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ABSTRACT
Linear wave theory predicts that in a random sea, the shape

of the average wave is given by the scaled autocorrelation func-
tion — the “NewWave”. However, the gravity wave problem is
non-linear. Numerical simulations of waves on deep water have
suggested that their average shape can become modified in a
number of ways, including the largest wave in a group tending
to move to the front of the group through non-linear dispersion.
In this paper we examine whether this occurs for waves in the
Norwegian Sea. Field data measured from the weather ship Po-
larfront is analysed for the period 2000 to 2009. We find that, at
this location, the effect of non-linearity is small due to the mod-
erate steepness of the sea-states.

NOMENCLATURE
Hs Significant wave height
t Time
Tz Zero-crossing period
s Steepness of the sea state
BFI Benjamin-Feir Index
Qp Quality factor
f Frequency
fp Peak frequency
η Surface elevation
α Relative wave crest height
B NewWave based relative envelope height half period away

from peak
kp Dominant wave number

d Water depth from the mean water level
g Gravitational acceleration
m0 Zeroth moment of the variance density spectrum
S Variance density spectrum
ηp Preceding crest height
η f Following crest height
ηmax Maximum crest height
ηH Hilbert transformed elevation
U Wave envelope

INTRODUCTION
There is much academic and engineering interest in the

dynamics of extreme waves, sometimes called freak or rogue
waves, in the open ocean [1–3]. In the present paper we focus on
the shape of extreme events in the open ocean and how this may
be modified relative to linear theory by non-linear physics. In a
linear model of ocean waves, the expected shape of an extreme
event is symmetrical and is essentially a scaled auto-correlation
function (and thus dependent on the energy spectrum) [4–6].
A series of papers on isolated wave-groups [7–9] and random
seas [10, 11] predicted that the expected shape in non-linear the-
ory is slightly different with:

1. The largest wave moving to the front of the wave-group;
2. The group expanding in the lateral direction relative to linear

theory;
3. The group contracting in the mean wave direction relative to

linear theory.
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These conclusions are somewhat contradicted by a recent numer-
ical study by Fujimoto et al. [12] where more realistic ocean
energy spectra are considered. Further work suggests that the
changes predicted above are, to some extent, caused by spectra
which are out of equilibrium and therefore these changes might
be smaller in the open ocean.

The first paper to examine whether these changes can be ob-
served in field measurements in the open ocean was by Gemm-
rich & Thomson [13]. They observed some small departures
from linear theory for the steepest waves in apparent agreement
with theory, although this is not what they concluded in their pa-
per. Tang et al. have followed this with an analysis of waves on
Lake George in Australia and the North Sea. They found sig-
nificant non-linear physics present in the very steep and narrow-
banded lake data, but only very small changes present in data
measured in the North Sea, although these findings were consis-
tent with theory.

In the present paper we extend the analysis of Tang et al. to
a dataset measured in the Norwegian Sea. This is much deeper
water than previous studies and a location which is exposed to
a long fetch and therefore primarily to ‘old’ waves. The wave
climate measured is severe with some large waves. However, the
sea-states are generally not particularly steep or narrow-banded
as would be expected from the location. We present some back-
ground analysis of the data and sea-states included in this study
before analysing the data for asymmetry around the large waves
and for departures in the length of an extreme wave group from
linear theory.

DATA
This paper analyses the extreme gravity waves recorded by

a weather ship at the Norwegian Sea. We first present a brief
background information of the dataset in the first part, which is
followed by some detailed parameters to fully describe the sea-
state.

Description of Norwegian Sea Data
Surface elevation measurements of the Norwegian Sea are

taken from OWS Polarfront, the last weather ship in the world,
which was withdrawn from operation at Station Mike in late
2009. This weather ship has been monitoring the ocean environ-
ment, including wave statistics Hmax (approximately the average
height of the largest third of the waves) and Hmax (the largest
wave height recorded), for over thirty years using a Ship-Borne
Wave Recorder (SBWR). This is a system developed by the UK
National Institute of Oceanography and its operation principle
is illustrated by Tucker and Pitt [14]. Over the past decades,
research work has validated SBWR measurements and yielded
the conclusion that the SBWR is a reliable system with rela-
tively high accuracy. Graham et al. [15] validated the SBWR

measurements with the WaveRider buoy and found that although
the significant wave height Hs of the sea-state is 8% larger than
the buoy data, the extreme values, which are crucial for this pa-
per, are fairly consistent. Clayson [16] performed another similar
comparison between SBWR and a WaveRider buoy that was con-
ducted specifically for this weather ship (OWS Polarfront), which
also showed a satisfactory consistency between these two meth-
ods. Moreover, after analysing the SBWR measurements in the
Rockall Trough, Holliday [17] also concluded that the SBWR is
an acceptable device for obtaining wave elevations in deep water.

