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Classical Test Theory 

𝑥𝑖 = 𝑡𝑖 + 𝑒𝑖 Observed score on X for individual i is equal to the true 
score T of individual i plus random measurement error.  

E(e) = 0 

σte = 0 

The expected value of the errors is zero. 

The covariance of the true score and the error is 
zero.  

E(X) = E(T) The expected value of the observed  is equal to the 
expected value of the true score. 
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𝜎𝑥
2 = 𝜎𝑡

2 + 𝜎𝑒
2 + 2𝜎𝑡𝑒 

 

Classical Test Theory 

The variance of the observed score is equal 
to the variance of the true score plus the 
variance of the error plus twice the 
covariance of the true score and the error. 

𝜎𝑡𝑒 = 0 By assumption. 

𝜎𝑥
2 = 𝜎𝑡

2 + 𝜎𝑒
2 

𝜎𝑡
2

𝜎𝑥
2 

The correlation of the true score with the 
observed score. The ratio of true score 
variance to observed score variance. The 
proportion of observed score variance that is 
true score variance. The Reliability. 
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Classical Test Theory 

How to estimate reliability 

1. Needed: 
1. At least two measures. 
2. Some assumptions. 

𝜎𝑒
2 = 𝜎𝑒′

2  

 

The error variance of the first measure (e) is equal to 
the error variance of the second measure (e’). Called 
tau equivalence. 

𝜌𝑥𝑥′ =
𝜎𝑥𝑥′

𝜎𝑥𝜎𝑥′
≡

𝐶𝑜𝑣(𝑥𝑥′)

𝑆𝐷 𝑥 𝑆𝐷(𝑥′)
 

The correlation between two measures, x and x’, is 
the ratio of their covariance to the product of their 
standard deviations. 

≡
𝜎𝑡

2 + 𝜎𝑡𝑒 + 𝜎𝑡𝑒′ + 𝜎𝑒𝑒′

𝜎𝑥𝜎𝑥′
≡

𝜎𝑡
2

𝜎𝑥
2 

Expand the covariance and eliminate all terms 
assumed to be zero. If we can assume at least tau 
equivalence then reliability is estimated by the 
correlation between two measures. 
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Classical Test Theory 

𝜎𝑡
2 = 𝜎𝑥

2𝜌𝑥𝑥′  If you accept the assumptions then it follows that the 
true score variance is the product of the observed score 
variance and the inter-item correlation.  

From which it follows that if you know the reliability of a 
measure you can correct for random measurement 
error. 

Random measurement errors will attenuate the 
correlation between two variables. 
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Consequences of measurement error 

Consider two variables Y and X   drawn from a bivariate normal distribution with μ1 = μ2 = 0, σ1 = σ2 = 1 and ρ 
=0.4. 
 

This implies that 𝑦𝑖 = 0.4𝑋𝑖 + 𝜀𝑖  . This is the data generating model. 
 
Now add random error to Y so the Y* = Y + E. E is drawn from N(0,1) 

 
This implies that yi

∗ = 0.4𝑋𝑖 + 𝜀𝑖 .  
 

Adding random measurement error to Y does not affect β (but it does affect the residual 
variance) 

 
Now add random error to X so the X* = X + E. E is drawn from N(0,1) 

 
This implies that yi = 0.2𝑋𝑖

∗ + 𝜀𝑖 . 
 

Adding random measurement error to X does affect β. It biases it towards 0. 
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Consequences of measurement error 

Consider three variables Y, X and Z   drawn from a trivariate normal distribution with: 
 
 μ1 = μ2 = μ3 =0;   σ1 = σ2 = σ3 = 1 and ρYX = ρYZ =0.4 and ρXZ = 0.2 
 

 
This implies that 𝑦𝑖 = 0.33𝑋𝑖 + 0.33𝑍𝑖 + 𝜀𝑖  . This is the data generating model. 

 
 
 
Now add random error to X so the X* = X + E. E is drawn from N(0,1) 
 
 
This implies that yi = 00.16𝑋𝑖

∗+ 0.37𝑍𝑖
∗ +  𝜀𝑖 . 

 
 
Adding random measurement error to X  biases β1 downwards towards 0 and  in this case β2 upwards.  
In general β2 will be driven away from its conditional value towards its marginal value 
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Four item Guttman scale with errors 
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