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We construct the moduli spaces of stable maps, Mg,n(Pr, d), via geometric invariant
theory (GIT). This construction is only valid over Spec C, but a special case is a GIT
presentation of the moduli space of stable curves of genus g with n marked points, ﬂg,n;
this is valid over Spec Z. In another paper by the first author, a small part of the argument
is replaced, making the result valid in far greater generality. Our method follows the one
used in the case n = 0 by Gieseker in [9], 1982, Lectures on Moduli of Curves to construct

/\_/lg, though our proof that the semistable set is nonempty is entirely different.

1 Introduction

This paper gives a geometric invariant theory (GIT) construction of the Kontsevich-
Manin moduli spaces of stable maps /Vg,n(Pr, d), for any values of (g, n,d) such that
smooth stable maps exist. From this we derive a GIT construction of all such moduli
spaces of stable maps ﬂg,n(X,ﬂ), where X is a projective variety and B is a discrete
invariant, understood as the homology class of the stable maps. Although the first part

of the construction closely follows Gieseker’s construction in [9] of the moduli spaces
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of stable curves ﬂg, our proof that there exist GIT-semistable n-pointed maps uses an
entirely different approach.

Some results of this paper are valid over Spec Z. The GIT construction of
ﬂg,n(P’, d) is in fact only presented in this paper over C, though it can be extended
to work much more generally (see [3]). However, a special case of what we prove here is
a GIT construction of the moduli spaces of n-pointed curves, ﬂg,n, which works over
Spec Z. A GIT construction of Mg,n does not seem to have been published previously for
n > 0.

When constructing moduli spaces via GIT, one usually writes down a param-
eter space of the desired objects together with some extra structure, and then takes
a quotient. In our case, following the construction of [8], this extra structure involves
an embedding of the domain curve in projective space. Given an n-pointed stable map

f:(C,x,...,%,) — P, we define the natural ample line bundle

Li=wclx;+ 4+ %) ® ffOprlc)

on C, where cis a sufficiently large positive integer, as shall be discussed in Section 2.4.
Choose a sufficiently large so that £¢ is very ample. We fix a vector space of dimension
h°(C, £%) and denote it by W. A choice of isomorphism W = H(C, £%) induces an embed-
ding (C, x1, ..., x,) C P(W) and the graph of the map fis acurve (C,x,...,%,) C P(W)x P".

For our parameter space with extra structure, then, we start with the Hilbert
scheme Hilb(P(W)x P") x [[,(P(W)x P"), where the final factors represent the marked
points. There is a projective subscheme, I, the incidence subscheme where the n points
lie on the curve. This is in fact the Hilbert scheme of n-pointed curves in P(W) x P". We
identify a locally closed subscheme J C I, corresponding to stable maps which have
been embedded as described above. This subscheme is identified by Fulton and Pand-
haripande; they remark ([8], Remark 2.4) that /Vg,n(Pr, d) is a quotient of J by the action
of SL(W), and should be presentable via GIT, though they follow a different method.

The main theorems of this paper are stated at the beginning of Section 6. The GIT
quotient J//; SL(W) is isomorphic to M,,,,(P", d) over C, for a narrow but nonempty range
of linearizations L; if we set r = d = 0, we obtain /Vg,n over Z. We prove these results for
n = 0 by generalizing Gieseker’s technique, and then use induction on n.

As alternative constructions of these spaces exist, it is natural to ask why one
would go to the (considerable) trouble of constructing them via GIT, especially since the

construction of this paper depends on the construction of M, ,,(P", d) as a coarse moduli
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space given in [8]. However, this paper paves the way for a construction independent of
[8], over a much more general base, laid out in [3]. The potential stability theorem laid
out here (Theorem 5.19) is more generally applicable; in this form it is also an impor-
tant ingredient in GIT constructions of moduli spaces of stable curves and stable maps
with weighted marked points [27], which have been constructed by other methods ([13],
[21], [1], [5]). The original motivation behind this construction was to use it as a tool
for studying M, by constructing that as a GIT quotient of a subscheme of M, ,, (P, d);
see [4]. Also, once one has a space constructed via GIT, one may vary the defining lin-
earization to obtain birational transformations of the quotient. Such methods may be
relevant to study maps arising from the minimal model program for ﬂg,n and Mg,n(Pr, d);
cf. [14, 15].

The layout of this paper is as follows: Section 2 is a brief review of background
material on the theory of moduli, geometric invariant theory, and stable curves and
maps. Much of the material in this section is standard. However, we need to extend some
of the theory of variation of GIT. Thaddeus [29] and Dolgachev and Hu [7] have a beautiful
picture of the way in which GIT quotients vary with linearization. Unfortunately, these
results are only proved for projective varieties, sometimes with the extra condition of
normality. In addition, the results of [7] are only given over C. We wish to make use of
small parts of this theory in the setting of projective schemes over a field k, and so we
make the elementary extensions necessary in Section 2.3.

Let us summarize the material we shall need from the theory of variation of GIT.
We work in the real vector space of “virtual linearizations” generated by G-linearized
line bundles. One may extend the definitions of stability and semistability to virtual
linearizations. We take the cone within this space spanned by ample linearizations.
Now, suppose a convex region within this ample cone has the property that no virtual
linearization in it defines a strictly semistable point. Variation of GIT tells us that all
virtual linearizations in the convex region define the same semistable set.

In Section 2.4 we review some basic facts about stable curves and stable maps.

Our construction begins in Section 3, where we define the scheme J described
above, and prove that there exists a family C — J with the local universal property for
the moduli problem of stable maps. Here we also lay out in detail the strategy for the
rest of the paper.

Our aim is to show that for some range of virtual linearizations, GIT semistability
implies GIT stability and 7% = J. However, it will be sufficient for us to show that the
semistable set J° is nonempty and contained in J. For, by definition, elements of J

have finite stabilizer groups, and so all GIT semistable points will be GIT stable points
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it 7 C J. An argument involving the construction of ﬂg,n(Pr, d) from [8] allows us to
conclude that if T is a nonempty subset of J, then the quotient J//SL(W) must be the
entirety of ﬂgm(P’, d).

As this argument uses the construction of [8], which is only given over Spec C,
we can only claim to have constructed M, ,(P", d) over Spec C. However, this is only a
shortcut which we use for brevity in this paper. An alternative argument is presented
by the first author in [3], which allows us to conclude from ¢ # J C J that J//SL(W) is
Mg,n(Pr, d) over a more general base.

Within this paper, in the special case where r = d = 0, we obtain M, ,. Gieseker’s
construction of M, in [9] works over Spec Z (although there it is only stated to work over
any algebraically closed field). We may use induction to show that the same is true for
our GIT presentation of Mg,,.

In Section 4, we describe the range of virtual linearizations and general GIT
setup to be used. The longest part of the paper follows. In Section 5, we gradually refine
our choice of virtual linearization so that GIT semistability of an n-pointed map implies
that it is “potentially stable.” The definition of precisely what is meant by this, and the
corresponding theorem, can be found in Section 5.5. With this description of possible
semistable curves, we are able to show in Section 5.6 that GIT semistable curves in J are
indeed in J, at least for a carefully defined range of virtual linearizations. All that is left
is to prove nonemptiness of the semistable set.

A further important fact may be deduced at this stage. We have a range of virtual
linearizations, which is a convex set in the vector space described above. For this range,
semistability is equivalent to stability. It follows that the semistable set is the same for
the whole of our range. Thus, nonemptiness need only be proved for one such virtual
linearization.

In Section 6, we complete the construction by proving this nonemptiness. This is
done by induction on the number n of marked points. Section 6 is therefore divided into
two parts: the base case and the inductive step. In Section 6.2, we follow the methods of
Gieseker and show that smooth maps are GIT semistable when n = 0. This gives us the
required nonemptiness.

The inductive step follows a more novel approach, and is laid out in Section 6.3.
Given a moduli stable map of genus g with n marked points, we attach an elliptic curve
at the location of one of the markings to obtain a new stable map of genus (g + 1),
with (n — 1) marked points. Induction tells us that this has a GIT semistable model, so
we have verification of the numerical criterion for GIT semistability for this map. This

implies GIT semistability of the original stable map for a virtual linearization within
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the specified range. We use the constancy of the GIT quotient for the whole of the range
to deduce the result.

As we talk here about spaces of maps from curves of differing genera and num-
bers of marked points, it is necessary to extend the notation J to Jy 4 to specify which
space we refer to. The crucial result can then be summarized as

—=SS —=SS
Jg+1,n71,d = Jgtin-1d = J;,n,d = Jgnd-

In the special case of genus 0 curves, this induction constructs the moduli space
mo,n for every n > 3; the base case for the induction in this case is mn,o.

In [28], Swinarski gave a GIT construction of mgyo(X, B), the moduli spaces of
stable maps without marked points. Baldwin extended this in [2] to marked points.
This paper brings together the results from those two theses. Finally, we note that
Parker has recently given a very different GIT construction of My ,(P",d) as a quotient
of Mo ,(P" x P!,(d, 1)) in [23].

2 Background Material

There is a certain amount of background material which we must review. Almost all
of this section is standard, although in Section 2.3 we must extend some results on
variation of geometric invariant theory, to work for arbitrary schemes over a base of any

characteristic.

2.1 Moduli and quotients

We shall take the definitions of coarse and fine moduli spaces to be standard. However,
our construction will rely on families which have the following property, which ensures

that an orbit space quotient of their base is a coarse moduli space.

Definition 2.1 ([22], p. 37). Given a moduli problem, a family X — S is said to have the
local universal property if, for any other family X’ — S’ and any s € S, there exists a
neighborhood U of s in S’ and a morphism ¢ : U — S such that ¢*X ~ X'|y. O

Suppose that we also have a group action on the base space S such that orbits
correspond to equivalence classes for the moduli problem. Some sort of quotient seems a

good candidate as a moduli space, but unfortunately in most cases the naive quotient will
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not exist as a scheme. What we require instead is a categorical quotient ([20], Definition

0.5). We need one additional definition.

Definition 2.2. A categorical quotient (Y, ¢) of a scheme X by a group G is an orbit space

if the geometric fibers of ¢ are precisely the orbits of the geometric points of X. O

By definition, a categorical quotient (Y, ¢) is unique up to isomorphism, and ¢ is
a surjective morphism. Now we see that these definitions are enough to provide coarse

moduli spaces, as formalized in the following proposition.

Proposition 2.3 ([22], Proposition 2.13). Suppose that the family X — S has the local
universal property for some moduli problem, and that the algebraic group G acts on S,
with the property that As ~ &; if and only if G - s = G - t. Then

(i) any coarse moduli space is a categorical quotient of S by G;
(ii) a categorical quotient of S by G is a coarse moduli space if and only if it is

an orbit space. 0

2.2 Geometric invariant theory

Geometric invariant theory (GIT) is a method to construct categorical quotients. Details
of the theory may be found in [20], and the results are extended over more general base
in [25] and [26]. More gentle introductions may be found in [22] and [19]. We state here
the key concepts.

Recall that a geometric invariant theory quotient depends not only on an alge-
braic group action on a projective scheme X, but also on a linearization of that action
([20], Definition 1.6), which is a lifting of the group action to a line bundle on X.

Line bundles together with linearizations of the action of G form a group, which
we denote by Pic®(X). An L-linearized action of G on X induces an action of G on the
space of sections of L”, where r is any positive integer. If L is ample, then the quotient

scheme we obtain is

X//1G = Proj P H(X, L=™)°. (1)

n=0

This is a categorical quotient of an open subset of X, but not necessarily of

the whole of X. The rational map X --» X//; G is only defined at those x € X where there
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exists a section s € H°(X, L®™¢ such that s(x) # 0. We must identify this open subscheme,
and also discover to what extent the categorical quotient is an orbit space. Accordingly
we make extra definitions. In the following, we may work with schemes defined over any

universally Japanese ring, and in particular over any field or over Z.

Definition 2.4 (cf. [20], Definition 1.7, and [26], Proposition 7 and Remark 9). Let G be a

reductive algebraic group, with an L-linear action on the projective scheme X.

(i) A geometric point x € X is semistable (with respect to L and o) if there exists
s € H9(X, L®")C for some n > 0, such that s(x) # 0 and the subset X; is affine.
The open subset of X whose geometric points are the semistable points is
denoted X3°(L).

(ii) A geometric point x € X is stable (with respect to L and o) if there exists
s € H%(X, L®")C for some n > 0, such that s(x) # 0 and the subset X; is affine,
the action of G on X; is closed, and the stabilizer G, of x is 0-dimensional.

The open subset of X whose geometric points are the stable points is denoted

X3 (L).
(iii) A point x € X which is semistable but not stable is called strictly semistable.
O
In particular, we shall use the following.
Corollary 2.5 ([20], p. 10). If Gy is finite for all x € X55(L), then X*5(L) = X*(L). O

Now the main theorem of GIT is as follows.

Theorem 2.6 ([20], Theorem 1.10, [26], Theorem 4 and Remark 9). Let X be a projective

scheme, and G a reductive algebraic group with an L-linear action on X.

(i) A categorical quotient (X// G, ¢) of X5(L) by G exists.
(ii) There is an open subset Y* of X//; G such that ¢1(¥*) = X*(L) and (Y%, ¢) is
an orbit space of X5(L). 0

This may all be summarized in the diagram

x(L) € x=(1) T X
J J
open
X°(L)/G S X//,G.
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Stability and semistability are difficult to prove directly; fortunately the analysis is made
much easier by utilizing one-parameter subgroups (1-PSs) of G, i.e. homomorphisms
A : G,, — G. This is the so-called Hilbert-Mumford numerical criterion. It is not used
by Seshadri in [26]; although these techniques probably do work for schemes over Z, we
shall only need them to apply GIT over a fixed base field, k.

In the following we use the conventions of Gieseker in [9], which are equiva-
lent to but different from those of [20]. Note that throughout this paper, we shall use
Grothendieck’s convention that if V is a vector space, then P(V) is the collection of equiv-
alence classes (under scalar action) of the nonzero elements of the dual space V".

Let A : G,, = G bea 1-PS of G. Set x,, := lim;_,g A(t~}!) - x. The group A(G,,) acts on

the fiber Ly_ via some character ¢ — tF. Then set

ut(x, 1) := R.

From this perspective, one may see clearly that the map L ~— ul(x, 1) is a group homo-
morphism Pic®(X) — Z.

For ample line bundles we have an alternative view. Suppose L is very ample,
and consider X as embedded in P(H%(X, L)) =: P. We have an induced action of A(G,,) on
HOY(X, L). Pick a basis {ey, ..., ey} of H(X, L) such that for somery < --- <ry € Z,

At)e; =t'e forall t € Gyy.

If {ey,..., ey} is the dual basis for H°(X, L)Y, then the action of A(t) on HO(X, L)V is given
by the weights —ry, ..., —ry.

A point x € X is represented by some nonzero ¥ = Y ;. , ¢} € H°(X, L)". Let

R := min{r;|x; # 0} = —max{-r;|x; # 0}.

Then —R’ is the maximum of the weights for %, and so x, is represented by X, :=
> n—r %€ . The fiber Ly is spanned by {e;(x-)|0 < i < N}, but the nonzero part of this set
is {€;/(xx)|1; = R'}, where by definition A(G,,) acts via the character ¢t — t¥. Thus

ut(x, 1) = R = min{r;|x; # 0}.
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We shall refer to the set {r; : x; # 0} as the A-weights of x. The crucial property is that,
for ample linearizations, semistability may be characterized in terms of these minimal

weights.

Theorem 2.7 ([21], Theorem 2.1). Let k be a field. Let G be a reductive algebraic group
scheme over k, with an L-linear action on the projective scheme X (defined over k), where

L is ample. Then

x e X*(L) <= u*(x,1) <0forall 1-PS 1 # 0,
x e X5(L) <= u*(x,1) <0 forall 1-PS A # 0.