The OWS Polarfront recorded wave environment for over
thirty years. For the last ten years (2000-2009), the water el-
evation was recorded at a sampling frequency of 1.7 Hz for
thirty-minute periods. The thirty-minute wave elevation record
was taken for every ninety minutes between the start of 2000
and the 250th day of 2004. After that, the wave elevation was
measured more frequently providing thirty-minutes of wave data
for every sixty minutes. This dataset has been described fully
in [18] and [19]. No significant influence was observed due to
the change of sampling period for the last six years [20]. Dur-
ing this ten-year measurement campaign, free drift of the ship
was allowed within a circle of 32 km in radius around the mea-
surement site Mike (66◦N, 2.2◦E), which is shown in Fig. 1. If
the ship crosses the boundary of the measurement site, the en-
gine will drive the ship to return to the centre of the site. During
the periods in which the engine was active, some abnormal freak
waves are found and discarded. Apart from returning to the cen-
tre of the station, the ship returned to the harbour for three days
out of every 28 days, which is recorded by the navigation files,
and the recordings during this period are excluded from further
analysis in this paper.

Besides rejecting certain time series due to ship movement
and off-site positioning, more data are filtered out by a rigor-
ous data quality control process following the approach of [21].
Additionally, the data with maximum elevation less than 1 m is
also ignored in the following analysis to avoid relatively young
waves created by strong local winds contaminating the results. A
total of 70,971 thirty-minute time series have passed the quality
control process and are used in this analysis. Although the wa-
ter depth may vary a bit within the 32 km measurement site, the
average water depth from the mean water level is over 2 km,
which gives a relative water depth (kpd) of a number always
much larger than 3. Thus, all the waves we analyse herein are
deep water waves.

Background Sea State
The background sea-state varies significantly during the

measurement period, especially during winter, which leads to the
significant wave height varying from 0.6 m to 15.18 m during the
winter storm in Fig. 2. The maximum wave height during these
extreme conditions could be as large as 25.57 m. The domi-
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FIGURE 1. LOCATION OF OCEAN WATER STATION MIKE

nant frequency varies from 0.4 rad/s to 1.54 rad/s, which agrees
with other field measurements in open ocean [21]. To exam-
ine the non-linearity of the background sea-state, lines of con-
stant mean steepness of the sea-state are also presented in Fig. 2,
where steepness is defined as

s =
2π

g
Hs

T 2
z
. (1)

From Fig. 2, the steepness values of the sea-state generally agrees
with other field measurements.

Another important parameter for describing the non-
linearity of the sea-state is the Benjamin-Feir Index (BFI) in-
troduced by Janssen [22]. Although the BFI is not a perfect
parameter for measuring the non-linearity (it does not contain
any information on directional spreading, which is known to be
important), it is closely associated with third order non-linear
physics. To compute the BFI for random time series, we used
the approach introduced by Serio et al. [23], which gives the BFI
based on quality factor and steepness for deep water waves:

BFI =
√

m0kpQp
√

2π, (2)

where m0 can be computed as H2
s /16. Qp is the quality fac-

tor presented by Goda [24], which can provide an estimation of
spectral bandwidth without being affected too much by the cutoff

frequency [25]. Qp is given as:

Qp =
2

m02

∫
∞

0
f S2( f ) d f . (3)

A higher Qp value indicates a narrow-banded spectrum.
Based on Equation 2, we present the quality factor and steepness
of the sea state for each time series in Figure 3 with constant lines
of BFI. It is also remarkable that despite having several measure-
ments with relatively high BFI values, no time series have a BFI
value greater than 1, which is theoretically the critical value for
wave stability [22, 26]. This result is consistent with the similar
analyses of the waves in the North Sea and the Lake George.

