with respect to S and the linearity make this unnecessary).
The Black—Scholes equation to be solved is then
ov. 1 , 0%V aVv

—S°— +0[15%

o~ 2”0 882 —aV,  ar=(r—gq)/o?, ay=r/c (1)

Lastly, we define
€2 = o2AT,

the scaled reset interval; for large IV, € is small, and this is our expansion param-
eter. (Note that BGK effectively use o+/T/(N + 1) as their small parameter,
which amounts to assuming that the initial time is the first reset date, although
of course if the option is to be considered at all we have S > B at that time
so knock-out is impossible. Our results are more general in that they allow any
initial interval.)

3 Down-and-out call: approximate solution

The general structure of the approximate solution consists of an outer expansion,
valid far above the barrier, and an inner expansion near a typical reset date,
joined by matching (the regions are indicated in Figure 1; as discussed below,
we should in principle include another outer region far below the barrier, but in
view of the lack of practical interest in this region we omit it). This will enable
us to compute the ‘effective boundary conditions’ for the outer solution, from
which we can compute the continuity correction to the Black—Scholes value. The
timescale for the inner region is, by definition of e, fixed at O(€?), and in order
to achieve a non-trivial balance in the Black—Scholes equation (1) the price-scale
in this region must be O(eB). We therefore define the inner variables (z, 7) near
S = B and near a typical reset time ¢, by

S =B(1+ex), t =t +¢er,

which we use throughout. Note that both 7 and = are now dimensionless.
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Figure 1: Schematic of outer and inner regions for discretely sampled barrier
options.
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3.1 Outer expansion

Away from the barrier level we expect the solution to be close to the Black—
Scholes value (for which we have a formula, even if it is only an integral repre-
sentation). Hence we pose the outer expansion

Va(S, ) ~ Veons (S, ') 4+ V1 (S, 1)) + €2Va(S,t) + O(€),

which we expect to be valid for S/B — 1 > O(e), that is, not near the barrier.
(The subscript d has been dropped from V; and V5 for clarity: henceforth all
option prices are discrete except for V.oni. Likewise, the dependence on B is
suppressed where not necessary.) At this stage we only know Vot and we need
to find effective boundary conditions for V; and V5, at S = B. Having the
matching with the inner expansion near a typical reset date in view, we can
find the behaviour of the outer expansion near the barrier, for z = O(1), by a



straightforward Taylor expansion:

‘/cont + EVl + €2V2

aVrcont / 1 282‘/(:ont
o5 B+ 55 B g
oV

+e (Vl(B, t)+ (S — B)—== (B, t’)> + V(B ') + O(e?)

~ Cont(B;tl)+(S_B) (B7t/)

as
~ 0+ € (Boons (t')z + Vi (B, 1))

1
e (232%ont(t/)ﬂ32 + Budy () + Va(B, ”) +0() )
where

Weon 8*Veon
500Ht(t/) = oS : (Bat/) = Acont(thl)a VCont(t/) = 852 :

are the Black—Scholes Delta and Gamma at the barrier and, for ease of notation,
we also write

(Ba t/) = Fcont(Ba t/)

B (B.11) = i (B.#) = 61(1).

Using the scaled Black—Scholes equation (1) (and noting that, at S = B, Veont =
OVeont /Ot = 0), we find that

20&1
“Yeont (tl) = _?5cont (t/)-

Equation (2) is the three-term inner expansion of the outer expansion, to be
matched with the three-term outer expansion of the inner expansion, to which
we now turn. Before doing so, we note that (2) contains a term linear in z at

O(e) and one quadratic in z at O(e?).

3.2 Inner expansion

As noted above, the inner variables near a typical reset time are defined by
S = B(1+ex), t' =t,+€*r, and in view of (2) we set

Vd(S7 t) = G’U(l‘, T)
(again, the subscript d on v is dropped). Then the inner problem is

0 1 0? 0

8—: = 5(1 +6x)Qa—;; +eaq(1 +ea:)a—; — v, —oo < T < 00,

with v(z,7) — 0 as £ — —oo (this corresponds to small values of S for which
knock-out is almost certain). The behaviour as * — 400 is determined by
matching with (2), giving

1
v(z,T) ~ Blcont(t')z+V1(B,t')+e <232’ycom(t’)x2 + Bé1(t)x + Va(B, t’)) +0(€?)



as © — oo. It is the O(1) constants (on the inner time scale) V;(B,t") and
Va(B,t') that determine the effective boundary conditions for V;(S,¢') and
Va(S,1).

The knock-out condition is imposed in the form
v(z,0+) = v(z,14) = v(z,24) = --- =0,

for x < 0, corresponding to the barrier. Note, however, that v(x,1—) # 0: these
nonzero values are discarded and replaced with 0 as part of the reset process.
The last condition we impose on the inner problem is that

With an error of O(e?), v(x, 7) is periodic in 7 with period 1,

by which we mean that v(z,0+) = v(x,14) = v(x,2+) = --- not just for
x < 0 but for > 0 as well; this then enforces periodicity for other values of 7.
The reason for this (to which we return below) is that on the ‘fast’ timescale
T, the outer solution varies too slowly for its time-dependence to feed into the
inner solution (this happens at O(e®) on the outer scale, when the derivative
0?Veont /0S0t contributes to the matching). Hence quantities such as §(¢') are
effectively constant on this timescale. One might be tempted to think of this
as a multiple-scale effect, but is more accurate to say that the diffusion on the
inner timescale has such rapid spatial decay that the oscillations induced by the
periodic resetting of the barrier have an exponentially small influence on the
outer solution.
We now pose a regular expansion