2.3 Variation of GIT

The semistable set depends on the choice of linearization of the group action. The nature
of this relationship is explored in the papers of Thaddeus [29] and Dolgachev and Hu [7]
on the variation of GIT. Unfortunately for us, these papers deal only with GIT quotients
of projective varieties, sometimes requiring the extra condition of normality. We wish
to present M, ,(P", d) as a GIT quotient J//; SL(W), where the scheme J will be defined
in Section 3.1; as we already know that /Vg,n(P’, d) is in general neither reduced nor
irreducible, we cannot expect J to have either of these properties.

It seems likely that much of the theory of variation of GIT extends to general
projective schemes. We shall here extend the small part that we shall need to use; it is
easier to prove nonemptiness of the semistable set 7 if we have a certain amount of
freedom in the precise choice of linearization. We do not need the full picture of “walls
and chambers” as defined by Dolgachev and Hu in [7] and Thaddeus in [29]; developing
this theory for general projective schemes would take more work, so we shall not do so
here. We shall follow the methods of [7], though we depart from their precise conventions.

We shall assume that X is a projective scheme over a field k. This is more conve-
nient than working over Z and shall be sufficient for our final results. We further specify
for all of the following that the character group Hom(G, Gy,) is trivial; then there is at
most one G-linearization for any line bundle ([20], Proposition 1.4). In particular, this
holds for G = SL(W).

We shall write Pic® (X)r for the vector space Pic®(X) ® R. We shall refer to general
G(

elements of Pic”(X)g as “virtual linearizations” of the group action, and denote them

with a lower case [ to distinguish them from true linearizations, L.
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We shall review the construction of the crucial function M*(x) : Pic®(X)r — R. As
the map u®(x,A) : Pic®(X) — Z is a group homomorphism, it may be naturally extended

to
u(x, ) : Pic¢(X)p > ZQR =R.

The numerical criterion applies for ample linearizations, so we shall be most interested

in their convex cone.

Definition 2.8. The G-linearized ample cone A%(X)r is the convex cone in Pic®(X)g

spanned by ample line bundles possessing a G-linearization. O

Let T be a maximal torus of G, and let W = Ng(T)/ T be its Weyl group. Let X,(G)
be the set of nontrivial one-parameter subgroups of G. Note that X.(G) = UgeG X, (gTg™1).
If dim T = n, then we can identify X, (T) ® R with R". Let || - || be a W-invariant Euclidean
norm on R”. Then for any X in X,(G), define ||A| := ||grg'|| where gAg~! € X,(T). For any

1-PS A # 0, any x € X, and virtual linearization ! € Pic®(X)r, we may set

) Hx, 1)
l(x,2) = 2
e T

Now our crucial function may be defined as follows.

Definition 2.9. The function M*(x) : Pic®(X)g — R U {oo} is defined as

M'(x) := sup ix, 2). O
reX,(G)

Itis a result of Mumford that if L is an ample line bundle, then M’ (x) is finite ([20],
Proposition 2.17); recall that [20] treats GIT over an arbitrary base field k). We observe
that M*(x) is a positively homogeneous lower convex function on Pic®(X)z. Thus M*(x) is
finite-valued on the whole of A%(X)g.

The numerical criterion may be expressed in terms of M!(x). We use M*(x) to
extend naturally the definitions of stability and semistability to virtual linearizations
l € A%(X)g.

Definition 2.10. Let! € A%(X)g. Then

X5() :={xe X: M'(x) <0},
X%() :={xe X: M(x) <O0)}.
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Using lower convexity we may prove the following lemma.

Lemma 2.11. Supposel € A%(X)g. If x is semistable with respect toly, ...,k € Pic®(X)g,
then it is semistable with respect to all virtual linearizations in the convex hull of
ll PR lk. O

Now we may prove the result that we shall need.

Proposition 2.12 (cf. [7], Theorem 3.3.2). Suppose H C A%(X)y is a convex region satisfy-
ing X*(I) = X*() for all [ € H. It follows that X*(I) = X*5(I) = X5(') = X*(l') for all [,l’ € H]

Proof. Let x € X be arbitrary. It follows from the assumptions that the function M*(x)
is nonzero in H. Let [,I’ € H and let V be the vector subspace of Pic®(X)r spanned by [
and l'. This has a basis consisting either of [ and I’, or just of [; use this basis to define
a norm and hence a topology on V. Now, since M*(x) is positively homogeneous lower

convex, the restriction
M'(x): VNAS(X)r — R

is a continuous function. Let L be the line betweenl and!’. Then L ¢ VNH C V N A%(X)g,
so M*(x) is nonzero and continuous on L. Thus, it does not change sign; either x € X*(l”)
foreveryl” € L or x ¢ X*°(I") for every!” € L. This holds for all x € X, and so in particular,
x() = x5('). [ |

Remark. In [29] and [7], the authors use the fact that algebraically equivalent line bundles

give rise to the same semistable sets, and so work in the Néron-Severi group

NS4(X) := w

Picg (X)

The advantage is that in many cases, this is known to be a finitely generated abelian
group, and so NS®(X) ® R is a finite-dimensional vector space. However, this finite gen-
eration does not appear to have been proved in sufficient generality for our purposes. We
could show ([2], Proposition 1.3.4) that the group homomorphism u*(x, A) : Pic®(X) — Z
descends to NS¢(X), but as we would be left with a possibly infinite-dimensional vector

space, we have not troubled with the extra definitions and results.
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2.4 Stable curves and stable maps

We now turn our attention to the specific objects that we shall study: the coarse moduli
spaces of stable curves and of stable maps.

The moduli space /Vg,n of Deligne-Mumford stable pointed curves is by now
very well known. We shall not rehearse all the definitions here and instead simply cite
Knudsen's work [17]; lots of background and context is given in [30]. The only terminology
we shall use which may not be completely standard is the following: a prestable curve
is a connected reduced projective curve whose singularities (if there are any) are nodes.

The moduli spaces of stable maps, M,,,(X, f) parametrize isomorphism classes
of certain maps from pointed nodal curves to X (this will be made precise below). They
were introduced as a tool for calculating Gromov-Witten invariants, which are used in
enumerative geometry and quantum cohomology.

Fix a projective scheme X. The discrete invariant 8 may intuitively be understood
as the class of the pushforward f.[C] € H.(X; Z). In this paper, we shall only complete the
construction of moduli of stable maps over C, and so there is no harm in taking this as
the definition of 8. For the case of more general schemes X, see ([6], Definition 2.1).

We may define our moduli problem.

Definition 2.13.

(i) A stable map of genus g, degree d, and homology class 8 is a map f:
(C,x,...,%,) — X, where C is an n-pointed prestable curve of genus g, the
homology class f.[C] = 8, and the following stability conditions are satisfied:
if C’ is a nonsingular rational component of C and C’ is mapped to a point
by f, then C’ must have at least three special points (either marked points
or nodes); if C’ is a component of arithmetic genus 1 and C’ is mapped to a
point by f, then C’ must contain at least one special point. (Note that since
we require the domain curves C to be connected, the stability condition on
genus 1 components is automatically satisfied except in M, (X, 0), which is
empty).

(ii) A family of stable maps
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is a family (X 4 S,01,...,0n) of pointed prestable curves together with
a morphism f:X — X such that f£[X]= 8, and satisfying that flx :
(Xs, 01(8), ..., 0n(s)) > X is a stable map for each s € S.

(iv) Two families (¥ % S,01,...,0q, f) and (X’ i; S,01...,0,, f) of stable maps
are equivalent if there is an isomorphism 7 : X = &’ over S, compatible with
sections, such that f o1 = f. 0

Note that My, (X, 0) is simply Mg, x X. In this sense, the Kontsevich spaces gen-
eralize the moduli spaces of stable curves. However, although there is an open subscheme
Mgyn(X, B) corresponding to maps from smooth curves, in general it is not dense in the
moduli space of stable maps—in general, /Vg,n(X, B) is reducible and has components
corresponding entirely to nodal maps.

In addition, it is very important to note that the domain of a stable map is not
necessarily a stable curve! It may have rational components with fewer than three special
points (though such components cannot be collapsed by f). The dualizing sheaf may not
be ample, even after twisting by the marked points. We use a sheaf that provides an extra

twist to all components which are not collapsed,
Li=wclxi+ -+ X)Q fOpr(0),

where cis a positive integer, whose magnitude we will discuss below.

In the special case where X = P", we may fix an isomorphism H,(X;Z) = Z and
denote 8 by an integer d > 0. For smooth stable maps to exist, we require 2g —2 +n +
3d > 0; we shall only consider these cases.

Remark on the magnitude of c. We require £ to be ample on a nodal map if and
only if the map is stable. This is certainly true if ¢ > 3, as then £ is positive on all rational
components which are not collapsed by the map or have at least three special points.
However, unless we are in the case g = n = 0, all rational components have at least one
special point, and so ¢ > 2 will suffice for us. If g =n = 0, we in addition ensure that
L is positive on irreducible curves (which now have no special points); this holds when
cd > 3, so it is only in the case (g, n,d) = (0,0, 1) that we require ¢ > 3.

We shall construct M, ,(P",d) by GIT. A corollary is a GIT construction of

/Vg,n(X , B). An existing construction (not by GIT) is crucial to our proof.

Theorem 2.14 ([8], Theorem 1). Let X be a projective algebraic scheme over C, and let

B € Hy(X;7Z)*. There exists a projective, coarse moduli space Mg,,(X, p). O
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In [28], Swinarski gave a GIT construction of mg,o(X, B), the moduli spaces of
stable maps without marked points. Baldwin extended this in [2] to marked points; this
seemingly innocent extension turns out to be very difficult in GIT, because finding a
linearization with the required properties becomes much more subtle. This paper brings
together the results from those two theses.

We gather together a few more facts that have been proven about these spaces.
Most of the progress has been made in the case g = 0. If X is a nonsingular convex pro-
jective variety, e.g. P", then M ,,(X, B) is an orbifold projective variety; when nonempty, it
has the “expected dimension.” However, moduli spaces for stable maps of higher genera
have fewer such nice properties. Kim and Pandharipande have shown in [16] that, if X
is a homogeneous space G/P, where P is a parabolic subgroup of a connected complex
semisimple algebraic group G, then ﬂg,n(x , B) is connected. Little more can be said even
when X = P"; the spaces ﬂg,n(P’, d) are in general reducible, nonreduced, and singular.
Further, Vakil has shown in [31] that every singularity of finite type over Z appears in

one of the moduli spaces /Vg,n(Pr, d).

3 Constructing M, ,(P%, d): Core Definitions and Strategy

We use the standard isomorphism H,(P") = Z throughout. For any (g, n, d) such that stable
maps exist, we write ﬂg,n(Pr, d) for the coarse moduli space of stable maps of degree d
from n-pointed genus g curves into P", as defined in Section 2.4. We wish to construct
this moduli space via geometric invariant theory.

The structure of the main theorem of this paper is given in this section; we shall
summarize it briefly here. We shall define a subscheme J of a Hilbert scheme, such that
J is the base for a locally universal family of stable maps. A group G acts on J such that
orbits of the action correspond to isomorphism classes in the family, and hence an orbit
space of J by G, if it exists, will be precisely MM(Pr, d).

The group action extends to the projective scheme J, which is the closure of J
in the relevant Hilbert scheme. Given any linearization L of this action, we may form a
GIT quotient J//; G. Such a quotient is a categorical quotient of the semistable set J° (L),
and is in addition an orbit space if all semistable points are stable. Thus, if we can show

that there exists a linearization L of the action of G on J such that
T =T (L) =J,

then we will have proved that J//;,G = M, ,, (P, d).
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3.1 The schemes I and J

We start by defining the scheme desired, J = Jy,,q. Note that all the quantities and
spaces defined in the following depend on (g, n, d), but that we shall only decorate them

with subscripts when it is necessary to make the distinction.

Notation. Given a morphism f: (C,x,...X,) — P", where C is nodal, write

L:=awclx+ -+ %) ® f(Opr(c)).

where c is a positive integer satisfying ¢ > 2 unless (g, n,d) = (0,0, 1), in which case we
require ¢ > 3, as discussed in Section 2.4. Then £ is ample on C if and only if C is a stable
map. If a > 3, then £% is very ample and h!(C, £%) = 0. However, larger values of a will be
required for us to complete our GIT construction; it is shown in [24] that cusps are GIT
stable for a = 3. We shall assume for now that a > 5, although it will become apparent

that further refinements are needed in some cases. Define

e:=deg(L%) =al2g—2+n+cd),

so h°(C, L% = e — g+ 1. We will work a lot with projective space of dimension e — g, so it

is convenient to define

N:=e—g.

Note that a corollary of our assumptions is that e > ag. If g > 2, then this follows
from the inequality 2g—2+n+cd >29g—2>g. If g<1,weseee=al2g—2+n + cd)
>a > ag. If g=0, it will be more useful to estimate e > a. In any case, it follows that
N > 4, since a > 5.

Let W be a vector space over k of dimension N + 1. Then an isomorphism W=
HOY(C, £%) induces an embedding C — P(W) (recall that our convention is that P(V) is
the set of equivalence classes of nonzero linear forms on V). Now the graph of f is an
n-pointed nodal curve (C,x, ..., X,) C P(W)x P", of bidegree (e, d). Its Hilbert polynomial

is

Pim,m):=em+dm—g+ 1.
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Let Hilb(P(W) x PT) be the Hilbert scheme of curves in P(W) x P with Hilbert poly-
nomial P(m, ). We append n extra factors of P(W)x P to give the locations of the
marked points. Thus, given a stable map f:(C,x,...,x,) — P" and a choice of isomor-
phism W = HO(C, £%), we obtain an associated point in Hilb(P(W) x P") x (P(W) x P")*",

We write C % Hilb(P(W) x P7) for the universal family. This may be extended as

n

(¢, 1112, pwer) < € x [ [(B(W) x P") — Hilb(B(W) x P) x [ [(B(W) x P"). (2)

i=0 =0

Definition 3.1 ([8], p. 58). The scheme

I C Hilb(P(W) x P) x [ [R(W) x PT)

i=1

is the closed incidence subscheme consisting of (k, x1, ..., x,) C Hilb(P(W) x P") x (P(W) x

P")*" such that xi, ..., x, lie on Cp. O

We restrict the family (2) over I. This restriction is the universal family of n-
pointed curves in P(W) x P", possessing n sections oy, ...,0y, giving the marked points.
Next we consider the subscheme of I corresponding to a-canonically embedded stable

maps.

Definition 3.2 ([8], p. 58). The scheme J C I is the locally closed subscheme consisting
of those (h, x1,...,x,) € I such that

(i) (Cn,x,...,x,)is prestable, i.e. Cy, is projective, connected, reduced, and nodal,
and x,..., X, are nonsingular, distinct points on Cp;
(ii) the projection map C;, — P(W) is a nondegenerate embedding;
(iii) (Opwy(1) @ Opr(1))|c, and (wgh(axl + -+ ax,) ® Opr(ca + 1))|¢, are isomorphic.

We denote by J the closure of Jin I. O

Following [8], we abuse notation and write Opw)(1) ® Opr(1) to denote p}Opwy)(1) @
PsOpr(1), where py and p, are the projections of P(W) x P” to its corresponding factors.

That J is indeed a locally closed subscheme is verified in ([8], p. 58). As I is a
projective scheme, it follows that this is also the case for J. If (C, X1, ..., X,) C P(W)x P"
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is an n-pointed curve, we shall say that it is represented in J if C = C;, € P(W)x P" and
(h,x1,....,%,) € J.

We restrict our universal family over J, denoting it (¢ : ¢l = J,0q,... , On, Pr),
where p, : CY — P"is a projection from the universal family (a subscheme of P(W) x P" x J)
to P". The reader may easily check that this is a family of stable maps.

We extend the natural action of SL(W) on P(W) to P(W)x P" by defining it to be
trivial on the second factor. This induces an action on Hilb(P(W) x P"), which we extend
“diagonally” on Hilb(P(W) x P") x (P(W) x P")*". Note that I and J are invariant under this
action. Our main object of study is the SL(W) action on J, but we shall approach this by
studying the SL(W) action on I.