Typical Spectrum
The wave spectrum is one of the most important tools for

analysing the sea-state. The wave spectrum varies over time, and
each individual time series has a unique wave spectrum. How-
ever, we believe it is still useful to present a typical omnidirec-
tional wave spectrum from one time series with its zero-crossing
period and significant wave height close to the mean value of
the whole database, which is shown in Fig. 4. This spectrum
could provide an insight into the energy distribution computed
from a typical measured sea-state around the measurement site.
To compute this spectrum, the time series is divided into 20
non-overlapping segments with a Tukey window before the Fast
Fourier Transform to avoid spectral leakage. The final spectrum
is then computed simply by averaging among all the segments to
smooth the results. The final spectrum is also normalized by the
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peak frequency of the individual time series.
Although the spectrum is similar to the typical spectrum

computed from open ocean around the peak frequency and high
frequency tail, the energy in the low frequency range is signif-
icantly larger than the typical spectrum reported by other Eule-
rian field measurements [27, 28]. This could be due to the data
analysed here being captured by the SBWR, which is a semi-
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FIGURE 4. TYPICAL SPECTRUM

Lagrangian measuring device. As the ship itself will tend to
move with the wave, the SBWR installed on the both sides of
the boat cannot provide accurate Eulerian measurements of the
surface elevation. Instead, some characteristics reported in La-
grangian measurements such as an absence of the second order
sum term and greatly amplified difference interactions [29, 30]
can be found in the time series. This also leads to most of the time
series in the dataset having negative skewness, which makes the
linearization process following the approach of [31] extremely
difficult. Hence, the results we present in this paper include some
of the bound wave effects.

Apart from the relative bandwidth and steepness, directional
spreading is also a key factor for the impact of non-linear physics
on open ocean waves. Unfortunately, due to the limitation of
the measuring device, there is no directional information avail-
able in the database analysed in this paper. Although there is
some directional information that can be inferred from an Eule-
rian point measurement [32, 33] the semi-Lagrangian nature of
this database means the sub-harmonics cannot be extracted as
clearly as required for this technique.

RESULTS

In this section, the horizontal asymmetry of the largest
waves in each random time series will be investigated using two
parameters: the relative crest height near the largest crest and
the envelope height on either side of the envelope. Both param-
eters present the horizontal asymmetry of the largest waves in a
slightly different aspect but both of them are closely related with
the non-linearity of the background sea-state.

Analysis of Raw Time Series

We start by looking at the relatively raw time series but with
proper quality control processes. This will help us to demonstrate
that the results observed herein is not introduced by the post-
processing procedure.

To access the horizontal asymmetry properties of the largest
waves in each of the elevation time histories, we first find the top
five largest crests/waves in each records. An additional check
on this extraction procedure confirms that these largest waves
must have a distance of at least two zero-crossing periods be-
tween them, which prevents analysing two crests from the same
wave packet. Afterwards, the height of the preceding crest (ηp)
and following crest (η f ) are calculated, which are then compared
with the largest crest height (ηmax) found previously. This gives
the first parameter α for measuring the horizontal asymmetry of
the field measurements and the non-linear impact on the average
shape of the largest events as the linear theory (NewWave) [4–6]
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predicts these to be symmetrical. The α is defined as:

αpreceding =
ηp

ηmax
, α f ollowing =

η f

ηmax
. (4)

All of the raw time series that have passed the quality control
procedure are processed and the value of αpreceding and α f ollowing
are computed from the average shape of top five largest crests
in each recording. These α values are then divided into several
bins based on two main parameters of the background sea-state:
steepness and the normalized maximum elevation (ηmax/Hs),
which is the ratio of the maximum elevation in each time se-
ries to the significant wave height. The steepness is an important
parameter for describing the non-linearity of the sea-state, and
the normalized maximum elevation presents the significance of
the largest wave compared with the underlying sea-state. The
average value of αpreceding and α f ollowing in each bin are com-
puted and presented in Fig 5. We have also computed the error
bar based on the bootstrapping method [34] to provide a 90%
confidence interval of the mean value in each bin.

In Fig. 5 (left), α is categorized by the normalized maximum
elevation, which shows a clear separation between αpreceding and
α f ollowing for high normalized maximum elevation values. This
indicates that the wave in the front of a large wave tends to be
smaller than the one following it when the random time series
contains sufficiently large waves compared to the background
sea-state. However, this horizontal asymmetry is not very clear
when there is no rogue waves (i.e large wave relative to the back-
ground sea-state) occurring within the time series. This tendency
of horizontal asymmetry is consistent with the numerical simu-
lation [10].