’U(x,’l') ~ Ul(xa T) + EUQ(va) + 0(62)7

noting that because v was scaled with €, only two terms are necessary (the
‘missing’ term vy vanishes identically because Vont vanishes on S = B). Hence
the problem for v is

6'01 1 (92111

or 2 0x2

=0, —oo<z<o0,
with
v1(2,7) ~ Blcons (') + V1 (B,t') asz — oo

where, as noted above, dcont(t') and Vi (B, t') are treated as constants. We also
have decay to 0 as * — —oo, and the knock-out condition

vi(z,04) =0, x<0,
and periodicity condition
vi(x,04) = vi(x, 14), —00 <z < 0.
Similarly, the problem for vy is

(91/2 1 621}2 82’01 (9’()1
=z +a —o0 < x <00,

ot 2 da? a2 "l o’




h(z,1) = h(z,0) = H(x)

h—0, — —o0 %—l@ h O
' ar 2 Oa2 ~ e+ O0Q1), 2 — o0
h(z,0) =0, <0 h(z,0) = H(z), x>0

[ x

Figure 2: Boundary value problem for the Spitzer function h(z, 7).

with

1
vo(x, T) ~ iBz%ont(t')xQ + Bo1(t")x + Va(B,t') asx — oo,

and with the same knock-out and periodicity conditions as for v;.

It turns out that both v; and vy can be determined from a function con-
sidered by Spitzer [15, 16] in the context of renewal theory, and we therefore
digress to describe such of its properties as are necessary.

3.3 The Spitzer function

Spitzer [15, 16] (see also [4, 13, 14]) considered an equivalent of the following
problem: find a function h(z,7), which we term the Spitzer function, satisfying
the following (see Figure 2):

Oh _ LO%h o<zr<oo, 0<7<1
o_-Zr _ T
or  20x% ’ ’
with
h(z,0)=0, z<0, h(z,1) = h(x,0) = H(z), say, x>0,
and

hz,7) ~24+0(1) as z — +oo.
With these conditions, when h(z,1—) is replaced by h(z,1+) = 0 for z < 0,
h(z, T) is periodic in the sense described above; in diffusion terms, there is a flux
of unity from z = 400 which is exactly sufficient to replace the amount lost by
replacing the values h(x,1-) for x < 0 with h(z,1+) = 0. It is apparent that
v1(z, 7) above is proportional to h(x, 7). However, as we need further properties
of h we present them separately.

Spitzer’s results

Using the Green’s function for the heat equation we have the equivalent integral
equation

H(z) = / " ke - y)H () dy 3)



for H(z), where k(z) = e=*"/2/\/27 is the heat kernel, that is, the standard
Normal density. Spitzer used the iterative scheme!

Faa) = [ e 0BG dy R =1

to show the following:
o /nm/2F,(x) — H(x) (and so F,(z) — 0) as n — oo.

e H(0+) = 1/v/2, so H has a jump at x = 0. (This is necessary, since if
H(0+) = 0, by the maximum principle we would have h(0,1—) > 0 and
we could not achieve h(z,1—) = H(x) for x = 0+.)

e The Laplace transform of H(x) is

H(s) = — [ 1/0@ S log(l — e€/2) dg
§) = —=exp |—— ——log(l—e
V2 T oo S2 4 &2 &
(this is established by using the Wiener—Hopf method on the Wiener—Hopf
equation (3); here e=¢/2 is the characteristic function of the kernel k).

e Crucially for us,

1
lim [H(z) — (x+08)]=0 where (= ¢(3) ~ 0.5826.

T—00 - s

This can be derived from analysis of H(s) as s — 0 and we present this
analysis below.

e h(z,7), and so H(z), is the only such periodic solution.

The principal conclusion as far as we are concerned is that the O(1) constant
in the asymptotic behaviour of h(x,T) is determined uniquely by the coefficient
of x (here, 1) in the expansion of h(xz,7) as x — oo.

The initial Spitzer function and its asymptote are plotted in Figure 3, and
the difference between the two is plotted in Figure 4.

3.4 Further properties of the Spitzer function

We shall need further properties of the Spitzer function, which we establish in
this section. We show the following:

Tt might seem more natural to take Fo(x) = z in view of the behaviour at large x, but
Spitzer interpreted the sequence F, (z) as the distribution functions of the of random variables

Zo=0, Zi=X{, Zo=(X2+XDF,...,
where X = max(X,0) and X; are iid N(0,1).
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Figure 3: The Iniial Spitzer function h(x,0) = H(z) and its asymptote.

h(x,0)~(x+B)

Figure 4: The difference between the initial Spitzer function h(x,0) = H(z) and
its asymptote.
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1. Asz — oo, H(x) ~x + [+ o(1) (the Spitzer result), where

1 oo 1— _52/2 dé’
5= _;/0 log (522) & 0582, (4)

The connection between this integral and the zeta function is given in [3].