As W is a vector space over k, we have so far only defined I and J as schemes
over the field k. By replacing each use of P(W) with P¥Y, we may define all our schemes

over Z. However, we shall continue to use W for notational convenience.

3.2 Strategy for the construction of M, (P, d)

Our aim is to apply Proposition 2.3 to the family (¢7 : CY — J,071,...,0,, pr). Therefore, we
check in this section that it has the local universal property, and that orbits correspond
to isomorphism classes. We will first need the following lemma.

Lemma 3.3. Suppose (7 : X — S,01,...,0q, f) is a family of stable n-pointed maps to P".
Then n*(w‘j,/s(aal(S) + -+ ao,(S) ® f*(Opr(ca))) is a locally free Os-module, where o;(S)

denotes the divisor defined by the image of o; in X. O

Proof. The morphism 7 : X — S is proper and flat, so the Ox-module w§ (aoi(s) +--- +

aon(s) ® f;(Opr(ca)) is flat over S for all s in S. Recall that we have chosen a, so that
H' (X, 0% (@o1(s) + -+ + aon(s) ® £ (Op(ca))) =0

for all s € S. Since X, is a curve, all higher cohomology groups are also zero. The hypothe-

ses of [10], Corollary I11.7.9.9 are met, and we conclude that
Rr, (wj‘(/s(aal(S) + 4 aop(S)® f*((’)pr(ca)))

is locally free. u
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Proposition 3.4.

(i) @’ :C7 = J,01,...,04, p) has the local universal property for the moduli
problem M, ,(P", d).

(ii) For all (h,xi,...,x%,) € Jand (R, x{,...x,) € J, the maps (Cy, X1, ..., Xn, Drlc,) =
Cn.xy, ..., %, Drle,) if and only if (k, Xy, ..., x,) and (R, x{, .. . x,) lie in the same
orbit under the action of SL(W). O

Proof. (i) Suppose

x Lo

w11 o
S

is an n-pointed family of stable maps to P". For any s; € S, we seek an open neighborhood
V > sp and a morphism V 3 J such that ¥*(C7) ~pm X|v.

Pick a basis for
H (X, 0, (@01(so) + - - + aou(so)) ® f;;(Opr(cal)),

and a basis for W. We showed that n*(a)gf/s(aal (S)+---aon(S) ® f*(Opr(ca))) is locally free;
it will be free on a sufficiently small neighborhood V 5 sy. Then by ([12], IT1.12.11(b)) and

Lemma 3.3, there is an induced basis of
H®(X;, 0%, (ao1(s) + -+ + aou(s) ® f;(Opr(ca)))

for each s € V. With our basis for W, then, this defines a map X X P(W) for each s € V.
These fit together as a morphism ¢ : X'|, — P(W).
We have given X |y — V the structure of a family of n-pointed curves in P(W) x P"

parametrized by V,

Xy D pwyx P
T, 31 il
v

By the universal properties of I, there is a unique morphism ¢ : V. — I such that X|y ~¢n
v*(C). Finally, observe that v (V) C J.
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(ii) If (h, x1,...,x,) and (W', x, ..., x;) are in the same orbit of the action of SL(W)
on J, it is immediate that as stable maps, (Cx, X1, ..., Xs, Drlc,) = (Cu, X1, ..., X, Prle), ). Con-
versely, suppose we are given an isomorphism 7 : (Cy, X1, ..., X,) = (Cw, X7, ..., X;,); We wish
to extend 7t to be an automorphism of projective space P(W). This is possible because
the curves C, and Cp embed nondegenerately in P(WW) via £, and ﬁ‘gh, respectively. As L{
and Lg  are canonically defined on isomorphic stable maps, we have an isomorphism
L& =7*(L¢ ), which induces an isomorphism on the spaces of global sections, from

which we obtain an automorphism of P(W). |

In the following GIT construction, we will first seek a linearization L such that
J¥(L) € J. This has many useful implications, which are explored in the following propo-
sition. Note that in the proof of part (iii) below, we use the existing construction of
/Vg,n(P’, d) over C, given by Fulton and Pandharipande in [8]. This is not necessary (see

[3]), but for brevity we take this shortcut.

Proposition 3.5.

(i) If there exists a linearization L of the action of SL(W) on J such that J" (L) =
J(L) = J, then J//, SL(W) = M, ,,(P", d).
(ii) Suppose there exists a linearization L such that J (L) € J. Then J (L) =
T(L).
(iii) There exists a map j: J — M, ,(P", d), which is an orbit space for the SL (W)
action, and in particular a categorical quotient. The morphism j is univer-

sally closed. 0

Proof. (i) If J°(L) = J, then J//;SL(W) is a categorical quotient of J, and if J (L) =
T°(L), the quotient is an orbit space. The result follows from Proposition 3.4 and
Proposition 2.3.

(ii) Every point of J corresponds to a moduli stable map, and so has finite stabi-
lizer. The result follows from Corollary 2.5.

(iii) /Vg,n(P’,d) is a coarse moduli space ([8], Theorem 1). By Proposition 3.4,
J carries a local universal family, and SL(W) acts on J such that orbits of the group
action correspond to equivalence classes of stable maps. The existence of the orbit
space morphism j: J — /\_/lg,n(Pr, d) follows by Proposition 2.3. Universal closure of j is

a consequence of ([8], Proposition 6). [ |
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The next theorem shows that if a linearization exists for which ?S(L) C J and the

semistable set is nonempty, then it yields the desired results.

Theorem 3.6. Suppose that, for some linearization L of the SL(W)-action, ¢ # T°(L) cJ.

Then, over C,

(i) J/LSLW) = M, (P, d);
(i) T°L) =T(L)=J. 0
Proof. (i) Write 7 for TS(L); this is an open subset of J, and so J— 7" is closed
in J. From Proposition 3.5, we have a closed morphism j: J — M, ,(P", d). Therefore
JjJ - 7°)is closed in /Wg,n(Pr, d). However, T’ is SL(W)-invariant, and j is an orbit space
morphism, so j(TS) and j(J—jss) are disjoint subsets of Mg,n(Pr,d); an orbit space
morphism is surjective, so these subsets make up the whole of M, ,,(P", d). It follows that
j(jss) = /\_/lg,n(Pr, d)—jJ— 7%), and is thus an open subset.

Now since j is an orbit space and J° is SL(W)-invariant, it follows that the
inverse image jflj(jﬁs) = 7. The property of being a categorical quotient is local on
the base, and we showed that j(jss) is open in ﬂg,n(Pr, d), so the restriction j|5s T =
j! j(jss) — j(jss) is a categorical quotient of T for the SL(W) action. However, so is

J//SL(W). A categorical quotient is unique up to isomorphism, so
J//SL(W) = j(T%).

The scheme J is projective, so by construction J//SL(W) is projective. Thus j(?s) is also
projective, hence closed as a subset of /Vg,n(Pr, d).

We have shown that j(jss) is open and closed as a subset of ﬂg,n(Pr, d). It must
be a union of connected components of ﬂg,n(Pr, d). However, Pandharipande and Kim
have shown (main theorem, [16]) that ﬂg,n(P’, d) is connected over C. We assumed that
T + (. Hence

J//SLW) = M, (P, d).

(ii) We showed that J = J in Proposition 3.5. We saw in the proof of (i) that
My, (P, d) = j(T°)u j(J — T7) and that j(T°°) = M,,,,(P", d). It follows that j(J — ") = @,
whence T~ = J. [ |
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Moreover, proving that TL) =T (L) = Jis adequate to provide a GIT construc-
tion of the moduli spaces Mg ,(X, B), where X is a general projective variety. The proof
of this corollary follows the lines of ([8], Lemma 8), and is given in detail as ([2],
Corollary 3.2.8).

Corollary 3.7 ([2], Corollary 3.2.8, cf. [8], Lemma 8). Let X be a projective variety defined
over C, with a fixed embedding to projective space X <> P, and let B € HyX;Z)". Let g
and n be non-negative integers. If § = 0, then suppose in addition that 2g—2+n > 1.
Let «,(8) = d € Hy(P"; Z)*. Let J be the scheme from Definition 3.2 corresponding to the
moduli space M, ,(P", d). Suppose, in the language of Theorem 3.6, that there exists a
linearization L such that 7 (L) = J (L) = J.

Then there exists a closed subscheme Jx g of J such that
Jxp//11;,, SLIW) = Mgn(X, ),

where Jx 4 is the closure of Jxz in J. O

In Section 5 we shall prove that T(L) C J, for a suitable range of linearizations
L. Nonemptiness of J7(L) is dealt with in Section 6. This uses induction on the number
n of marked points. For n = 0, we show that T is nonempty by showing that smooth
maps are stable, following Gieseker. We then apply Theorem 3.6 to see that all moduli
stable maps have a GIT semistable model. However, the inductive step follows a different
route, and in fact we are able to prove that J= = J directly, and then apply Proposition
3.5, which unlike Theorem 3.6 does not depend on the construction of [8].

The generality of our proof thus is limited by the base case. The GIT quotient
J//SL(W) may be defined over quite general base schemes. Indeed, the Hilbert scheme
Hilb(P(W) x P") is projective over Spec Z, so our J is also, and thus we obtain a projective
quotient J//SL(W) over Spec Z. However, Theorem 3.6 depends on the cited results of
Fulton, Kim, and Pandharipande that a projective scheme mg,n(Pr, d) exists, is a coarse
moduli space for this moduli problem, and is connected; the relevant papers [8] and [16]
present their results only over C; we can only claim to have constructed M, ,(P", d) over
Spec C.

In the special case of /Vg,n = ﬂg,n(PO, 0), our base case is Gieseker's construction
of /\_/lg, which does indeed work over Spec Z; our construction of /\_/lg,n thus works in this

generality.
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A modification of our argument is given in [3], making our construction work
independently from that of [8], and over the more general base Spec Z[p; ' - -- p]Tl] where
Di,..., pj are all prime numbers less than or equal to the degree d. However, it is not
clear whether our quotient, or an open set thereof, coarsely represents a desirable
functor over Z. If the characteristic is less than the degree, a stable map may itself be
an inseparable morphism. The proof that the moduli functor is separated then fails ([6],
Lemma 4.2). Such maps can be left out if one wishes to obtain a Deligne-Mumford stack
(cf. [31], p. 2); this however will not be proper, and so our projective quotient cannot be
its coarse moduli space.

Gieseker's construction of Mg begins analogously to ours. However, the end of his
argument is different from the proof of Theorem 3.6 in two ways. Gieseker shows directly
that all smooth curves are GIT semistable, and then uses a deformation argument and
semistable replacement to show that all Deligne-Mumford stable curves have SL(W)-
semistable Hilbert points. However, the proof that smooth curves are GIT semistable
does not provide a good enough inequality to prove stability of n-pointed curves or
maps; hence our inductive argument. Further, not all stable maps can be smoothed (the
smooth locus is not in general dense in /\_/lg,n(P’, d)), so that aspect of the argument has

also needed modification.

4 The Range of Linearizations to be Used

Now we shall define linearizations of the action of SL(W) on J and I, which were defined
in Definitions 3.1 and 3.2. Most of our analysis of GIT semistability is valid for general
curves in I. Accordingly, it makes sense to prove results in this greater generality, so we
shall define linearizations on I and restrict them to J. If L is a linearization of the group
action on I, then J° (L|5) = J N I*(L) by ([20], Theorem 1.19).

4.1 The linearizations L and their hull Hy,(I)

Let(h,x1,...,%,) € I C Hilb(P(W) x P") x (P(W)x P")*™. It is natural to start by defining line
bundles on the separate factors, namely Hilb(P(W)x P") and n copies of P(W)x P", and
then take the tensor product of their pullbacks.

Notation. This notation will be used throughout the following:

Zmi = HO(P(W) x P", Opiy(m) @ Opr (172))

Pim,m):=em+dm—g+1;
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P(m,m) is the Hilbert polynomial of a genus g curve C C P(W)x P", of bidegree
(e, d).
We first define our line bundles on Hilb(P(W)x PT). Let h € Hilb(P(W)x P"). If m

and i are sufficiently large, then h'(Cy, Opar)(m) ® Opr(1)|c,) = 0 and the restriction map

$C, 1 = HOB(W) x P, Opy (m) @ Opr(18)) — H®(Ch, Opqun(m) ® O (111, )

u

is surjective (cf. Grothendieck’s “Uniform m Lemma,” [11], 1.11). The Hilbert polynomial

P(m, ) will be equal to h%(C, Opu(m) ® Opr(1h1)|¢,), so that AT™™ 3¢ _ gives a point of

'om,rh

P(m,1m) P(m, 1)
P ( A H®W) x P, Opn(m) @ opr(m))) —p ( A zm,rh) .

By the “Uniform m Lemma"” again, for sufficiently large m, 1, say m, m > mg, the
Hilbert embedding

P(m,m)
H,,  : Hilb(P(W) x P7) — P( A\ zm,,ﬁ>
P(m,m)
Hpp i h— [ A\ 5;4 (3)
is a closed immersion (see Proposition 4.6).
Definition 4.1. Let the setup be as above, and let m, i > mg3. The line bundle L, s on

Hilb(P(W) x P7) is defined to be the pullback of the hyperplane line bundle Oy, Apm g (1)
via the Hilbert embedding

P(m,m)
Hypp, : Hilb(P(W) x P7) < P ( /\ Zm’m> _ .

Recall that Mg,n(PO,O) =/\_/lg,n. Whenever we write “assume m, 1 > m3,” one
should bear in mind that 72 may be set to zero in the caser =d = 0.
We identify L., with its pullback to Hilb(P(W)x P") x (P(W)x P")*". Now, for

i=1,...,n,let

p; : Hilb(P(W) x P") x (P(W) x P")*" — P(W) x P"
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be projection to the ith such factor. Then, for choices m},m,..., m,, m, € Z, we may
define n line bundles on the product Hilb(P(W) x P") x (P(W)x P")*",

D; (Opam (M) @ Opr (111))).

The integers |, ..., M, will in fact turn out to be irrelevant to our following work. We
shall assume that they are all positive, but suppress them in notation to make things

more readable.

Definition 4.2. If m,m > mzand m,m},...,m > 1, then we define the very ample

/
n

line bundle on I,

. (4)

n
Lm,rﬁ,m’1 ..... m), ‘= (Lm,rh ® ® p;k(OP(W)(m;) ® Opr(m;)))
I

i=1

Ifm| =-.- =mj, =m/, then we write this as L, . O

These line bundles each possess a unique SL(W)-action linearizing the action on

I, which will be described in Section 4.2. Our aim is to show that
T// 1o SLIW) = M, (P, d),

for a suitable range of choices of m, r7, m’. However, in order to prove that 7SS(Lm,m,m/) has
the desired properties, we shall make use of the theory of variation of GIT (summarized
in Section 2.3). It is therefore necessary to prove results, not just for certain L, 4 but
for all virtual linearizations lying within the convex hull of this range in PicS“"™)(I)y or
PicST™ (J)z. To make this precise, let M  N° be a set such that, for every (m, h, m') € M,

we have m, m > mz and m’ > 1.

Definition 4.3. We define Hy,(I) to be the convex hull in PicS*"™)(I)g of
(L (m, M, m') e M.

We define Hy(J) € PicSt™)(J)g by taking the convex hull of the restrictions of the line
bundles to J. O
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As each L, n possesses a unique lift of the action of SL(W), there is an induced

group action on each I € Hy(I) or Hy(J).

4.2 The action of SL(W) for linearizations L,

We shall describe the SL(W) action on Ly, j m; recall its definition from line (4) above. The
linearization of the action of SL(W) on the last factors is easy to describe. The action of
SL(W) on Opy (1) is induced from the natural action on W (recall that HO(P(W), Opupy (1)) =
W). The trivial action on P" lifts to a trivial action on Op-(1). Thus we have an induced
action on each Opw)(m}) ® Opr(111}), which may be pulled back along p; and restricted to
the invariant subscheme I.