Furthermore, both αpreceding and α f ollowing tend to decrease
for higher normalized crest height, which suggests a larger wave
tends to have both smaller relative preceding crest height and
following wave height. This might be due to the non-linear con-
traction of the wave envelope but could also simply be due to the
bound harmonics. As mentioned in the previous section, we find
it rather difficult to linearize the data; thus no simple conclusion
can be drawn from this trend.

In Fig. 5 (right), all αpreceding and α f ollowing values are di-
vided into different bins based on the steepness of the sea-state.
For the mild sea-states, the difference between αpreceding and
α f ollowing is minimal. Horizontal asymmetry only appears at
relatively steep sea-states, which indicates this horizontal asym-
metry is closely related with non-linear physics. There is no
clear correlation between α and steepness, which may due to the
bound harmonics. Both the overall trend and the detailed value
of α shown in Fig. 5 are quite similar with the data captured in
the North Sea, which further suggests that horizontal asymmetry
can be found in the open ocean.

For the behaviour of large waves, the αpreceding and

α f ollowing values for wave records with Hs larger than 6 m is also
presented in Fig. 6 as these are the waves which are most sig-
nificant for offshore engineering. From Fig. 6, the horizontal
asymmetry is still clear for relative high normalized maximum
crest height and steepness. However, the overall tendency is less
significant due to the significant decrease in the total number of
wave records analysed.

Analysis of Envelope

To further investigate the horizontal asymmetry shown in the
previous subsection, the horizontal asymmetry properties of the
envelope is examined herein. The envelope of a random time
series can be obtained following the approach of [35]:

|U |=
√

η2 +η2
H . (5)

To examine the asymmetric properties of the envelope, the
envelope profiles of the top five largest waves are calculated and
normalized by the maximum envelope height. Due to this dataset
having a relatively low sampling frequency, an up-sampling pro-
cedure was performed with a high order polynomial fit. The best
fit line were carefully compared with raw data to avoid introduc-
ing extra error into further analysis. The envelope profiles are
then averaged within each individual time series. However, the
shape of these envelopes are influenced by the underlying spec-
trum of the sea-state. Hence, these envelopes are compared with
envelopes based on the expected shape of an extreme event in
linear theory (NewWave) [4–6] to ensure that any observed trend
is not due to the correlations between steepness and bandwidth.
The NewWave profile with unity amplitude is given as:

η(t) =
1

m0

∫
∞

0
S( f )cos(2π f t)d f . (6)

During this calculation, an assumption is made that the mea-
sured spectrum can be approximated as the linear spectrum due
to the difficulties in linearizing the field data. To investigate
the difference between the measured envelope and the envelope
predicted by the linear theory, the height of the averaged en-
velope at a distance of a half zero-crossing period away from
the maximum envelope position on both sides are computed as
|U |preceding and |U | f ollowing for both measured envelope (see Fig.
7 as an example) and NewWave envelope. A parameter B is in-
troduced to quantify the difference between measured envelope
and NewWave envelope for each time series, which is defined as:
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Bpreceding =
|U |preceding,measured

|U |preceding,NewWave
,

B f ollowing =
|U | f ollowing,measured

|U | f ollowing,NewWave
.

(7)

In Fig. 8 (left), the NewWave-based relative envelope
height B is categorized based on the mean steepness of the sea-
state. The difference between preceding and following enve-
lope heights at half zero-crossing period away is clear. As the
NewWave envelope is always symmetrical about the maximum
envelope position, the observed difference suggests that the mea-
sured envelope tends to have a steeper front and a flat tail, which
further confirms that horizontal asymmetry can be found in the
open ocean. Additionally, this horizontal asymmetry is enhanced
by the mean steepness of the sea-state as the difference between
preceding envelope height and following envelope height greatly
increases for higher steepness in Fig. 8. This suggests that the
horizontal asymmetry properties of open ocean waves are greatly
dependent on the non-linearity of the sea-state, which also agrees
well with the previous numerical simulation [10].