2. The area between H(z) and its asymptote is
By = / H(z) — (z+ B)dz = %/2 — 1/8 ~ 0.0447.
0
3. The first moment of the difference from the asymptote is

8, :/0 v (H(z) ~ (24 §) du =~ + <0 — o0 — 55 = 00122,

where

, 1~ 1-e€/2)(1+€2/4)\ d
522;/0 log<( c £2>(2 f/)>£§.

4. At the origin z = 0, we have

1 1 <1 1 3
H(04+) = — ~ 07071, H'((04+)=—) — = =) =~ 0.7369
(00 = Jg= 0707, 0w = 52> = (5) ,
1 2
H"(0+) = — (H'(0+))” ~ 0.3840;
(04+) = 5 (H'(0+))

here ¢(-) is again the Riemann zeta function.

In order to do this, we analyse the Laplace transform of H(x),

— 1 1 & 2 1 1
H(s) = mexp <_27T/—oo ﬁlog(l —e ¢ /Q)df) = G exp <—7TI(5)> ,

16~ | g tost - e ) ds

as s — 0 and s — co. Because H(x) ~ z at infinity, this function has a double
pole at s = 0; hence we expect

H(s)~ 5+ 2 46— s +0(2), 5 =0

(after subtracting x + (3 to get the first two terms, a Taylor series in s yields the
third and fourth terms).

We first need to analyse I(s) for small s. The principal difficulty in so doing
is the singularity of s/(s24£2) at € = s = 0. This is dealt with by subtracting the

11



small-£ behaviour of the logarithmic term and adding it back, the latter giving
integrals that can be evaluated explicitly, in such a way that what remains is
integrable at £ = 0 even when s = 0, so that s/(s? +£2) can safely be expanded
in powers of s/¢. Specifically, we recall the standard results that

* log¢ oo *log(1+¢&%/4) .. m

and then write

o g €2
I(s) :/0 =) <log (152/2> +log(§2/2)> d§

1
=L(s)+m <logs— 210g2> ,

where we can safely let s — 0 in I;(s), to show that it has the behaviour
I (s) ~ —mfBs + I2(s), where j3 is defined by the integral (4). Here

<1 1 1—e €/
o=+ [ (v e o ()

Y o [P/ o
- | amre <lg< = ) 1g<1+£/4>>d£

so that the argument of the first logarithm on the right is O(£%) as € — 0. We
can now expand for small s and integrate in &, giving
1(s)

1 1 1
— ~logs — §log2—ﬁs+ gSQ - (24 —l—ﬁ;) +0(s%),

and the required expansion follows immediately.
The expansion for large s is more straightforward. Simply integrating by
parts in the definition of the Laplace transform of H, we have that, as s — oo,

H(s) ~ H(0+) N H’(g+) N H"(0+) n

s s s3 ’

so we just need to evaluate I(s) as s — oo by a regular expansion, giving

I(s) ~ - /OOC log(1 — e¢/2) d¢

S
N [ e
:_T;/O Ee 5/2d§
T > g
:‘\[27;”
=[50/,

12
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Then we find that
1 > _3 1 2
HO+)=—=) nz, H"(0+) = — (H'(0+))".
=373 (04) = =5 ('(04))
It will also be useful to define an integral of the Spitzer function, namely

P = [ " h(e, T de,

which is a solution of the heat equation with associated initial values denoted
H®(zx). Using the properties of H(z) above, we have H)(z) = 0 for < 0
and, as T — 00,

1 1
H(l)(x) ~ §($+,6)2—§, h(l)(qu)

1 , 11
VRl Ty

with an error of o(1). Note that h(!) is not periodic, but instead increases by 3
over a period.

3.5 The inner solution and matching

We can now write down the solution to the inner problem. The leading term
v1(z,7) is simply a multiple of the Spitzer function:

v1(x,7) = Blcons () h(z, 7). (5)

Bearing in mind that h(x,7) ~ 2+ as © — oo, and as from one-term matching
v1(x,T) ~ Bleont (' )x+ V1 (B, 1) as © — oo, we have the first effective boundary
condition

‘/1 (87 t/) = BB(Scont (tl)-

As we show below, this is equivalent to the BGK correction truncated at O(e).
A particular solution for ve(x, 7) is the function

1 281)1
- | XV — " —— )] — 12V
2 1 (93: 1 1

which has the behaviour Bdeont (t') (—a12? + Bz(1 — a1) + o(1)) at infinity. Re-
calling that, from the scaled Black—Scholes equation, Yeont = —210cont/ B, we
see that this particular solution already has the correct coefficient of z? for
matching. Hence what is left after subtracting it from vy, must grow at most
linearly at infinity, and must therefore be a multiple of h(z,7), as this is the
only periodic function with this behaviour. Matching with Bd,x, we see that

1 0
1}2(1‘77') = 5 (517’()1 _ anle) — 1TV + B ((51 — ﬁ(% — al)écom) h(l‘,T), (6)

and so the O(1) matching gives the second effective boundary condition

%(Bat/) = 63 (51(t,) - ﬁ(% - O‘l)(scont(t/)) 9

13



which can also be written in the form
‘/Z(th/) = /BB (51(t/) - %ﬁécont(t/) - %ﬁBVCont(t/)) .

Note that vy is much larger than v; as © — —oo; hence the inner expansion
becomes invalid in this limit and a second outer expansion is needed. This is
best approached using the techniques of ray theory as exploited in [10] in the
analysis of American options, but we do not discuss it further here.