To describe the SL(W) action on Ly, s, it is easier to talk about the linear action
on the projective space P(/\P(m"ﬁ) Zmm). Indeed, recall our conventions for the numerical
criterion, and our definition of the function u’(x, 1) as given in Section 2.2; what we shall

wish to calculate are the weights of the SL(W) action on the vector space /\P(m'm) VA

mm
These will enable us to verify stability for a point in P(/\P(m'ﬁ” Zmw), where SL(W) acts
with the dual action.

Fix a basis wy,...,wy for W= H°®(W), Opuy(1)) and a basis f,..., f for
HO(P", Opr(1)). The group SL(W) acts canonically on H°(P(W), Opuy(1)); the action on
HOPT, Opr(1)) is trivial.

We describe the SL(W) action on a basis for /\P(m'ﬁ” Zmm- Let f?m,m be a ba-
sis for Zpy, ., = HO(P(W), Opary(m)) ® HO(P", Op-(111)) consisting of monomials of bidegree

(m,m), where the degree m part is a monomial in wy, ..., wy and the degree m part is
a monomial in fy,..., fr. Then if N € By is given by wi®-- - w} £,°--- £+, we define

Q.M = (g.wo)” - - - (g.wp)?™ fE)rO cee f;r’.
A basis for A*™™ z,, 5 is given by

P(m,m)

/\ B i= { My, A+ A My, 0|1 <01 <+ < ipomwy < diM Zi i, My, € B} (5)
The SL(W) action on this basis is given by
g(Ml ARRRNA Mpqm,m)) = (9M1) ARRRAY (gj‘zimm,mi)'

Terminology. We have defined virtual linearizations of the SL(W) action on the scheme

I. We may abuse notation, and say that (C,x,...,x,) C P(W)x P" is semistable with
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respect to a virtual linearization [ to mean that (h, xy, ..., x,) € I°°(), where (C, x1, ..., X,) =

(Cthlr' .. an)-

4.3 The numerical criterion for L,z

Let A’ be a 1-PS of SL(W). We wish to state the Hilbert-Mumford numerical criterion for
our situation. In fact, if we are careful in our analysis then we need only prove results
about the semistability of points with respect to linearizations of the form L, s m/, as

the following key lemma shows.

Lemma 4.4. Fix (h,x,...,X,) € I. Let M be a range of values for (m, ri7, m’). Suppose that

there exists a one-parameter subgroup A’ of SL(W), such that

MLm'm'm, ((hr X1 -- an)! )\'/) > 0

for all (m, i, m’) € M. Then x is unstable with respect to [ for all [ € Hy,(I). O

Proof. Letl € Hy(I). Then!l is a finite combination,

179 (273
l= Lml,rhl,m’l Q- ® Lmk,rhk,mic’
where a1, ..., ar € Rso satisfy ) «; =1, and where (m;, ;, m)) e M fori=1,...,k. We

know that ;LL’”E‘";”'"”Q (h,x1,...,%,),)M) >0fori=1,...,k. The map I' » ul(x, 1) is a group
homomorphism Pic®(I)zg — R, where R has its additive structure, so it follows that
u(h, x1,...,%,),)) > 0. Hence M'(h,xi,...,%,) > 0, and so (h,x,,...,X,) is unstable with

respect to [. |

Note the necessity of the condition that the destabilizing 1-PS A’ be the same for
all L, ,m such that (m, m, m') € M.
Recall the definition of Ly, given in line (4). From this and the functorial

nature of u*((C, x1,...,X,), ), we see

n
pLLm"h'm'((C,Xl, X)), A) = /JLL’"'”Z(C,A) + ZMOP'W)(I)(Xi,)\)mg- (6)

i=1
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Let us start, then, with wq,..., wy, a basis of W= HO(P(W),OP(W)(I)) diagonalizing the
action of A'. There exist integers ry,...,ry such that A (t)w; = t""w; for all t € k* and
0<i<N.

In the first place, following the conventions set up in Section 2.2,
pOrmW (g 2 = min{r;|w;(x;) # 0}.

We calculate ul=#(C, ). Referring to the notation of the previous subsection, if M=

Wl - wl¥ fo... £ then
A () = t2= e L.

Accordingly, we define the A’-weight of the monomial M to be
N
wy (M) = Z Ypl'p-
p=0

Let A?™™ B,  be the basis for A?™™ Z,, ; given in line (5). Then the A’ action on this

basis is given by

)‘/(t)(ml ARRRRA Mle,ﬁtl) = t"(]\?[il ARRRRA ]‘AliP(m,th)'

where 6 := Zfﬁ;”m) Wy (1\7[11) If we write Hy, »(h) in the basis which is dual to AZ™™ B,, 5,

o ~C N ~ ~ ~ v
Hp, () = Z Pm,m (MJ ARRRRA Mjp(m,m)) ’ (Mjl ZARRRNA Mthm,ﬁ;)) '
1<Ji << Jpmm)
so we may calculate
P(m,1m)
(€, )) =min & > wy (I, ¢
j=1

where the minimum is taken over all sequences 1 <ij<--- <ippmm such that

PGy Wiy A+ A M

iP(m,rh

168w IE), . .., BE, 5 (I

m,m

) # 0. However, the latter is true precisely when the set
)} is a basis for H(C, Opu(m) ® Opr(11)|c).

P(m,1m)
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Putting this together in equation (6), we may state the numerical criterion:
(h,x1,...,x,) is semistable with respect to L n if and only if ulmam' ((C, x1, ..., X,), 1) <
0 for all 1-PS A/, where

P(m,1h) n
MLm,rh,m’((hl X1,..., %), A) = min Z w)v(Mij) + Z"kzm/ '
j=1 =1

and the minimum is taken over all sequences 1 <i; <:--<ipmsm such that
{ﬁgl,ﬁl(ml),...,,agl,m(n?.rimm,)} is a basis for H°(C, Opuy(m) ® Op-(11)|¢), and all basis ele-
ments wg, such that wg, (x) # 0.

In our applications, we will often “naturally” write down torus actions on W
which highlight the geometric pathologies we wish to exclude from our quotient space.
These will usually be one-parameter subgroups of GL(W) rather than SL(W), as then
they may be defined to act trivially on most of the space, which makes it easier to
calculate their weights. We may translate these by using “G L (W) version” of the numerical
criterion, derived as follows.

Given a 1-PS A of GL(W), we define our “associated 1-PS A’ of SL(W).” There is
a basis wo, ..., wy of HO(P(W), Opw(1)), so that the action of A is given by A(t)w; = t"iw;
where r; € Z (the sum ZII\,’:O rp is not necessarily zero). We obtain a 1-PS A’ of SL(W) by

the rule A (t)w; = t"w;, where

N
ri=(N+1r— er.
p=0

N
Note that now »_,_,r, =0.
We use this relationship to convert our numerical criterion for the A’-action into
one for the A action. We define the total A-weight of a monomial in analogy with that
defined for a 1-PS of SL(W). Let A’ be the 1-PS of SL(W) arising from the 1-PS A of GL(W).

Then the numerical criterion may be expressed as follows.

Lemma 4.5 (cf. [9], p. 10). Let (h,x,...,%,) € I, let A be a 1-PS of GL(W), and let A" be
the associated 1-PS of SL(W). There exist monomials N, ..., M, .,
B W), Bt (1

'Om,ﬁz 4 'Om,ﬁz

in By, such that

o)} 18 @ basis of H%(Cp, Opun(m) ® Opr(101)|c,), and there exist basis
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elements wg,, ... wg, for the SL(W) action such that wy,(x) # 0, with

P(m,m)

D we(g) + ) rm (7)
=1

Jj=1

plmam ((C, %1, ..., %), X))

P(m,1h)

Z wA(ZVIi].)JrZwk(wk,)m’ e—g+1)
=0

j=1

N
—(mP(m, ) + nm)) Y w;(wp); (8)
p=0

moreover, this choice of monomials minimizes the left-hand side of equation (8). O

In the course of the construction, we progressively place constraints on the set

M. In particular, for (m,m, m’) € M, we shall be concerned with the values of the ratios
m
m

Note, however, that both terms on the right-hand side of equation (8) have terms of order

and % It may appear surprising at first that m’ varies with m? and not with m.

mP(m, M) = em? + dmi — (g — 1)m and terms of order m/, so in fact it is quite natural

that m’ is proportional to m?.

4.4 Fundamental constants and notation

We shall now fix some notation for the whole of this paper. The morphisms py :
P(W)x P" — P(W) and p, : P(W)x P" — P" are projection onto the first and second fac-
tors, respectively. Let C — P(W)x P” be the inclusion. We define

Lw = " pyyOran (1),
L, := " pfOpr(1).

The following well-known facts are analogous to those given by Gieseker.

Proposition 4.6 (cf. [9], p. 25). Let C C P(W)x P" have genus g and bidegree (e, d).
There exist positive integers m;, my, ms, q1, g2, g3, i1, and p, satisfying the following

properties.

() For all m,th>my;, HYC,L})=HYC,L™) =H'C,L®L™=0. Also
HYC,L7) = HYC,L™ = H'(C,L7 ® L™) = 0 and the three restriction maps
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(wii)

H°(P(W), Opawy(m)) — H°(pw(C), Opyic)(m)),
HO(P", Op (1)) — H°(pr(C), Opi0)(17),
H°(P(W)x P, Op)(m) ® Opr (1)) — H°(C, L, ® L)

are surjective.

Igl = 0, where Z; is the sheaf of nilpotents in O¢.

hO(C,Z¢) < ga.

For every complete subcurve C of C, h°(C, Oz) < g3 and g3 > q;.

u1 > po and for every point P € C and for all integers x > 0,

Oc,p
X
c.p

dim < U1X+ o,

where O¢ p is the local ring of C at P and mc p is the maximal ideal of O¢ p.
For every subcurve C of C, for every point P € C, and for all integers i such
that m, <i < m, the cohomology H'(C,Z7 ' ® L. ® Lf(l:,) = 0, where Zp is
the ideal subsheaf of O defining P.

For all integers m, M > mgs, the map

h — I:Im,rh(h)

P(m,1h)
Hilb((W) x P') — P < /\ HO®W)x P, Opmy (m) ® opr(m))>

is a closed immersion. 0

In addition, we define a constant not used by Gieseker.

g :=min{0, gy | Y is the normalization of a complete subcurve Y contained

in a connected fiber C;, for some h € Hilb(P(W) x P")}.

Y need not be a proper subcurve. The maximum number of irreducible components of

Y is e+ d, as each must have positive degree. Hence a lower bound for g is given by

—(e+d) + 1. One would expect g to be negative for most (g, n, d), but we have stipulated

in particular that g < 0 as this will be convenient in our calculations.
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5 GIT Semistable Maps Represented in J are Moduli Stable

We now embark on our proof that J//SL(W) is isomorphic to /Vg,n(Pr, d). Recall Propo-
sition 3.5; our first goal is to show that 7° C J. We achieve this in this section. In
Sections 5.2 to 5.5 we work with the locus of semistable points in I. Over the course of
results 5.3-5.19, we find a range M of values for (m, iz, m’), such that if (C,x,...,x,) C
P(W) x P" is semistable with respect tol € Hy(I), then (C, x1, ..., X,) must be close to being
a moduli stable map; this “potential stability” is defined formally in Definition 5.20.

For this section, it is only necessary to work over a field; if we prove that equality
T°(L) = T(L) = J holds over any field k, then equality over Z follows (see the proof of
Theorem 6.3, given at the end of Section 6.3).

In Section 5.6 we finally restrict attention to J, and greatly refine the range M.
Now the results of Sections 5.2-5.5, together with an application of the valuative criterion

of properness, show us that if [ € Hy;(J) then T C J, as required.

5.1 General strategy for this section

The strategy for proving many of the results in this section is similar, so we outline it
here in detail and refer back to this subsection as needed.

The proofs will be by contradiction. We will suppose that (C, xi,...,x,) C P(W)x
P" is connected and SL(W)-semistable with respect to a given virtual linearization [/, and
also that C has some “undesirable” geometric property. We will then exhibit a 1-PS A of
GL(W) which we claim is destabilizing. The 1-PS will all have a special form: they will
give rise to a two- or three-stage weighted filtration 0 ¢ Wy € Wy € W;, := H%(pw(C), Lw).
(Recall that Ly denotes ¢* pj,Opu)(1) and L, denotes ¢* piOp-(1).) We may choose a basis
wo, ..., wy diagonalizing the A action and adapted to this filtration. Let N; := dim W}, and
let r; be the weight of the basis elements corresponding to the stage W;. That is, A acts

as follows:

AM)w; =tw;, teC*, 0 <i < Ny-—1
At)w; =t"w;, t eC*, Ng<i< N; —1
AM)w; =t"?w;, t e C*, N} <i <N — 1.

For our purposes, to specify the A action, it is enough to specify Wy and W;, and the
weights rg, 1, 1.

We shall find a lower bound for ufmam ((C,x,,...,X,),A) by filtering the vec-
tor space H°(C,L™ ® L) according to the weight with which A acts. The filtration is
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constructed in the same way every time; we describe it now. Assume ry > 0 (this will
be the case in all our applications). Let R be a positive integer such that Zf‘io <R
For0 < p<m,let QZ”h be the subspace of H°(P(W)x P", Opuy)(m) ® Opr (1)) spanned by

monomials of weight less than or equal to p. Let

Qp 1= 3G,n(2) € HY(C, LY O LT).

We have a filtration of HO(C, Ly ® L;ﬁ) in order of increasing weight,

—m,m —m,m

0CQ, cQ C...gﬁx'm=H0(C,L%®L;ﬁ). (9)

Write §, = dimﬁ?'m.
We will get bounds on ﬁp which depend on the problem at hand. However, these
bounds will always have the same format (described below). The next lemma shows how

to estimate the minimal weight ulmmm ((C,x,...,%,), ) given these bounds on ﬁp.

Lemma 5.1. In the setup described above, suppose that

Bp<le—am+(d— B+ yp+ep,

where o, 8, y, €, are constants. Set

1 rym—1
€= — €p.
m =
Suppose
n
> wilwi)m' =sm/,
j=1
where w;,, ..., w;, are the basis elements of minimal weight satisfying w;,(x;) # 0. Then

phmimm (C, xy, ..., Xn), ) > ((rNa — rf,%)(e— g+1)— Re)m2
+ (ryBle—g+ 1) — Rd)mm + (§le— g + 1) — Rn)m/
—<<rzv(g—1)—m7y+e)(e—g+ 1)+R)m. (10)
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Proof. Suppose we have any monomials M ﬂ?[ip(mm, in Em,m such that the set
{pmm(M e Pl M)} is a basis of HO(C Ln ®Lm) As our filtration is in order
of increasing weight, a lower bound for ijl ;) is Z;”_"f PBp — Bp-1). We calculate
rnm rym—1
Y pBp— Bp1) =rumPrm— > Bp
p=1 p=0
rym—1
> rymlem +dm—g+1) — Y (e—a)m+(d - fim+yp+ep
p=0

=<rNa—NTy)m + ryBmm — < v(g —1)—N7y+ >

where € := 1 Zr”m lep. Let A’ be the associated 1-PS of SL(W). Thus, using Lemma 4.5,

we calculate

prmnm' ((C, x1, ..., %), M)

> ((rNa — rf,%)mz + rypmi — <rN(g —-1) - rNTy + e>m + Sm/)(e— g+1)

N
—(mlem+dm—-g+1) +nm/)2ri
i=0

=<<rNa—rN7;)(e g+1)— Re)m2+(rNﬂ(e—g+1)—Rd)mm

+(8le—g+1)— Rn)m' — ((rN(g— 1) — Ty +6)(e—g+ 1)+R)m,

where we have used the bounds 0 < Zfio r; < R to estimate appropriately, according to

the sign of each term. [ ]

Remark. In general, we shall assume that m is very large, that 11 is proportional to m,
and that m’ is proportional to m?2.