All the B values in Fig 8 (left) are quite close to 1, which sug-
gests NewWave is still a good approximation for extreme events
in the open ocean, which agrees well with previous findings [36].
However, the change in the group bandwidth relative to that pre-
dicted by linear theory and described in [9] is not observed in
Fig. 8. To further investigate this property, the mean value of
NewWave-based relative envelope height Bmean is calculated for
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both measured envelope and NewWave envelope as:

Bmean =
|U |preceding,measured + |U | f ollowing,measured

|U |preceding,NewWave + |U | f ollowing,NewWave
. (8)

In Fig. 8 (right), the mean value of Bmean is categorized by
the mean steepness of the background sea-state. From Fig. 8
(right), the ratio between the mean value of the envelope height
are close to unity for the sea-state with low steepness, which in-
dicates there is no significant contraction in the mean wave di-
rection and NewWave captures the group bandwidth accurately.
However, there is a slight decreasing trend in Bmean values at rel-
atively high steepness cases, which indicates the measured en-
velope tends to contract when the background sea-state is more
non-linear. This trend is not as significant as the previous nu-
merical simulations [11] and field measurements, the discrep-
ancy might be due to the parameter introduced here being quite
sensitive to bound harmonics, which is found to be difficult to
exclude from the analysis.

DISCUSSIONS
In this paper, we have investigated the asymmetric proper-

ties of large random waves in the Norwegian sea. We found that,
on average, the wave in front of a large wave is smaller than the
wave coming after it. In our view, the most probable explanation
of this phenomenon is due to the non-linear dispersion relation-
ship, in which, the largest wave tends to travel faster than the
small wave and hence moves to the front of the wave group. This
non-linear physics has been explored by Adcock et al. [10] with
numerical simulations for realistic directional spread seas. Ad-
ditionally, the asymmetry observed in these data is also closely
related with the mean steepness of the sea state, which agrees
well with numeric results [8, 10] and further confirms that this
phenomenon is closely related with non-linear physics.

We have also analysed the change in the shape of the enve-
lope of large events. We found that the envelope of large events
generally has a steep front and a flat tail when compared to the
envelope predicted by the linear theory. This tendency is also
more significant in the sea-state with relatively high steepness.
This further supports the asymmetric property found previously
between the preceding wave and following wave and its correla-
tion with the steepness of the sea-state in terms of the raw time
series.

Additionally, the change in the mean envelope height at a
distance of half zero-crossing period away from the maximum
point is also investigated. The results show some minor de-
creases in the mean envelope height at relatively high steepness,
which might suggest that the envelope contracts in the mean
wave direction, although it is hard to say definitively. When
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compared with other field measurements and numerical predic-
tions, the contraction in the mean wave direction is not as signifi-
cant for this dataset.This may be due to the measurement method
or because this phenomenon is not present in the dataset. One
possible reason for the insignificant contraction can be that this
dataset has relatively low steepness, when compared with severe
winter storms in the North Sea [21]. The effects studied here
are known to be very sensitive to non-linearity [11]. Addition-
ally, semi-Lagrange data measurement leads to huge difficulties
in eliminating the effects from bound harmonics, which may al-
ter the shape of the measured envelope. Low sampling frequency
also causes incomplete description of the elevation time series in
the Norwegian sea, which could potentially have some impact on
the calculated envelope. Based on these limits of the dataset, we
cannot draw any solid conclusion in the change in the width of
the envelope and influence of the bandwidth on this asymmetric
property.

Apart from the non-linear dispersion relationship, there may
be some other causes leading to the results we demonstrated in
this paper. One possibility is the local wind/wave interactions,
which is believed to have an impact on underlying Gaussian dis-
tribution [37, 38]. As strong local wind is also closely related
with steep and narrow-banded sea-states, which happen to have
huge impacts on asymmetric properties [3], we cannot rule out
this effect; however, the impact from wind/wave interactions is

usually limited to a single crest [39]. A further possibility is that
the asymmetry observed is in some way connected to the semi-
Lagrange nature of the measurements.

Although there may be other causes that can lead to the re-
sults reported here, since the horizontal asymmetry has a strong
correlation with the steepness and the results agree well with the
numerical simulations [10], we are confident that non-linearity
provides the most probable explanation for the results. Addition-
ally, the statistics obtained from the large dataset also shows that
the wave behaviour departs from that predicted by linear theory.
However, due to the moderate steepness and the broader spec-
trum of the sea-states, the modifications from non-linear physics
is small and can only be seen for steep sea-states and with a large
amount of data available. For a location with spectra like those
studied here, it would be reasonable to neglect this effect in engi-
neering calculations. However, although small, we believe this is
a robust feature for ocean waves since this phenomenon has been
reported from different datasets in the open ocean. The broaden-
ing of the wave crest, which is predicted to occur in lower steep-
nesses [40], may be more common in the open ocean than the
effect analysed in this paper and ultimately of more engineering
importance.
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