3.6 The composite expansion

The outer and inner expansions found above are valid for (S — B)/B > O(e)
and 0 < S < B(1 + O(e)) respectively. It is possible to test for the size of
S — B and then choose which expansion to use, with a preference for the inner
expansion in marginal cases. However, it may be more convenient to write a
composite expansion, of the form ‘inner 4+ outer — common’, which is uniformly
valid. In our case the outer expansion is

(V::ont(Sa t/) + EVI(Sa t/) + EQVQ(Sv t/)) H(S - B)’

where H(-) is the Heaviside function, inserted here to ensure that the outer
expansion vanishes for S < B; the inner expansion is

(5.7) 4 oale,7) S—B ¥ —t;\, o (S-Bt-t
evlx, T €V, T) = €V —_— [ _—
1\Ly 2 4y 1 B ) 62 2 B ) 62 )

where t; = [t'] is the reset date immediately before ¢’ (this is in scaled time;
in calendar time, it is the reset date immediately after ¢). Lastly the common
expansion is the outer limit of the inner solution or the inner limit of the outer
solution, namely

(e (Blcons (t')x + V1(B, 1)) + €2 (132%0mx2 + Bé1(t")x + Va(B, t’))) H(S — B)

2
_ _ aVcont / / } _ 2 82 Vcont /
= (5= B Tt + V(B0 + 55 - BT (BY)
oWy / 2 /
+e(S—B)ﬁ(B,t)+e Va(B,t") | H(S — B),

where quantities such as V;1(B,t') are calculated from the solution of the outer
problem and h is calculated once and for all (a reasonable approximation is
given below).

With hedging in mind, we should comment on the degree of smoothness to
be expected from the composite expansion, noting that discontinuities are to be
expected at S = B. In general, we have the following:

e The composite expansion Veomp has a jump of O(e?) at S = B;

14



e The composite Delta Acomp = OVeomp/dS has a jump of O(€?) at S = B,
because the term €20V,/0S } s_p 18 not included in it (it occurs at the
next level in the expansion);

e The composite Gamma I'comp, has a jump of O(e) at S = B, because the

term 6282V1/852|S=B is not included.

e Each time we differentiate the approximation near the barrier, the error
becomes worse by a factor of 1/e, from the inner solution (where the
argument is © = (S/B — 1)/e).

These features are illustrated in the numerical examples below, and in Figure 5,
which shows on the left the inner and outer expansions plotted separately, and
on the right the composite expansion, showing the transition from inner to outer
at S = B.

0.25 PR 0.1
- - —inner Fa— © - Inner 7
0.2 - — outer , // —--—-outer . -
e —— composite e
0.15 P
R 0.05/ L

0.1 /7 2

0.05
ol ‘
0.8 1 1.2 s 0 0.95 1.0 S

Figure 5: Left: inner and outer expansions plotted separately. Right: Detail
near S = B showing the composite expansion (solid line). Parameters as in
Figure 11; B = 0.95.

The composite expansion just constructed is uniformly valid, but as we have
seen it has the undesirable feature of discontinous behaviour at S = B. A
simple remedy for this is to remove the Heaviside functions in the outer and
common expansions, so that, for example, the first term in the outer expansion
is the continuously sampled option value with its image (for all 0 < S < o0).
Although this expansion is not valid for (S — B)/B < 1 (which is in any case
of little practical interest), it is valid in the inner region and the upper outer
region above the barrier and, crucially, it can be differentiated to recover the
Greeks. We return to this point in the discussion of the numerical illustrations
below.
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It is an important feature of the method that the precise form of the payoff
is not important for the procedure above. However, the expansion is only valid
provided the periodicity assumption (up to O(€?)) holds, and this means that it
is only valid after any initial transient to slowly modulated periodicity. Indeed,
Spitzer’s iteration shows that if we start an inner problem with initial data that
is not a multiple of H(x), the difference between the solution so generated and
the Spitzer solution tends to zero after a number of resets that is large compared
with unity, but still small compared with O(1/€?) (which is the number of resets
in an O(1) fraction of the option life). The magnitude of the contribution made
by this initial transient to the outer solution depends on the initial discrepancy;
thus, if the payoff does not vanish near S = B (as would be the case for a
down-and-out call with K < B, we may expect the approximation to perform
less well.

Finally, note that there is no need for the initial period of the option, be-
fore the first reset time, to be equal to the reset interval AT: if it is not, we
simply apply the outer expansion unchanged, and the inner expansion with the
appropriate value of 7 (if this is greater than 1, we continue to solve the dif-
fusion equation for h(x,7), without resetting the values on the negative x axis
to zero). Only if this initial interval is much larger than AT (as would be the
case for a forward-start barrier option with discrete sampling) do we need to
construct a separate expansion for the initial period; apart from remarking that
this expansion is straightforward and entails a regular expansion away from,
and an inner expansion near, the barrier, we do not pursue it here (a similar
expansion for a vanilla call near expiry is constructed as an example in [8]).