The following claim is also one which we will refer to frequently in Section 5,
and hence we have included it in this reference subsection.

If C is a general curve, we have an inclusion i : C,, < C. The reduced curve C,,
has normalization 7’ : C,,; — C.... Following Gieseker in [9], p. 22, we define the normal-
ization 7w : C — C by letting C := C,., and 7 :=i o n’. Then, whatever the properties of C,
the curve C is smooth and integral (though possibly disconnected). With these conven-

tions, we may show the following.
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Claim 5.2 (cf. [9], p. 52).

(1) Let C be a generically reduced curve over k; we do not assume it has genus
g. Let m : C — C be the normalization morphism, and let Z; be the sheaf of
nilpotents. Suppose that C C P(W)x P". Define Ly ¢ and L,¢ as in Section 4.4,

and let Ly := n*Lyc and L, := n*L,¢. Let
Tomaie : HO(C, Lo ® L) — HO(C, LT - ® L™,) (11)
be the induced morphism. Then
dim ker 7, sy = ro(C, Z¢).

(2) Suppose that C is a reduced curve. Let D be an effective divisor on C, and let
M be an invertible sheaf on C such that H!(C, M) = 0. Then h'(C, M(—D)) <
deg D.

(3) Suppose that C is an integral and smooth curve with genus g¢. Let M be an

invertible sheaf on C with deg M > 2gc — 1. Then H(C, M) = 0. O

5.2 First properties of GIT semistable maps

Proposition 5.3 (cf. [9],1.0.2). Let M consist of integer triples (m, i1, m’) such that m, i1 >
m3 and m’ > 1 with m > (g — 1)(le— g+ 1). Let I € Hy(I). Suppose that (C,xy,...,%,) C
P(W)x P" is connected and SL(W)-semistable with respect to I. Then py(C) is a nonde-

generate curve in P(W), i.e. py(C) is not contained in any hyperplane in P(W). ]

Proof. Itis enough to prove that the composition
HO(P(W), Opwy (1)) = H°(pw(C)rear Opyy(c1rea(1) = H(Creas Lwrea)

is injective. So suppose that it has nontrivial kernel Wj. Let A be the 1-PS of GL(W) which
acts with weight 0 on ", and with weight 1 on W, = W;, and let A" be the associated 1-PS
of SL(W).

We wish to show that (C, x, ..., x,) is unstable with respect to any ! € Hy(I). For

this proof we do not follow all parts of the strategy outlined in Section 5.1, as a simpler
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proof is available. By Lemma 4.4, it is sufficient to show that ulmmm ((C,x,...,x,),1) > 0
for all (m,m, m') € M, so pick (m,m, m') € M.

Let Bp,» be a basis of HO(P(W)x P", Opuiy(m) ® Opr (1)) consisting of monomials
of bidegree (m, 7). Then the first part of the conclusion of Lemma 4.5 is that there exist

monomials N, ..., M, , in B, such that {ﬁ,cnm(IVIi) ..,ﬁ,cnm(llﬁ/lim,m)} is a basis of
HO(C, L7, ® L™). For each of the N, write My, = wi’ - - wi' fo° -+ fI".

Recall that, if Z; denotes the ideal sheaf of n11potent elements of O¢, then the
integer q; satisfies Z¢' = 0. Now suppose that Z 20 v > qu. It follows that / ,om m( i) =0,
and so cannot be in a basis for HO(C,L}Z ® L. Thus Y 1%, " y; < q1 — 1. The 1-PS 1 acts

with weight 1 on the factors wy,, ..., wy, and so
wx(l\zij) >m-—q + 1.

Our basis consists of P(m, ) such monomials, M, ..., M; so we can estimate their

Lp(m,m) !

total weight as

P(m,m)
Z P(m,h)(m — q; + 1).

We assumed that the n marked points lie on the curve. Hence if wy,(x) # 0, then

w; (wg,) must be equal to 1, so Zl”:l w; (wg,)m’ = nm/. Finally,
N
Zwk(wi) =dimW, —dimWy=e—g+1—-dimW, <e—g,
i=0

because dim W > 1.

Combining these estimates with Lemma 4.5, we obtain

phmimm (C, xy, ..., %), X)) = (P(m,h)(m — q1 + 1) +nm/)e— g+ 1) — (mP(m, M) + nm')e—g)
> P(m,m)im—(q — 1)le—g+1)).

However, P(m,m) is positive and by hypothesis m > (q; — 1)(e— g+ 1); thus
ulmmm ((C,x1,...,x%,),A) > 0. Recall that 1’ did not depend on the choice of (m, 111, m) € M.
So ulmmm ((C,x1,...,%,),A) >0 for all (m,7h, m') € M. Thus by Lemma 4.4, the curve

(C,x1,...,%,) is not semistable with respect to any I € Hy,(I). [ |
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Next, we would like to show that no components of a GIT semistable curve
collapse under the projection py. We must refine the choice of virtual linearization to
obtain this result; the proof is spread over Propositions 5.4-5.8.

Let C; be an irreducible component of C. If the morphism pwl¢, does not collapse
C; to a point, thenitis finite. We shall find arange M C N3, such thatif (C, x1, ..., x,) € I5()
with I € Hy(I), and if the morphism py|¢, does not collapse C; to a point, then pwlc,,., is
generically 1-1, and C; is generically reduced.

We use the following notation. Write C = C’ UY, where C’ is the union of all
irreducible components of C which collapse under py and Y = C — C’ is the union of all
those that do not.

Let pw(C); be the irreducible components of py(C), fori=1,...,¢. We use these

to label the components of C’ and Y.

(1) Let Cill,...,C;’jl,,
labeled so that pw(C; ;) € pw(C);. If there is a tie (that is, the projection of

up to 02,1'“-'021}' be the irreducible components of C’,

a component of C’ is a point lying on more than one component of py(C)),
index it by the smallest i.

(2) Let Yi,,...,%,;, up to ¥%,1,..., Y, be the irreducible components of Y so
that pw(Y; ;) = pw(C);. Without loss of generality, we may assume that these

are ordered in such a way that, if we set
birj = deg pW'Yi,jredl

then bi,j > bi,j+1.

Define

ew = deg,,c).. Oram (1)  ew; :=deg,, c),.. Orm(1).

ired

Since pw(C) C P(W), we have eyy; > 1 fori=1,...,¢.

By definition, the degree of Ly on the components C; 7 is zero, so we define

Ly
dj:=degy, ,Lr di;:=degy Ly

i,j' red

g,; = degy

i,jred

Finally, let &; ; be the generic point of ¥; ; and &; be the generic point of pw(C);. Write

ki j :=length Oy, ¢ . ki :=length Op,c), -
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Then

e=>Y kijej,  ej=bjewi, ew=) kew:.

Proposition 5.4 ([9], 1.0.3). Let M consist of (m, m, m’) such that m,m > m3 and

m>(g—g+elq+1+g+umz)le—g+1)

with
d ™ +n m ! e 0 + 3
— — < -e— - —.
m m2 4 4g 4
Let I € Hy(I). Suppose that (C, xi, ..., X,) is connected and semistable with respect to I.

Then, in the notation explained above, the morphism py|y... is generically 1-1, that is,
bijj=1and jy=1foralli=1,...,¢ Furthermore, Y is generically reduced, i.e. k; ; =1

foralli=1,...,£and j=1,...,j. U

Remark. Since e > ag and a > 5, it follows that e — 59 + 3 > 0, which means that the

condition on d% + n% may be satisfied.

Proof. Suppose not. Then we may assume that at least one of the following is true:
J1=2; or by,; = 2; or, for some 1 < j < ji;, we have k;,; > 2. The first condition implies
that two irreducible components of ¥ map to the same irreducible component of py(C).
The second condition implies that a component of Yis a degree b; ; > 2 cover of its image.
The third condition implies that the subcurve Y is not generically reduced.

Let My be the kernel of the restriction map
HO(P(W), Opan(1) = H(Pw(C)1 retr Op(chrrea (1)

Step 1. We claim that W, # 0. To see this, suppose Wy = 0. Let D; be a divisor on py(C)

corresponding to the invertible sheaf O, c),,..(1) and having support in the smooth locus

1red

of pw(C)1.... We have an exact sequence

0— OpW(C)lred - OpW(C)lred(l) - ODI — 0.
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Then the long exact sequence in cohomology implies that

ho(pW(C)lred/ OpW(C)lred(l)) < hO(pW(C)lred/ ODI) + ho(pW(C)lredl OpW(C)lred)'

Note that h%(pw(C)1 reas Opy(c)ra) = 1, and
ho(pW(C)lredr ODl) =< deg D, = deg OpW(C)lred(l) =ew:-

If Wy =0, then

e—g+1=h’P(W), Opup(1) < hO(pW(C)lredrOpW(C)lred(l)) <ew:+1

e
:9—959W1=%- (12)
11

We show that this statement leads to a contradiction. First suppose that b;; > 2 or

ki1 > 2. Now we rearrange equation (12) to find

kiibiile—g) <kije, =e— Z kije;<e
(Z,7)#(1,1)
= (ki1big — Ve < ki1bi,1g.

But our assumptions imply that % > % and we obtain < g, a contradiction. On the
1,1%1,1

other hand, suppose that b; ; = k;; = 1 but j; > 2. Then

ew1 =ki,1bi1ew =e— Z k; jbijewi < e — kiabi2ew1 < e—ew,
(i, )#(1,1)

ie. ey < %e. Combining this with equation (12), we again obtain the contradiction { < g.

Step 2. By Step 1 we have that W, # 0, and in particular that ey; < (e — g), as
it is line (12) which leads to the contradiction. Following the strategy prescribed in
Section 5.1, let A be the 1-PS of GL(W) whose weight on W is 0, and whose weight on
W, = W, is 1. Let §Z’m and Bp be as defined in Section 5.1.

Pick (m, 7, m') € M and suppose plmam ((C,xi,...,X,), ') < 0. We shall show that
this leads to a contradiction.

Let B be the inverse image of pw(C); under pw, i.e. B = Ujlzl Cy; Y U§1=1 Y;,;. Let

C be the closure of C — B in C. Since C is connected, there is at least one closed point in
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BN C. Choose one such point P. Let
P tHO(C, Ly @ L) — HO(C, LT . ® L)

be the map induced by restriction.
The following claim is analogous to one of Gieseker and may be proved using a

similar argument.

Claim 5.5 (cf. [9], p. 43). C = C — B can be given the structure of a closed subscheme of
C such that forall0 < p<m —qy,
S ~C,.C . ; = "
Q, " Nker{p " :H(C,Lp® L") - H°(C, L. @ L)} = 0.
U

Let Zp be the ideal subsheaf of O defining the closed point P. We have an exact
sequence

0->Zp PQLY QL - LT . ® L — Oz /1,7 PQ LY - ® LT — 0.

In cohomology, this induces

0—> HC, I, P@ L. ®L™) > H°(C,L . ® L)
— H(C,0¢ /T PR LY ®L™) > H'(C, Iy PQLJL. ® L) — 0. (13)

The following facts are analogous to those stated by Gieseker in ([9], p. 44.)

M) RC Ly @ L) = x(Lye ® L) = dege Ly s ® L + x(O¢)
< (e- Yhuje)m+ (d - Ykidij— Ykiyd) ,)m + s,

(2) Since Oz/Ip *® L . ® L™ has support only at the point P € €, we make
the estimate h°(C, Oz /Zp ' ® Ln.® Lf‘(:,) >m—p.

(3) For 0 < p<m; — 1, Proposition 4.6 says that h°(C,0s/Zp ¥ ® L. ® Lflé) <
n1(m — p) + p2, and so it follows that from the long exact sequence in coho-
mology, h'(C,Zp * ® Ln.® Lf’é) < ur(m — p) + us.

(4) For mp < p < m, we have h!(C,Zp P ® L7 ® Lf’é) = 0 (cf. Proposition 4.6).

(6) prG (@) cHYC, I PQLT . ®L™) C H(C, L - ® L™,).

m,m
m,m p
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If p> m — q;, we may make no useful estimate, but if 0 < p < m — q; then by
Claim 5.5 and fact (5), we have

Py . —m,n ~ _ .
fo = dim@ " < WO(E, T3P © L), @ L),
Now the exact sequence (13) tells us

RC TR P @ Ly @ L) = h°(C Ly @ LTE) —hO(C,Oc /Ty P @ Ly ® L)
+R(C I PR Ly @ L]).

Thus, using the facts above, we obtain the following estimate:

(e— Y kjerjym+(d — Y ki jdi;— Y ki jpd] ;)i
+@+p—m+u(m—p +pu if0<p<my—1
Bp<{(e— ke )m+(d — Y kijdi;— Y kiyd; ;)m (14)
+g@+p-—-m ifmy<p<m-q
em+dm—g+1 ifm—-q+1<p<m

Step 3. We wish to estimate Zfﬂlm) wx(ll"/[ij). Unfortunately, we cannot apply

Lemma 5.1 as the estimates in equation (14) do not quite fit the setup there. Instead,

P(m, 1)

we proceed as follows: 3 ;7

w; (M) is greater than or equal to Y_7"; p(B, — Bp-1), and

one may easily calculate

m A R . m—1 A 1
Zp(ﬂp - ,Bp—l) = m,Bm - Z ,Bp > <Z kl,jel,j + E) mz —Sm+ ¢, (15)
p=0

p=1

where

3
Si=9- 2 +Zk1,jel,j(QI + 1)+ g3 + nuimy

my(my — 1)
e =(q - 1)<9+Q3 - % - 1) —M2m2+ﬂl+
The inequality (15) follows because the term () k;,jd1,; + D k1,jd1,j)flm — g1 + 1) is pos-

itive, since the hypotheses imply that m > g;. Finally, we may estimate ¢, > 0, since



Geometric Invariant Theory Construction of Stable Maps 41

gs > q1 and w1 > uy (see Proposition 4.6), yielding

P(m,m) . 1
Z wx(ZV[i,-) > <Z ki je,; + 5) m? — Sim. (16)
=1

Step 4. We estimate the weight coming from the marked points. We know noth-
ing about which components each marked point lies on, so we can simply state that

>, wilwg)m’ > 0. Finally, we estimate the sum of the weights

N

> wi(w;) = dim Wy — dim Wy < h®(Pw(C1,1)mar Opiy(cy (1)
i=0
< deg Opw(Cl,l)red(l) +1<ew;+1. (17)

Step 5. We combine inequalities (16) and (17) with Lemma 4.5 to obtain a contra-

diction as follows:

1
<<Z kyjerj + 5) m? — Slm> e—g+1) — (mP(m,m) — nm/)ew, + 1)
< phmnm (C, x4, ..., Xn), X))
<0

1 1
= (Zkl,jel,j + §> e—g+1)m? - <e+ E) (ew1 + 1)m* — Sile— g+ 1)m

m m’
<lew:1+1) <d— + Tl—z) m2.
m m

We showed that ey; < e— g, and by hypothesis m > (g — % +elgr + 1)+ gz + pimy)le —
g+1) > (S, +1)(e— g+ 1), so we may estimate

kije,j+3)le—g+1) —elew: +1) — 1 U '
(X ke +3)le—g+1) —elews + 1) gdm—i-nﬂ. (18)
(ew1+1) m m?

Note that since b;,; > 2 or k;; > 2 or j; > 2, we have }_k;,jb;,; > 2. Thus

1
<€W1 Zkl,jbl,j + 5) (e—g+1)—elew; +1)—1>0.
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Furthermore, the quantity

(ew1 Y ki jbij+3)e—g+1) —elews +1) — 1
(ew1 +1)

is minimized when ey, takes its smallest value, that is, when ey; = 1. So

(ew1 X ki jbij+3)e—g+1) —elew; +1)—1 . Sle—g+1)—2e—1

(ew1+1) - 2

_16 5+3
AT

But by hypothesis, d2 +nZ <le—2g+3; combining this result with

equation (18) gives a contradiction. This implies that uZm»»' ((C, x, ..., x,),A') > 0, and this
holds for all (m, M, m’) € M. It follows by Lemma 4.4 that (C, xi, ..., X,) is not semistable
with respect to [ for any ! € Hy(I). This completes the proof of Proposition 5.4. |

Next we derive inequality (19), which is similar to Gieseker's so-called Basic
Inequality. This turns out to be an extremely useful tool. Later we will show that this
inequality holds in more generality than is stated here (see Amplification 5.18). One of the
main changes to our potential stability proof compared to Gieseker's is that he derives
this inequality much later in his proof. We noticed that the Basic Inequality is something
we can prove on components which do not collapse under py, and we will use it to prove

that there are no components which collapse under py.

Notation. Suppose C is a curve which has at least two irreducible components, and
suppose it is generically reduced on any components which do not collapse under py.
Let Y be a union of components which do not collapse under py, and let C’ be the closure
of C — Yin C as constructed above. Let C’ % C S P(W)x P and Y % C be the inclusion

morphisms. Let

Lwy := 01§ DyyOpan (1) Lwer = 151f PiyOpun (1)
L,y := L’;lzpj(’)pr(l) L,yc = LZ/szjOpr(l).

Let 7 : C — C be the normalization morphism. Let Ly ¢ := n*Lyy and similarly define

Lwer, Lyy and L, . Normalization induces a homomorphism

Tmais + HY(C, Ly ® L) — H°(C, Ly ® LT).



Geometric Invariant Theory Construction of Stable Maps 43

Define

€ :=degs Ly = dege Lwe
d':=degs L,¢ = dege Lrc,

and let n’ be the number of markings on C’. Write h° := h%(pw(C’), Op,c)(1)). Recall that
we defined g to be

g :=min{0, gy | Y is the normalization of a complete subcurve Y contained

in a connected fiber Cp, for some h € Hilb(P(W) x P")}.

Proposition 5.6 ([9], 1.0.7). Let M C M, where M consists of those (m, , m/) such that

m,m > msz and

m>(g—3+elq+1)+gs+umy)(e—g+1)

with
d ™ +n m 1 e > + 3
JE— —_— < J— —_— J—
m 'mz T2 7397,
Let I € Hy(I). Let (C, x,...,X,) be a connected marked curve which is semistable with

respect to . Suppose C has at least two irreducible components. Let C’ and Y be as
above; in particular, no component of Y collapses under py. The subcurve C’ need not be
connected. Suppose C’ has b connected components. Suppose there exist distinct points

Py,..., Py on Y satisfying

(i) w(P)eyYNnC'foralll <i<k;
(ii) for each irreducible component ¥; of Y,

degy, (Lyy(—D)) > 0,

where D = P, + - + P;.
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Then there exist (m, m, m’) € M such that

h° dh® —d'(e— 1))2 h® —n'(e— 1)
d+E< e+ e—g+1)o +(n n'le—g+1), +£, (19)
2 e—g+1 m

where S=g+k(29—2)+ g —g+1. =

Proof. We depart from the strategy outlined in Section 5.1 in one important regard:
this is not a proof by contradiction in exactly the same way that the other proofs in
this section are. However, the following proof will still use some of the notation and
constructions described there.

We define the key 1-PS for this case. We shall revisit it later, so we give it the

special notation A¢.. Let

Wy := ker{HO(P(W),Op(W)(l)) — HO(pW(C/):OpW(C/)(l))}'

Let A¢ be the 1-PS of GL(W) which acts with weight 0 on W, and weight 1 on W = 5.
Let A, be the associated 1-PS of SL(W).

Claim5.7. If(C,x,...,x,) satisfies ulmmnmw ((C,xy, ... ' Xn), Ag/) < 0for some (m, m, m') € M,
then equation (19) is satisfied for this choice of (m, iz, m’). O
Suppose the claim is true. Fix [ € Hy(I) and suppose that (C,x,...,x,) is

semistable with respect to [. If there do no exist (m, M, m') € M satisfying equation (19),
then it follows from Claim 5.7 that uLmr'h'm’((C,Xl,...,Xn),k’c/) > 0 for all (m,m,m’) € M.
But then Lemma 4.4 tells us that (C,x,..., %,) is not semistable with respect to l. This
contradiction implies the existence of such (m,m, m') € M.

It remains to prove Claim 5.7, so assume that utmmm ((C, x,. .. ' Xn), Ap) < 0. We
shall derive the fundamental inequality from this, using Lemma 4.5.

Estimate the weights for A¢ coming from the marked points. There are n’ of these
on C’, so Zlnzl ;. (wg)m' > n'm'. Also, estimate the sum of the weights. It is clear from
the definition of A¢, that Y1 wy,, (w;) < h°.

Now we look at the weight coming from the curve.

Let §Z”h and B, be as defined in Section 5.1.
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For p = m, it is clear that f,, = h°(C, L7} ® L") = em + drh — g + 1. We estimate
ﬁp in the case p # m. Restriction to Y induces a homomorphism

~Y,C
m,m

tHO(C, LY ® L") — H°(Y, LYy ® LTY).

We restrict this to ﬁg'm, where 0 < p < m. Note that if M is a monomial in ﬁgl’m and

p < m, then M has at least one factor from Wy, and hence by definition M vanishes on

C’. If such M also vanishes on Y, then M is zero on C. Hence the restriction ﬁf;gh|§m,rﬁ has
! p

zero kernel, so is an isomorphism of vector spaces, and thus

dim 4%, (25 ") = dim Q)™ = p

'Om,m p b

We denote ﬁ,‘,’z’fh(ﬁs'm) by §Z'm|y.

The normalization morphism 7y : ¥ — Y induces a homomorphism
Tyme : H (Y, L7y ® L) — HO(V, L7y ® LT).

By definition, the sections in nYm,m*(ﬁzl'mly) vanish to order at least m — p at the points
Py,..., P;. Thus

m,m

Tymae (R |y) S H(Y, L, ® LT (—(m — p)D)).

Then

Bp = dim (™), < KO(¥, L7, ® L7%(—(m — p)D)) + dim ker 7y m s
=le—-€ém+(d-d)m—-kim—-—p —-g+1
+h' (Y, L7 ® L (—(m — p)D)) + dimker 7y m yirs. (20)

We apply the estimates of Claim 5.2 to our current situation.

(1) dim ker 7y m ms < Ga.
No component of ¥ collapses under py, so by Proposition 5.4 the curve Y is generically
reduced. Claim 5.2(1) may be applied to Y C P(W)x P". Let Zy denote the ideal sheaf of
nilpotents in Oy. Then dim ker 77y 1, s« < h°(Y, Zy). In Proposition 4.6, the constant g, was
defined to have the property h°(C,Z¢) < qo; hence h(Y,Zy) < g, as well.

(2) MY, L7, ® L™ (—(m — p)D)) < k(m — p) <km if 0 < p < 2g — 2.
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The sheaf I_,;"”-, ® I_,fll-, is locally free on ¥, and we have chosen m and 172 so that H'(Y, I_,'V”V? ®

I_,:hy) = 0. The hypotheses of Claim 5.2(2) hold, and we calculate deg(m — p)D = k(m — p).

We make a coarser estimate than we could as this will be sufficient for our purposes.
(3) KUY, LT @ L™ (—(m — p)D)) =0if2g—1 < p<m—1.

Y is reduced, and is a union of disjoint irreducible (and hence integral) components Y;j of

genus gy, < g. We apply Claim 5.2(3) separately to each component. Our assumption (ii)

was that degyj(l_,wy(—D)) >0, so

degg,j(f,wy) > degy, D.
If degl—,j D > 1, then

degy, (L}yy ® LT (—(m — p)D)) > m(degy, D) — (m — p)(degy, D)
>p=2g—12= 29y, —1,

as required. On the other hand, suppose that deg?j D = 0. We assumed that no component

of Y collapses under py, and hence for each j, the degree deg;,j(l_,wy) > 1. Thus, again
degg, (L7py ® L7 (—(m — p)D)) > m > 2gy, — 1.
Combining this data with our previous formula (20), we have shown

e—€—-km+d-d)m+kp—g+1+qg+km 0<p<2g-2

3 <
Pp= e—€—-—km+(d-d)m+kp—g+1+q, 2g—1<p<m-—1.

Thus, we may use Lemma 5.1, settinga =€ +k, 8 =d',y =k, 8=n,e= —g+1+q+

(2g— 1k, ry=1and R= hO. Following Lemma 5.1, we see

k
plmmm (C, %1, ..., %), M) = <<e’ + E) (e—g+1) — hoe) m?
+(d'e—g+1)—dh®mm+ (n'le— g+ 1) — nh®)m/

k
—(g—E—g+q2+(29—1)k) (e—g+1)m—h'm.
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Thus, since we assume that utmmm' ((C, x;, ..., X,), A) < 0, we may conclude that

k hle+(dh®—dle—g+1)2+nh®—nle—g+1)% S
€+~ < + —,
2 e—g+1 m
where S=g+k(29—32)+q — g+ 1. [ |

This fundamental inequality allows us finally to show that no irreducible com-

ponents of C collapse under projection to P(W).

Proposition 5.8 ([9], 1.0.3). Let M consist of those (m, iz, m’) such that m, m > m3 and

(9—3+elg+1) +gs+puimz)le—g+1),

m > max )
(69 +2g2 — 2g)le—g+1)

with

dm ~|—nm/ L 5 n 3

2547497y

while

h 29-1+d+nZ

e—g+1-d

Let I € Hy(I). If C is connected and (C, xi, ..., X,) is semistable with respect to [, then no
irreducible components of C collapse under py. O

Remark. As the denominator e— g+ 1 —d is equal to (2a — 1)(g— 1) + an + (ca — 1)d, it

is evident that this is positive.

Proof. This is trivial if d = 0; assume that d > 1. Suppose that at least one component
of C collapses under pw. Let C’ be the union of all irreducible components of C which
collapse under py and let Y := C — C’. Suppose that C’ consists of b connected compo-
nents, namely C;,...,C,. If d/ = degclf Lyc; then d;>1,since e =0,fori=1,...,b. But
then d’ = deg, Ly = Y.°_, d/ > b. Hence

l1<b<d <d.
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The curve C is connected, so C’' N'Y # . Choose one point P € ¥ such that 7(P) €
C’NY. We have by definition degy (L y) > 1, so degy (L y(—P)) > 0 for each irreducible
component Y; of Y. The hypotheses of Proposition 5.6 are satisfied for k = 1, and M as in
the statement of this proposition. Let (m, 1, m’) € M be the integers which that corollary
provides, satisfying equation (19).

Since C’ consists of b connected components, it is collapsed to at most b distinct

points under py, so we estimate

h° (pW(C/), OpW(C/)(l)) <b.

Recall that we defined S =g+ k(2g — %) + g2 — g+ 1. In the current situation, k =1, so
S <39+ g2 — g. The hypotheses on m imply then that %(e— g+1) < % Estimate n’ > 0.
Then inequality (19) reads

he+ (dh® —d'(e— g+ 1) 2 + (nh® —n'le— g+ 1) LS
e—g+1

/

0+ Se/—i-gf

N | —

1 ! e—i—l +nm <e—i—1 —i—nm/
2b 269 Tz ST 9T
+%g—1+d+nr';‘—;
e—g+1—-d

IA

1

4
33
A

%g—l+d+n£%

We have contradicted our hypothesis that 72 > 1 + e—gri=d

Remark. We have now described a range M of (m,m,m/) such that if [ € Hy(I) and
(C,xy,...,X%,) is semistable with respect to [, then the map pw|c : C — pw(C) is surjective,
finite, and generically 1-1. Further, since no components of C are collapsed under py, it
follows from Proposition 5.4 that C is generically reduced.

One may check that there exist integers (m, 1, m’) such that all stable maps have
a model satisfying inequality (19) of Proposition 5.6. Such a calculation is carried out

in ([2], Proposition 5.1.8). It turns out that one may easily show that the inequality is

ca

a1 and%szOI‘l:l,...,n.

2a-1
We will be able to use the theory of variation of GIT to show that in fact the quotient is

satisfied by any complete subcurve C' C C, if 2 =

constant in a small range around this key linearization.



Geometric Invariant Theory Construction of Stable Maps 49
5.3 GIT semistability implies that the only singularities are nodes

The next series of results provides a range M of triples (m, i1, m’) such that if € Hy,(I) and
if the connected curve (C, xj, ..., X,) is semistable with respect to [, then any singularities
of C are nodes. First we show that C has no cusps by showing that the normalization
morphism 7 : C — C is unramified. Singular points are shown to be double points by
showing that the inverse image under = of any P € C contains at most two points. We
must also rule out tacnodes; these occur at double points P such that the two tangent
lines to C at P coincide.

In the hypotheses of the following lemma, note that 6g + 2q, — 29 < 99 + 3q, — 39
and that 2e — 10g + 6 > e — 9g + 7, and so in particular the hypotheses of Proposition 5.8
hold.

Proposition 5.9 (cf. [9], 1.0.5). Let a be sufficiently largethate—9g+7 =a(2g—2+n +

cd) —9g + 7 > 0, and let M consist of those (m, i, m’) such that m, m > m3 and

(9— 3 +elq+1)+gs+puimz)le—g+ 1),}

m > max )
(99 +3gq, —3g)le—g+1)
with
dm +nm/ 1e 9 + 7
— — < — —_— ,
m 2-8° 8978
while
o 3 '
o - zg—l—i—d—i-n%.
e—g+1—-d
Let [ e Hy(I). If (C,xy,...,%,) is connected and semistable with respect to I, then

the normalization morphism 7 : C — C,., is unramified. In particular, C possesses no

cusps. O

Proof. Suppose r is ramified at P € C. Then pwon : C — pw(C..) is also ramified at P.
Recall that by Proposition 5.3, the curve pw(C) C P(W) is nondegenerate; we can think of
HO°(P(W), Opy(1)) as a subspace of H(pw(C), Ly). Define

Wy = {s € HY(P(W), Opw(1))| 77, pw S vanishes to order > 3 at P},
Wy = {s € H(P(W), Opuw(1))|7 pw+S vanishes to order > 2 at P}.



50 E. Baldwin and D. Swinarski

Let A be the 1-PS of GL(W) whose weights are 0 on W, 1 on W;, and 3 on W;, and let A" be
the associated 1-PS of SL(W). Pick some (m, m,m') € M.

As discussed in Section 5.1, to make an estimate for ufmam ((C, x;,...,X,), X)), we
need to find an estimate for §; := dimﬁzn'm for0 <i <3m.

We use the homomorphism 7y, . induced by the normalization morphism (see

equation (11)). We show that
T () € HY(C, LT ® L™ @ Og (—3m + i) P)), (21)

for 0 <i < 3m. When i = 0, this follows from the definitions. For 1 <i < 3m, it is enough
to show that monomial M e (§lmm — 5:'1;”) vanishes at P to order at least 3m — i. Suppose
that such M has iy factors from Wy, i; factors from W;, and i, factors from Ws. Then
ip + i1 + i = m and i; + 3i, = i. By definition, M vanishes at P to order at least 3ip + 2i;.
But

3ip + 21y = 3lip + 11 +12) — (i) + 3iz) =3m — 1,

so the monomial vanishes as required, and hence equation (21) is satisfied.

By equation (21) and Riemann-Roch,

i = dim Q"™ < KO(C, LT ® L ® Og(—(3m — ) P)) + dim Ker 7y
<em+dm-3m+i—g+1
+h'(C, L7 ® LT ® O¢(—(3m — i) P)) + dim Ker 1y, iy

We may use Claim 5.2 in a straightforward way to show that dim ker 7, . < g2 and that
hRYC, LT ® L™ ® Op(—(3m —i)P)) < 3m —i < 3m if 0 <i < 2g — 2. More care is needed to
show that the h! term vanishes for higher values of i.