3.6.1 An ad hoc approximation to h(z,7)

It is not especially easy to calculate h(x,7) (we used a version of Spitzer’s
iteration in which we set the value of h at a large value of = to be equal to its
asymptote x + 3). Hence it may be useful to have an explicit formula that is
close to h(xz, 7). A reasonable approximation can be found using exponentials
to approximate H(x): one way is to choose coefficients a1, a2, as and a4 such
that the function )

(ale_’””’ + aze” M* /2) H(x)

has the same value and first two derivatives at x = 0+ as H(z)—(z+), and such
that the integral of = times this function is the same as that for H(z) — (z + ).
(The conditions at the origin ensure that the jump discontinuity in H(x) is
well approximated, while the weighted integral contributes to the accuracy of
the approximation for larger z.) It is found numerically that the parameter
sets (0.216,1.22,—0.091,0.69) and (0.084,3.2,0.041,11) both satisfy all these
constraints and their maximum initial error, relative to H(x), is less than 1%
(see Figure 6, which shows the absolute errors at 7 = 0 and 7 = 1—; the second
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x10°

Figure 6: Approximations to H(z) and the corresponding h(z,1—). Approxi-
mation 1 (solid lines) has the parameter set (0.216,1.22, —0.091, 0.69), approx-
imation 2 (dashed lines) has the set (0.084,3.2,0.041, 11).

approximation is probably better). Then for 0 < 7 < 1 we have

h(z,7) = xN(x/VT) +VT(z/VT) + BN (z/VT)

2
B 2 T —aiT e—aax”/(142a47) 14 2a47
+ arztarT /2 Ny +a3—— N —rem )
are Vit 3 V14 2a47 . T

For programming purposes, note that N(z) = Serfc(—z/v/2).

3.7 Calculation of V; and V5

We now give formulae for V; and V5 in terms of the ‘vanilla’ contract value V5,
which is the solution of the Black—Scholes equation with the same payoff as the
barrier option, but without a barrier. That is, its payoff is that of the barrier
option for S > B, and zero for S < B. In general, the value of the continuously
sampled down-and-out option is then given by

Veont (S, 1) = Vi (S, t) — (S/B) 21V, (B?/8, 1), (7)

which is the image result stated earlier; recall that a; = (r—¢q)/o?. For a down-
and-out call option with K > B, we have V,(S,t) = C,(S5,t; K), the standard
Black—Scholes call value of an option with strike K; when B > K, we have
Ve (S,t) = Cy(S,t; B) + (B — K)Claig(S, t; B), the latter term being the value of
a digital call paying B — K if S7 > B, added to compensate for the jump in the
payoff at S = B.
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We shall write A, and I'y, for the Delta and Gamma of the vanilla contract,
and we return to the use of calendar time ¢ (retaining the same notation for
V(S,t) as for V(S,t")). We shall use the result that if V4,(S,t) is a solution of
the Black—Scholes equation, so are SA, and S?I', (obviously this also holds for
the scaled Black—Scholes equation (1)). It follows that, by the image principle,

S 1-2a1 B2 S 1-2a B4
<B> ?AV(BQ/SJS)a <B) ?FV(B2/Sat)

also satisfy the Black—Scholes equation. We also note that, because V4 (S,T) = 0
for S < B, its image (S/B)'72%1V, (B?/S,t) vanishes at t = T for S > B, and
so do all its derivatives.

Consider first V7, which satisfies the Black—Scholes equation, has zero pay-
off at t = T for S > B, and has the barrier boundary condition V4 (B,t) =
BBcont(t). That is, on S = B,

%(B,t) = ﬂBACOHt(B7t)
= ﬁSAcont(Sat”S:B
= Q(ZSAV(Sa t) - (1 - 2041)‘/\/(5” t))|S:B

)

S=B

— 5 (f;) (zfm(BZ/s, ) — (1 21V (BY/S, t>)

where the third line follows from differentiation of (7). Using the results just
stated, we have immediately that, for S > B,

niso=(8) 7 (A (20 - (20)). @

In a similar way, we have the boundary condition

VZ(th) = ﬂ (BA1<th) - ﬂ(% - al)BAcont(Bat))

)

1
=32 (QBQFV +4a1BA, + §(1 - 2a1)2vv>
S=B

and so

S 1—20{1
s = -5 (5)
B (B S . (B 1 2y, (B
X <QSQFV <S,t) +40&1§Av (S,t) + 5(1 - 2041) Vv <S7t)> . (9)

3.8 Numerical illustration

We give three illustrations of the approximation. In all three cases, the param-
eters 0 = 0.3, r = 0.06, ¢ = 0.02, K = 1 are fixed, and we use the composite
approximation. Where comparison is made with BGK, their convention on the
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number of resets is used for their approximation, and ours for our approxima-
tion.

We begin by showing how the error of the approximation Veomp (S, t), relative
to a numerically computed solution Vium(S,t), varies with the number of resets.
(We used an explicit scheme for 0 < S < 2.5, with a step size of 0.001 in the S
direction; this is adequate given that we do not attempt to compute high-order
derivatives.) In Figure 7 we plot the relative error (Veomp — Vaum)/Vaum against
S for 1 to 32 resets. The approximation performs well even when there is only
a single reset, and as expected its accuracy improves with the number of resets
(the degradation for values of S less than B is due to the breakdown of the inner
expansion for large negative x discussed earlier, magnified by the fact that we
are dividing by a very small numerical value).

We have also plotted the BGK approximation for 8 resets. It is a remarkably
good approximation in any region except the immediate vicinity of the barrier
(indeed, marginally better than ours), and this feature is also evident in the two
illustrations that follow.