Let C; be an irreducible component of C. Suppose C; does not contain P € C. We

have shown (Proposition 5.8) that degc-i Ly= degci Ly > 1. Thus
dege, (L ® L' ® O¢(—(83m —i)P)) = degg, (L7y ® L") = m > 2g¢, — 1.
On the other hand, suppose that C; is the component of C on which P lies. The morphism

Ci — pw(Ci..) is ramified at P, so py(C;..) is singular and integral in P(W). Were py/(C; ..)

an integral curve of degree 1 or 2 in P(W), it would be either a line or a conic, and hence
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nonsingular. We conclude that deg;, Ly = deg, _, Lw > 3. Then
dege, (I ® L ® Op(—(3m — i)P)) = 3m —3m +i = i.

Thus, Claim 5.2(3) shows that ' (C, LT ® L ® Og(—(3m — i)P)) = 0if2g— 1 <i < 3m — 1.

Combining these inequalities, we have

. e—3m+dm+i—g+q+1+3m, 0<i<2g-—2
Bi <
e—3m+dm+i—g+q+1, 2g—1<i<3m-—1.

Thus, in the language of Lemma 5.1, we shallseto¢ = 3,8 =0,y = 1,ande = — 39+ 3¢ +
6g. We may estimate the minimum weight of the action of A on the marked points x; as
zero, so we set § = 0. We know that ry = 3. It remains to find an upper bound for > w; (w;).

Recall that we are regarding W as a subspace of H°(pw(C), Ly). Note that the
image of W, under n, is contained in H°(C, L(—3P)), and the image of W; under 7, is

contained in H°(C, Lw(—2P)). We have two exact sequences

0—> LwlP) > Lw —kP)—>0
0 - Lw(—3P) - Ly(—2P) — k(P) — 0,

which give rise to long exact sequences in cohomology

0— HYC,Lw(-P) — H°C,Lw) — HYC,k(P) — ---
0 —> HY%C,Lw(—3P)) - HOC,Ly(—2P)) > HYC,k(P)) — ---.

The second long exact sequence implies that dim W;/W, < 1. Now recall that
Lw:=n*(Ly) and 7 is ramified at P. The ramification index must be at least 2, so
we have H(C, Ly(—P)) = H°(C, Lw(—2P)). Then the first long exact sequence implies that
dim W,/ W; < 1. We conclude that Zf‘f{l wyw;)) <14+3=4=:R.

We may now estimate the A’-weight for (C, xi, ..., x,), using Lemma 5.1,
9
whmmm (C, %y, ..., %), A) > (E(e —g+1) - 4e> m? — 4dmih — 4nm’
_ 9
—((9%9-39+3a— e—g+1+4)m

2 m?
— (99 — 39+ 3q)le— g+ 1)m.

1 9 ¥ /
> <—e——(g—1)—4dm—4nm )mz
2 m
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We assumed that (9g — 39 + 3qz) (e — g+ 1) < m, so we have shown that

1 9 7 m m/
) A / 2
mim' ((C,X1,..., %), M) > | —e— = — —4d— —4n— | m”.
M (( 1 n) ) = <2 29 + 2 m m2>
This is clearly positive, as we assumed that
1 9 . 7 d m n m/
—e— — —>d— +n—;,
8 8978 Y T2
so m? has a positive coefficient.
Thus pulmam ((C, x,, ..., X,), A') > 0. This is true for all (m, 12, m’) € M, and therefore
by Lemma 4.4, the n-pointed curve (C, xy, ..., X,) is not semistable with respect to I for
any [ € Hy(I). [ ]

Remark. Note that the value e — 9g + 7 is positive for any (g, n,d) as long as a > 10,
but smaller values of a will suffice in many cases; for example, if g > 3 then a > 5 is
sufficient.

Proposition 5.10 (cf. [9], 1.0.4). Let a be sufficiently large that e— 9g + 7 > 0, and let M

consist of those (m, m, m’) such that m, m > m3; and

(9— 3 +elq+1)+gs+pims)le—g+1),
m > max )
(99 +3q, —3g)le—g+1)
with
dm n m/ o 9 n 7
JE— —_— < J— S _,
m "mz 8% 8978
while
N 3 /
m>1+§g—1+d+n%
m e—g+1—d
Let [ € Hy(I). If (C,x,...,X%,) is connected, and semistable with respect to I, then all
singular points of C,., are double points. O

Proof. Suppose there exists a point P € C with multiplicity >3 on C,,. Let ev:
HOP(W), Opuy(1)) — k(P) be the evaluation map. Let W, = kerev. We have N := dim
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Wo = N. We take W) = W, and let A be the 1-PS of GL(W) which acts with weight 0
on W, and weight 1 on W;. Let A’ be the associated 1-PS of SL(W) and pick (m,m, m') € M.

We follow the strategy of Section 5.1. We need to find an upper bound for Bp =
dim @),

Define a divisor D on C as follows: Let 7 : C — C be the normalization morphism.
The hypotheses of Proposition 5.9 are satisfied, so 7 is unramified; as P has multiplicity
at least 3, there must be at least three distinct points in the preimage 7 ~(P). Let D =
Q; + Q; + Q3 be three such points. Note that if any two of these points lie on the same
component C; C C, then the corresponding component C; C C must have degc1 Ly >3,
by the same argument as in the proof of Proposition 5.9.

The normalization morphism induces a homomorphism 7y, 1« (see equation (11)).

Note that (20" € HO(C, L™ ® L™ ® Og(—(m — p)D)). We have

p
Bpi= dimﬁrg'm <h(C, LY ® L™ ® Os(—(m — p)D)) + dimKer 7y 5,
<em+dm-3m—-p —-g+1
+h'(C, LY, ® LT ® Og(—(m — p)D)) + dimKker 7,5, .-

We may use Claim 5.2(1) and (2) to make the estimates that h°(C,Z¢) < ¢, and that

hYC,L7(—(m — pPD)® L™ < 3(m — p) <3m if 0 < p<2g—2. To show, as one would

wish, that h!(C, LT (—(m — p)D) ® L™) = 0 if p > 2g — 1, we may verify that the degree of

Ly on any component C; meeting P implies that the hypothesis of Claim 5.2(3) is satisfied.
Thus

b, < (e—3m+dm+3p—g+q+1+3m, 0<p<2g-2
P= (e—3m+dm+3p—g+q+1, 2g—1<p<m.

We may apply Lemma 5.1, settinge = 3,8 =0,y =3,and e = — g+ g2 + 6g — 2. We know

that ry = 1 and may estimate the weight of the action of A on the marked points xi, ..., x,

as greater than or equal to zero, so we set § = 0. Finally, note that Zf\io wy(w)) =1=:R.

Now, substituting in these values,

3
whmnm (C, %y, ..., %), X)) > <§(e—g~|— 1) — e) m? —dmm — nm/

_ 9
—(<7g—g+qz—§)(e—g+l)~l—l)m

1 3 m m’
>(ze—=(g+1)—-d— —n— |m*— (79— g+ q)le— g+ 1)m.
2 2 m m2
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Our assumptions imply that (7g — g + g2)(e — g + 1) < m. We have shown that

phmnn (C, X1, ... %), M) >

However, we assumed that

dﬁ +nﬁ < le_ gg+ z’
m m2 8 8 8
and ée— %g + % < %e— %g + %, since e — g > 4, so the coefficient of m? is positive.
Thus pbmmm' ((C,x1,...,%,),A') > 0. This holds for all (m,7,m')e M, so by
Lemma 4.4, we see that (C,x,...,%,) is not semistable with respect to [ for any
I € Hy(I). |

The remaining case we must rule out is that C possesses a tacnode. The analogous
proposition in [9] is 1.0.6, but the proof there contains at least two errors (one should use
Q" accounting rather than the Tata notes’ W"""W] when the filtration has more than
two stages, and tacnodes need not be separating). These may be avoided if we simply
follow ([11], 4.53) instead.

Proposition 5.11 (cf. [11], 4.53). Let a be sufficiently large thate—9g+ 7 > 0, and let M

consist of those (m, m, m’) such that m, m > m3 and

(9— 3 +elg +1) +gs+uimz)le—g+1),
m > max B
(10g +3g2 — 3g)le—g+1)
with
dm + nm/ 9 + 7
JE— — < — —_—— '
mz ~8° 8978
while
~ 3 !
m>1+§g—1+d+n%
m e—g+1—-d
Letl € Hy(I). If C is connected and (C, x3, ..., X,) is semistable with respect to [, then C..,

does not have a tacnode. O
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Proof. Suppose that C,, has a tacnode at P. Let 7 : C — C be the normalization. There
exist two distinct points, Q,, Q, € C, such that 7(Q;) = 7(Qz) = P. Moreover, the two
tangent lines to C at P are coincident. Define the divisor D := Q; + Q; on C.

We consider H(P(W), Op(1)) as a subspace of H°(p, (C), Lw). Thus we may define

subspaces

Wy := {s € HY(P(W), Opw(1))| 7, pw.X vanishes to order > 2 at Q; and Q,},
W, := {s € H°(P(W), Opw)(1))|7, pw+X vanishes to order > 1 at Q; and Q).

Let A be the 1-PS of GL(W) which acts with weight 0 on W;, 1 on W;, and 2 on W;. Let A’/
be the associated 1-PS of SL(W) and fix (m,m, m/) € M.

Following the strategy of Section 5.1, we wish to estimate B; = dim anm

As in Proposition 5.6, we use the homomorphism 7w, . induced by the normal-
ization morphism (see equation (11)). Similarly to as in Proposition 5.9, we show that

Tmme () € HY(C, LT ® L ® Og(—(2m — i) D)), (22)

for 0 <i < 2m. When i = 0, this follows from the definitions. For 1 <i < 2m it is enough

m,m

to show that for any monomial M € Q"™ — /""", we have
Tom (M) € HY(C, L ® L ® O¢(—(2m — i) D)).
Suppose that such M has j; factors from Wj, for k = 0,1,2. Then jo + ji + j. = m and

J1 + 2j, = i. By definition, nm,m*(M) vanishes at both Q; and Q; to order at least 2j, + Jj;.
But

2fo+ h=2Jo+ 1+ Jo) — (1 +22) =2m —1i,
giving the required vanishing of 1, . ().
We shall also prove at this stage that Zf\jl w; (w;) < 3. We have two exact se-

quences

0—> Lwl-Q) - Lw —kQ)—0
0— I_IW(_ZQI) — I_:W(—Oﬂ — k(Q;) — 0,
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which give rise to long exact sequences in cohomology

0— HYC,Lw(-Q,) — HC,Lw) — HO°C,k(P)
0 — HYC,Lw(—2Q;)) - HOC, Lyw(—Q;) — HO(C, k(P)).

If we let W, be the image of W, = H(P(W), Opuy(1)) in H(C, L), we may intersect each of
the spaces in the sequences with ;. Note that the image of W; in H°(C, L) is precisely
W, N H°(C, Lw(—Q,)); if a section of Ly which vanishes at Q; is the pullback a section of
C, then it automatically vanishes at Q, as well. Similarly, the image of W, in H°(C, Ly)
is WL, N H°(C, Lw(—2Q1)). We have obtained

0—> W, - Wy, > WL HYC, k(P))
0— Wy > Wy - Wy HOC, k(P)).

It follows that dim Wy/W; < 1 and dim Wy /Wy < 1. Thus Y " wy(w;) <142 =3 =: R.
The weight coming from the marked points will always be estimated as zero. In
order to estimate ﬁp, there are unfortunately various cases to consider, which shall give

rise to different inequalities.

(1) There is one irreducible component C; of C passing through P.

(2) There are two irreducible components C; and C, of C passing through P, and
degcired Lw®L,>2fori=1,2.

(3) There are two irreducible components C; and C, of C passing through P, and
dege, ., Lw® L, =1, whiledeg;,  Lw® L, > 2.

There cannot be two degree 1 curves meeting at a tacnode, so these are the only cases.
Note that in Case 1, since C; is an irreducible curve with a tacnode, degclred Ly®L,>4.
For Case 3, we know by Proposition 5.8 that deg. . Lw > 1, and hence we see that
dege, ., Lr=0.

Cases 1 and 2. We estimate Bp. By equation (22) and Riemann—Roch,

fi = dim Q"™ < KO(C, LT ® L ® Og(—(2m — i) D)) + dim ker 7, s
<em+dm-22m-—-i)—g+1
+h'(C, L7 ® L7 ® O¢(—(2m — i) D)) + dim ker 7, i

Claim 5.2 allows us to estimate, as usual, the upper bounds dimker s, ». < gz and
h' (C, LY ® LT ® O¢(—(2m — i)D)) < 4m — 2i < 4m if 0 <i < 2g — 2. To show that the h'
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term vanishes for larger values of i, recall that our assumptions imply that 1 > m. Thus,
for any component C; of the curve,

degs, L7y ® L™ > dege, Ly @ L' = m - dege, Lw ® L.

If we are in Case 1, then we conclude that degs, L ® LI ® Og(—(2m —i)D) > 4m — 2-
2m+i>2g—2if 29— 2 <i < 2m — 1. The other components of the curve do not meet
D, and so one sees from Claim 5.2(3) that h' is zero there. Case 2 follows similarly.

Combining these inequalities, we have

A e—4m+dm+2i—g+1+qg+4m, 0<i<2g-—2
e—4m+dm+2i—g+1+qo, 2g—-1<i<3m-1.

In the language of Lemma 5.1, we set e =4, =0,y =2,8=0,¢ =89-3+ 3q: — 1,
ry = 2, and R = 3. Now

wulkmam (C, %1, ..., %), ) > (4le — g+ 1) — 3e)m? — 3dmii — 3nm/

—((10g — 3§ +3q; — 5lle— g+ 1)+ 3)m

/

m m
> (e—4(g—1)—-3d— —3 2 (10g—3g+3g)le—g+1)m.
> (e g-1 = nm2>m (10g —3g+3gz)le—g+1)m

This is clearly positive for large m. In particular, as we set m > (10g — 3G + 3g2)(e — g + 1),

we must infer that

m m'
L (G X ), ) > <e_4g+ 3-3d— —-3n 2) m2.
m m

Then, since

dﬁL n m’ 1 9 n 7 1 4 L1
—+n— <—-e— - —<—-e— -
m " "mz ~8° 897" g 3% 3Y
(where the latter inequality may be seen to hold, since e — g > 4), we conclude that
plmanm' (C, x1,...,%,),A) > 0.
Case 3. Now that degg Lw®L,=1, we need a new way to estimate f; :=

dimﬁzl'm. However, we do know that the genus of C; is zero. Let Y :=C — C;. Noting
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in line (22) that C; and Y are disjoint, we may write

™ ¢ HY(C, L ® L™ ® Og(—(2m — i) D))
=H(C1, Ly ® L™(—(2m —i)Q1)) ® H*(Y, L ® LM(—(2m — 1) Q,)).

Thus

i i=dim Q™ <K+ (e— Dm+dm— 2m—1) — g + 1
+hN(Y, Ly ® L ® Og(—(2m — i) Q;)) + dim ker 7, s,

where we write Y for h%(Cy, L, ® L™ ® O¢, (—(2m — i) Q).

As usual, Claim 5.2 allows us to estimate the upper bounds dim ker w4 < g2
and h1(Y, L7 ® L™ ® Og(—(2m —1)Q,)) < 2m —i < 2m if 0 < i < 2g — 2. The assumptions
for Case 3 tell us directly that we may apply Claim 5.2 (3) and obtain, as we desire,
RYY, L7 @ LT ® Op(—(2m —i)Qy)) =0if 29— 1 <i <2m — 1.

Combining these inequalities, we have

. e—3m+dm+i—g+1l+q+2m+h?, 0<i<2g-2
Bi <
le—3m+dm—+i—g+1+qg +h 2g—-1<i<2m-1.