Relative error

O,
-0.02
-0.04

-0.06

-0.08

ol - . ‘ ‘
0.9 1 1.1 12 S

Figure 7: Variation of relative error with number N of resets. Lifetime is
T = 0.25 and the initial period is the same as the reset interval; B = 0.95.
At S = 1, working from the lowest curver we have N = 1 (e = 0.1061, solid
curve), 2 (e = 0.0866, dashed), 4 (¢ = 0.0671, dot-dash), 8 (¢ = 0.0500, solid),
16 (e = 0.0364, dashed), 32 (¢ = 0.0261, dot-dash). Also shown (dots) is the
BGK approximation for N = 8 (their m = 9).

Notice the discontinuity in the gradient of the error at S = B. This is
the O(e?) error discussed in Section 3.6, and it is magnified because we have
divided by the numerically computed option value, which is small. It follows
that we cannot rely on the composite expansion to calculate the delta; if we
were to do so, we would find a result like that of Figure 8, in which the jump
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in the Delta at S = B is found to be almost exactly equal to €2 dV5/0S|g_p.
as predicted in Section 3.6. Instead, it is better to use the second form of the
composite expansion proposed in Section 3.6, which gives the very acceptable
results illustrated in Figure 9. This figure also illustrates the non-uniformity of
the ‘continuous’ composite expansion as S falls far below B.

Delta

0.7r | - - - numerical delta
- —-inner

0.6 | ——composite

0.5¢

0.4

0.3

0.27

0.9 092 094 09 0.98 1

Figure 8: Calculated Delta with 4 resets. Lifetime is 7' = 0.25 and the initial
period is the same as the reset interval; B = 0.95. The ‘discontinuous’ composite
expansion is used.

For our second illustration, we show the effect of varying B, taking values
below, at, and above the strike. Figure 10 shows three cases, and it is clear that
when B > K the approximation, although good, is less accurate than when
B < K. Again, the BGK approximation is excellent in its range of validity.

For our last example, we show the effect of having a shorter initial interval,
so that another assumption of the BGK analysis is not satisfied. The results,
shown in Figure 11 (note that absolute values, rather than relative errors, are
shown). Only the region near S = B is shown; again, the approximation is
excellent.

3.9 The connection with the BGK approximation

We now show how the outer expansion constructed above is related to the BGK
approximation (BGK have no equivalent of the inner expansion). For technical
reasons, we only consider the case when the payoff vanishes at the barrier.

As we shall go to higher order than O(c+/T/N), first let us consider the
niceties of the definition of € which, as discussed earlier, amount to deciding
whether the start date is a reset date or not. If the start date is not a reset
date, then we have N resets separated by AT, together with a starting interval.
In the simple case that the starting interval is also equal to AT, then our
definition of €, namely o/AT, is equal to o/T/(N + 1). If the starting date
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Figure 9: Calculated Delta with 4 resets. Lifetime is 7" = 0.25 and the initial
period is the same as the reset interval; B = 0.95. The ‘continuous’ composite
expansion is used.

is a reset date, then we have T' = NAT where N is the number of reset dates
including the start date, and then ¢ = 04/T/N, i.e. the BGK definition. The
difference between the two definitions is O(ov/T /N %), which is beyond the
accuracy of our approximation (although it would not be were we to go to one
more term). We therefore stick with the definition € = a\/ﬁ, although in
numerical comparisons we have used the BGK definition of € in computing their
approximation.

The BGK correction states that the discretely sampled option option should
be valued as if the barrier is situated at Be™“’ and is sampled continuously.
That is, their value is Vegk = Veont (S, t; Be™?). Another way of stating this is
that Vegk satisfies the Black—Scholes equation with the same payoff as V3 and
with the boundary condition

Viak (B, t; Be#) = 0.

If we write
Veak ~ VBako + €Veaki + € Vaaka + -+

and we write e~ % ~ 1 —¢f + %6252 — -+, then by a Taylor expansion in B, we
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Figure 10: Variation of relative error with barrier level B. Lifetime is T' = 0.5
with 5 resets, and the initial period is the same as the reset interval; e = 0.0612.
Barrier levels are B = 0.9 (dash-dot), B =1 (dashed) and B = 1.1 (solid); the

relevant BGK errors are shown as dotted curves.

can linearise the boundary condition onto S = B, to obtain

oV;
VBako(B,t) + € ( BB ——— BGKO + VBGK1>
S=B

0%V oV oV
< /8232 BGKO 7/623 BGKO /BB BGK1 + VBGK2>

oB? 0B 0B “n

+0(e%) =
This tells us that the effective boundary conditions for Vegko,1,2 on S = B are
Veako(B,t) =0,

2 n9VBcKo
Veaki (B, t) = 538Ta

1 Vi *W aV;
e G e T R

where the partial derivatives on the right are evaluated at S = B. Clearly, then

VBako(S,t) = Veonto (S, t; B),

and we now relate the higher order corrections, which must vanish at expiry, to

our corrections V1 (5,t) and V5(S,t).
First note that, provided that the payoff vanishes at S = B (as is the case for
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Figure 11: Initial interval 77 not equal to reset interval. Here T' = 0.52 with
5 resets, and the initial period is 0.02; € = 0.0949 and B = 0.95. The relevant
BGK value is shown as the dotted curve.

a down-and-out call with K > B),? then the function —3BdVeon: /OB satisfies
the Black—Scholes equation (by direct differentiation), vanishes at expiry, and
has the correct values on S = B. Hence,

8chont
Vi t)=—-06B )
Bak1(S,1) B 9B
However, because Veont (B, t; B) = 0, we have
a‘/cont a‘/::ont — 0

a8 0B
on S = B. Hence the effective boundary condition for Vggk1 is equivalent to
ours and Vigki (S, t) = V1(S,t) as we expect.
Now consider Vggke. Using the now-known Vpgki = SBOVeont/9B, and
the same argument as above, we have that

8Vcont 2 82 VCOHt
B .
oB 7 o2

Remarkably, this is equal to V5(S,t) (again, when ‘the barrier is below the
strike’). To see this, note first that

avl 32 V;:ont

aS pB 0S0B "’

21f it does not, then OV (S,T)/OB has a delta function at S = B; this is why the down-
and-out call with B > K has an extra contribution from a digital option. This delta function
contributes to OViont /OB and our argument relating the two approximations fails. Beyond
noting that the BGK correction may be expected to work less well in this case, we do not
pursue this here.

Veak2 (S, t) = £5° <B
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then that differentiating the barrier condition for V..t a second time yields

82 ‘/;ont 82 V::ont 82 mont
o5z " *aso t o

on S = B, from which we deduce that

2
5:(t) = 3B (%ont@) 2 Vcont)

0B?

where 01 and ~ycont are as above. Lastly we substitute for d.ony and 47 into
the boundary condition for V5, namely Vo = 8B (51 — %ﬁécom — %ﬁBvcom), to
find that the two conditions are identical, and hence so are the corresponding
correction terms. This shows that the BGK correction is, in these cases, an
order more accurate than originally claimed; one wonders whether it is accurate
to higher order still.

4 Discussion and extensions

4.1 Summary

In summary, we have shown the following: Suppose we have a down-and-out
contract with barrier B and specified payoff for S > B (it does not matter
what). Suppose also that the same option is sampled discretely with reset time
AT, and that € = /AT is small. Then we can calculate an outer expansion

VOUer Voot (S, t; B) + €V4 (S, t) + eng(S, t)+ 0(63),

valid far above the barrier. Furthermore, we have the effective boundary con-
ditions
Vl (B7 t) = ﬁBécont (t)

and

ValB.0) = 98 (010~ 5 (5~ o1 ) b))

for the functions V3 (S,t) and V2(S,t). There are simple representations of these
functions in terms of vanilla option values given in (8) and (9) respectively. We
can also calculate an inner expansion of the form

V&nner ~ € (’01(1'77') + 61)2(1',7') + 0(62)) 5

valid near the barrier. The functions vy (x,7) and va(x,7) can be expressed in
terms of Spitzer’s function h(x,7) as given in (5) and (6) respectively. The
outer and inner expansion together give a complete description of the solution.
For convenience, we have also introduced a composite expansion of the form
‘inner4-outer-common’, which is uniformly valid and is given in Section 3.6.
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4.2 Other contracts

The method above can be extended to almost any European style contract
(American contracts are discussed in [9]). The important feature to note is
that it is the barrier Delta and other Greeks of the continuously sampled option
that determine the higher-order corrections, rather than (as implied by the
BGK approach) a shift in the barrier (i.e. using the barrer sensitivity of Viont),
although in many common cases the end result is the same.

Up-and-out options

The appropriate modifications for up-and-out options are simple. The solution
in the inner region is now —h(—zx, 7) rather than h(z, 7), and this has asymptotic
behaviour = — [ as © — —oo, thereby giving the first-order effective boundary
condition as V4 (B, t) = —Bdcont(t) with a change of sign from the down-and-out
case. The second-order correction proceeds similarly.

Rebates

Some barrier options pay a rebate R on knock-out. Consider, for example, a
down-and-out call with rebate R. Its continuously-sampled value is that of the
same call without rebate, plus R times a standard American digital call paying
$1 if S falls to B, so we just need to value the latter. The difference from the
previous case is that we now take V4 = R on the barrier. The outer solution
procedure is as before, as is its expansion near the barrier. However, the inner
solution now has the expansion

v(x,7) ~ o, T) + evy (2, 7) + Eva(, ) 4+ -+ -,

and we note immediately that vg = R is plainly a solution to the new leading-
order inner problem with the appropriate periodicity. We find that vy (z,7)
is, exactly as before, equal to Bdcont(t')h(x,7), and so the first-order effective
boundary condition remains as Vi (B,t') = Bdcont(t'). At second order, however,
we have

8'02 1 82’01 02’01 8'01

or 2 0xz2 7z6x2 +a1%

—aR, —oco<zx<oo,
with 1
vo(z,T) ~ §BQ%Om(t')m2 + Bo,(t")x + Va(B,t') asx — oo,

where now ~.ont contains an extra term due to the rebate, being equal to
—2a10¢ont /B + 200 R/ B?. A particular solution for ve(x,7) is the function

1 0
3 <:L'v1 — x2av;) — a1zv; — o R,

but this is not periodic in 7. However, using the integrated Spitzer function
h(M (2, 7) introduced in Section 3.3, we find that
1 2 81}1

3 (xvl —x (’9:5) — a2V + asR (—7’ + Qh(l)(x, T))
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does satisfy the periodicity conditions. The behaviour of this particular solution
at infinity is

Bigcont (a1x2 + ﬂx(% - a1)> + asR ((:v + 8)% - i) +o(1).

Again, the quadratic terms match automatically, and the remaining linear match-
ing can be achieved by adding a multiple of h(x, 7) to find that

1 0
1)2(1'77') :5 <x’l}1 _ x2avxl> — 1TV —|— B ((51 — ﬁ(% — al)écom) h(x,T)

+asR (—T + 20 (z, 7')) — 2a8Rh(x, 1),

and so the O(1) matching gives the second effective boundary condition

1
ValB.Y) = BB (01() = (3 ~ a1)ouns(t) — 0ot (4 1 )
The new contribution (the last term on the right) means that V; is decreased
by a multiple of the continuously sampled American digital put; its cost reflects
the time value of paths spent ‘between the barriers’.

Double Barrier Options

We briefy describe the extension to discretely sampled double barrier knock-
out options (an approximation for these contracts is discussed in [7]). It is
straightforward to see that to O(e) the approximation is given & la BGK by the
value of the continuous barrier option with a shift of the upper barrier by Se
and the lower barrier by — (e or, as in our view, determined by the barrier Delta
and other Greeks. Note that many double barrier contracts will be subject to
increased error due to a payoff discontinuity at one or other barrier.

We consider a knock-out option with knock-out conditions at the lower bar-
rier B_ and the upper barrier By. The solution can be either represented as
sums of images, which works well when the time to expiry is large, or as a
Fourier series, which works well for small time to expiry. The continuously-
sampled value in terms of the sums of images is given by

Veout (8,8) = Y (By/B-)"0 20V, (B4 /B-) "5, 1)
- i (S/B-)' 2 (B4 /B-)"'* V)V, ((B+/B-)*" B2 /S, 1)

where V4 is the vanilla contract with the same payoff P(S) (extended by zero
outside the barriers), or as the Fourier series

Veont (S, 1) = B_e(1=200)y/2-(1=2a1)*t' /4—ast'/2 Z C,, sin (Ey) e~ /a?
a

n=1
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with y = log(S/B_), a = log(B+/B_), and the Fourier coefficients

/ (1-20)¢/2p(p_¢ )sm( g) de.

Cn = aB_

For simplicity we work only to O(e), and then the effective boundary condi-
tions for V1(S,t) at S = B_ and S = B, are

‘/I(B—ytl) = ﬁB—ACOnt(B—7 t/)

and
Vl (B+7 t/) = _ﬁB-ﬁ-Acont (B—i-a t/)7

respectively. It remains to calculate V1(S,t). This can be achieved by trans-
forming the Black-Scholes equation into the heat equation (with a diffusivity of
1, not %) via the transformation

Vl(S, t) — B,6(1_2a1)y/2_(1_2a1)275//4_&275//211,1(y,tl)

and subsequently applying the Laplace transform in ¢, with the result that

u (y, / Z{u1 (0,) + (=1)*uy (a, )} <’“;> sin <"Zry) e "

At this point one can choose between the representations of the boundary con-
ditions as sums of images or as a Fourier series and perform the integration
numerically. Using the Fourier series representation one can perform the s-
integration explicitly, to find that (recall that y = log(S/B-))

Vi(S,t) = ﬁB 6(172(11)y/27(172o¢1)2t’/47a2t’/2

km k2n2
b — B 1
XZ {aksm( )—i— kcos(@y)}e (10)

with the coefficients a and by given by

kaQth, + s nk:Cn e_ﬂzaz(nz_lg)t//az 1
2a2 k% —n?

n#k

ap =

and

2 k2Cy > L nkCh [ 2302 2002
b= (—D)M I 4 Y () (et _y)
ntk

respectively.
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4.3 Time-varying reset schedules, local volatility models
and jump-diffusion

The solutions described above can be extended to a variety of models including
smoothly time-varying reset schedules and local volatility models. If the rest
interval is ATy f(t), where f is a smoothly varying O(1) function of ¢, we define
€2 = 02 AT, and proceed as above; the principal difference is that the local time
interval between resets is no longer 1 but instead is f(¢), and 2 and 7 must
be rescaled accordingly in order to apply the formulae given earlier (i.e, 7 is
scaled with f(t) and « with y/f(¢)). Similar remarks apply to local volatility
models, in which o = 0¢X(S5,t); we use og to define € and then rescale z and
7 accordingly; see [6] for more details. Finally, in a standard jump-diffusion
model, the contribution from the jump term occurs at the same level as the
discounting term —rV in the Black—Scholes equation, so does not contribute to
the inner expansion to the order of accuracy considered here, reflecting the very
small probability of a jump from the inner region between reset times (see [12]
for more details).

5 Conclusion

We have described a matched asymptotic expansions approach to the issue of
discretely sampled barrier options. We give a complete description of the value
function, with two alternative forms of the composite expansion, of which one
is uniformly valid but suffers from discontinuities, while the other is invalid
far below the barrier but is smooth. A striking feature of our analysis is the
excellence of the BGK approximation, and the reason for this is an interesting
question for future research.
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