(23)
To calculate the € term in the language of Lemma 5.1, we must calculate Y 27" h?. We
recall that C; = P!, that deg; Lw =1, and that degs L, =0. Thus Ly¢, = Op (1) and

]_T,r(j] = Op1, SO

0 i <m-—1
hY = h°(P!, Op1 (M) ® Opi (—(2m — 1) Q) = { ) l =m
-m+i+1 1>m.

Thus, in particular,

2m—1 m
> K =Zj:§m2+§m
1=0 j=1

Hence, we calculate € to be =4g — 29+ 2q, + % + %m. For the rest of the dictionary for
Lemma 5.1, weseta =4,8=0,y =1, =0,ry =2 and R = 3. Then
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ukmrm (€, x1,...,%,), 1) > (4le— g+ 1) — 3e)m? — 3dmim — 3nm’
_ 5 1
- (<6g—29+2q2 - §+§m) (e—g+ 1)+3)m

1 7 m m\ ., _
>|-e—=(g—1)—3d— —3n— |m* — (69— 23+ 2q.)le— g+ 1)m.
2 2 m m?

Our estimates for m imply that m > (e— g+ 1)(6g — 2g + 2g»), so we have shown that

1 7 5 m m/
Lo, 5/ / 2
(L et m/ (,X,...,X ,)\’ > —e — — +__3d__3n_ m-.
( ! nl A (Ze 2g 2 m mz)

This is clearly positive, as

where the second inequality holds, since e — g > 4.
Thus ufmam ((C,x,,...,X%,),A) > 0 for all triples (m, 7, m') € M, and hence by

Lemma 4.4, we see that (C, xy, ..., X,) is unstable with respect to [ for any l € Hy(I). [ |

5.4 Marked points are nonsingular and distinct

We now turn to the marked points, which we would like to be nonsingular and distinct.

This is ensured in the following two propositions.

Proposition 5.12. Let a be sufficiently large that e—9g+ 7 > 0, and let M consist of

those (m, m, m') such that m, m > m3 and

(9— 3 +elg+1)+gs+puimz)le—g+ 1),}

m > max B
(10g+3g2 —39)le—g+1)
with
dm—l—nm/ <1e J +7
m "mz 8% 897w
while
~ 3 ’ P s
E>1+§g—1+d+n% mo_ g+do .
m e—g+1-d m2 e—g+l—-n
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Letl € Hy(I). If (C, x, ..., X,) is connected, and semistable with respect to [, then all the

marked points lie on the nonsingular locus of C. d

Remark. As e—g+1—-—n=((2a—-1)g—1)+ (@ — 1)n+cad, it is evident that this is

positive.

Proof. Suppose there exists a point P € C, which is singular and also the loca-
tion of a marked point. By Proposition 5.10, this point is a double point. Let ev:
HO(P(W), Opwy(1)) — k(P) be the evaluation map. Let W, = ker ev. We have Ny := dim Wy =
N — 1. Let A be the 1-PS of GL(W) which acts with weight 0 on W, and with weight 1 on
W;. Let )’ be the associated 1-PS of SL(W) and fix (m,m, m') € M.

We have assumed that at least one marked point, say, x; lies at P. If w € W, then
w(x;) = 0, so wy, must be we_g, whose A-weight is 1. Hence Zl”:l w; (wg,)m’ > m/'. Note also
that Zfio w, (w;) = 1 =: R. As usual, construct a filtration of H°(C, Ly ® Lf‘) of increasing
weight as in equation (9). We need to find an upper bound for ﬁp = dimﬁgl'm.

Let m : C — C be the normalization morphism, which is unramified as the hy-
potheses of Proposition 5.9 are satisfied. There are two distinct points in w~1(P), by
Proposition 5.10. Let the divisor D := Q; + Q; on C consist of these points. Should Q,
and Q, lie on the same component C; of C, we see as in the proof of Proposition 5.9 that
degs, Lw > 3.

The normalization morphism induces a homomorphism m;, 1. (See equation (11))

™M BOC, LM @ L™ @ Og(—(m — p)D)). We have

with ﬂm'm*(ﬁp

Bp = dim Q"™ < h%(C, L ® L' ® Og(—(m — pID)) + dimker s
=em+dm—2m—p —gc+1+h'(C, LY ®L" ® Oc(—(m — p)D)) + dimker 7 i

We may use Claim 5.2 as usual to establish the estimates that dim ker wy, . < g2, that
hYC,LT ® L™(—(m — p)D)) <2(m — p) < 2m if 0 < p<2g— 2, and that, as one would
wish, h}(C, L7, ® LM (—(m — p)D)) = 0 if p> 2g — 1.

We can now estimate f,,

(e—2m+dm+2p—g+q+1+2m, 0<p=<2g-2

Bp <
P e—2m+dm+2p—g+qs +1, 2g—1<p=<m.
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We may apply Lemma 5.1, settinge =2, =0,y =2,§=1,e =—g+q+4g9—1,ry =1,

and R = 1; thus we estimate

plmmm (C, %1, ..., %), ) > ((e— g+ 1) —em? —dmih + (e— g+ 1) — n)ym/
—((5g—G+q—3)le—g+1)+1)m
> <—g+1—dm+(e—g+l—n)12> m?
m m

—(Bg—g+qlle—g+1)m.

Our assumptions imply that m > (5g — g+ g2)(e — g + 1), and so we have shown that
m m
whmann (C, %y, ..., %), A) > (—g— d—+e—g+1-— n)—2> m2.
m m

This, however is positive, as we assumed that

m/’ g+az
> .
m2 e—-g+l—-n

Thus plmam ((C,xy,...,X,),A") > 0. This is true for any (m, 7, m') € M, so it follows by

Lemma 4.4 that (C, xy, ..., X,) is not semistable with respect to [, for any [ € Hy(I). [ |

Proposition 5.13. Let a be sufficiently large that e—9g+ 7 > 0, and let M consist of

those (m, m, m’) such that m, m > ms and

(9—3+elq+1)+gs+mmz)le—g+1),
m > max .
(10g+3¢g2 — 3g)le—g+1)

with
dm_l_nm/ L 9 +7
2= g9y
while
~ 3 ! / i
E>1+§g—l+d+n% m o1 g+i+dn, .
m e—g+1-d m2 4 2e—-g+1) —n
Letl € Hy(I). If (C, x1, ..., X,) is connected, and semistable with respect to [, then all the

marked points are distinct. O
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Remark. The denominator 2(e — g + 1) — n is easily checked to be positive, as it is equal
to (4a — 1)(g— 1)+ (2a — 1)n + cad.

Proof. Suppose two marked points, x; and x; meet at P € C. The hypotheses of the
previous proposition hold, and so P is a nonsingular point. Let ev : HO(P(W), Opu(1)) —
k(P) be the evaluation map. Let Wy = ker ev; thus Ny := dim Wy = N. Let A be the 1-PS of
GL (W) which acts with weight 0 on W, and with weight 1 on W;. Let A’ be the associated
1-PS of SL(W). Fix (m,h, m') € M.

As we assume that x; and x; lie at P, it follows that Zl":l wy(wg,)m' > 2m’. Again,
note that Y, w;(w;) = 1 =: R. Construct a filtration of H°(C,L7 ® L) of increasing
weight as in equation (9). We need to find an upper bound for 3p = dimﬁr:’ﬁl.

This time, we do not need to use the normalization to estimate Bp; by
Proposition 5.12, we know that C is smooth at P. It is clear that the space of mono-
mials @ € HO(C, L} ® LI ® O¢(~(m — p)P)). We have

Bp = dim Q" < hO(C, L ® L ® Oc(—(m — p)P))
=em+dm—(m-p —g+1+h'(C,LE®L"®Oc(—(m — p)P)).

We use Claim 5.2 to estimate that hl(C,L'V”V®L;h(—(m — pP)) < (m — p) <m and that
RY(C,L7 ® L(—(m — p)P)) = 0if p>2g — 1.
These give us upper bounds for Bp,

5, < e—1lm+dm+p—g+1+m, 0<p<2g-2
P“lle-1m+dm+p—g+1, 29-1<p<m-1.

We may apply Lemma 5.1, settinga=1,8=0,y=1,8=2,e=g—1,ry=1,and R=1.

Thus we estimate

1
I’LLm'ﬁl'm/((C/Xll e an)/)‘-/) > <§(e_ g+ ]') - e) mz - dmrAn

, 5
+2e—-g+1)—nm' - ((29—5) (e—g—i-l)—i—l)m

1 1 1 m my\
= (5o 395 —dp rRle—gr-m )t

where we have used the fact that our assumptions imply m > (2g — %)(e —g+1)—(g—1).
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However, this must be positive, as we assumed that

mo 1 g+2+dl je+ig+3+d
> — = .
m2 4 2e—-g+1)—n 2e—g+1 —n

Thus ulmam ((C,xy,...,%,),A) > 0, and therefore by Lemma 4.4, we know that (C, xy, ..., X,)

is not semistable with respect to [ for any ! € Hy,(I). |

5.5 GIT semistable curves are reduced and “potentially stable”

The next three results show that, if (C, x;, ..., x,) is semistable with respect to some [ in
our range € Hy,(I) of virtual linearizations, then the curve C is reduced. We begin with a

generalized Clifford’s theorem.

Lemma 5.14 (cf. [9], p. 18). Let C be a reduced curve with only nodes, and let L be a line
bundle generated by global sections which is not trivial on any irreducible component
of C.If H'(C, L) # 0, then there is a connected subcurve C’ C C such that

RO(C' L) < w .y (24)

Furthermore, C’' % P!. O

Proof. Gieseker proves nearly all of this. It remains only to show that C’ may be taken
to be connected and C’ 2 P!. Firstly, if equation (24) is satisfied by C’ C C, then it is clear
that equation (24) must be satisfied by some connected component of C’. So assume that
C’ is connected and suppose that C’ = P!. Now, every line bundle on P! is isomorphic to
Opi1(m) for some m € Z. By hypothesis, L is generated by global sections and is nontrivial
on C’; this implies that m > 0. However, combining this with equation (24) implies that

m+1=~hr%C’ L)< % + 1 which implies that m < 0, a contradiction. [ ]

Lemma 5.15 ([9], p. 79). Let a be sufficiently large that e — 9g+ 7 > 0, and let M consist

of those (m, m, m’) such that m,m > m3 and

i(g— Ttelg+1)+gs+uimy)le—g+ 1),}
m > max

(10g +3g2 — 3g)le— g+ 1)
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with
dm m/ 1 9
—+tn— <ce— gg—l——,

while

n 3 /

E>1+§g—1+d+n% ﬂ>l+ g+i+adn '

m e—g+1-d m2 4 2e—-g+1) —n
Let 1 € Hy(I). If (C,xy,...,%,) is connected and semistable with respect to I, then
HY(C\eq) Lwea) = 0. (]

Proof. Since Crq is nodal, it has a dualizing sheaf w. Suppose H'(C.., Lw:.d) # 0. Then
by duality,

HO(Cred,a) ® Lallred) = Hl(credlLWred) 7£ 0.

By Proposition 5.8, the line bundle Ly, is not trivial on any component of Cyeq. Then
by Lemma 5.14, there is a connected subcurve C’' Z P! of C,, for which ¢ > 1 and
ho(C', Lwe) < & + 1.

Let Y :=C — C',,, and pick a point P on the normalization ¥, so that 7(P) e C'NY.
By Proposition 5.8, we know that degl-,]_ Lw(—P) > 0 for every component Yj of Y. We
may apply Proposition 5.6, setting k = 1 and b = 1. There exists (m, 11, m') € M satisfying
inequality (19). Estimate d’ > 0, and n’ > 0. Recall that in this case, S=3g+qg, — g + %,
and so the hypotheses on m certainly imply that %(e —g+1)< % We obtain

4 e 7 e ,

e’+l=e/+k<(5+1)e+d(7+1)%+n(5+1)%+ I
2 2~ e—g+1 2e—g+1)

1 ]./ rh m/ 1

0<—|d+=)le—g+D+|=€+1 e+dZ +n™ )4 2

2 2 m - 5

Use the bound d 2 + n% < te— 2g+ % to obtain

0 d+1 (e +1)+ 1e’+1 9e 9 +7 +1
= 2 g 2 8" 8978) "2

7 5 9 7
=—|=d—-=)le—9g — —€+-.
(16 8>(e ) T
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Since € > 1, we may substitute in ¢ > 2

0 1(e ) !
<——(e—g ——,
4 9 4

a contradiction. Thus H'(C,., L w.a) = O. [ |
We may now, finally, show that our semistable curves are reduced.

Proposition 5.16 (cf. [9], 1.0.8). Let a be sufficiently large that e— 9g+ 7 > 0, and let M
consist of those (m, m, m’) such that m,m > m3 and
(9—3+elq+1)+gs+mmz)le—g+1),
m > max .
(10g+3q; — 3g)le— g+ 1),

with
m m 1 9
d—+n— <_-e—-g+,
m 8
while
S 3 !/ / 7
E>1+§g—l+d+n% m o1 g+i+dn, .
m e—g+1—-d m2 4 2e—-g+1) —n
Let I € Hy(I). If (C,x,...,X,) is connected and semistable with respect to [, then C is
reduced. O

Proof. Let::C,y — C be the canonical inclusion. The exact sequence of sheaves on C

0—->Zc®Ly —> Ly — tuLyeq > 0

gives rise to a long exact sequence in cohomology

.o — HYC,T¢ ® Ly) — H'(C,Lw) — H'(C, 1, Ly — O.

Since C is generically reduced, Z¢ has finite support, hence H!(C,Z; ® Lw) = 0.

Lemma 5.15 tells us us that H!(C, t, L wyea) = H'(Crea, Lwea) = 0. The exact sequence implies
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HY(C, Ly) = 0 as well. Next, the map
HO(P(W), Opan(1) = H(Pw(C)reas Opyi©1ea(1)) = H(Creas Lwrea)
is injective by Proposition 5.3. Then

e—g+1=h2PW), Opw(1) < h%(Cus, L wrea)
=h%C,Lw) —h°C,Zc @ Lw) =e—g+1—h%C,Zc ® Lw).

Therefore h°(C,Z; ® Lw) =0. Since I; ® Ly has finite support, Zo =0, so C is
reduced. |

Next, we improve on Proposition 5.6. If C is connected and (C,x,...,X,) is
semistable with respect to somel € Hy(I), and if C’ is a connected subcurve of C, then we
know that our “fundamental inequality” is satisfied without needing to verify condition
(ii). This inequality is then an extra property of semistable curves, which we will use in
Theorem 5.21 to show that J° (I) € J for the right range of virtual linearizations.

We repeat the definition of A/.,: Let

W := ker { H(P(W), Opay (1)) = H°(pw(C'), Opyicn(1))}.

Choose a basis wy,..., wy of HO(P(W), Opuy(1)) relative to the filtration 0 Cc Wy C Wy =
HO(P(W), Opw(1)). Let Acr be the 1-PS of GL(W) whose action is given by

)\.C/(t)wi = w;, t € (C*,O <i< Ny —1

Ao (t)w; = tw;, t € C*, Ny <i <N,

and let A; be the associated 1-PS of SL(W). It is more convenient to prove that the

inequality holds for linearizations Ly, i » before inferring the result in general.

Lemma 5.17 (cf. [9], p. 83 and Proposition 5.6 above). Let a be sufficiently large that

e—9g+ 7 > 0, and suppose that m,m > m3 and

(g—3+elg +1)+gs+uimz)le—g+1),

m > max _
(10g + 3q2 — 3g)le— g+ 1),
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with
amm ] +
—+n— < -e—— -,
m 2 89
while
~ 3 m n m
) S9-14+4d+nZ m 1 +2+d2
— > 14+ 29 m s g4—m
m e—g+1-d m2 4 2e—-g+1)—n
Let(C,x,...,X%,) C P(W)x P" be aconnected curve whose only singularities are nodes, and

such that no irreducible component of C collapses under projection to P(W). Suppose C
has at least two irreducible components. Let C’ # C be a reduced, connected, complete
subcurve of C, and let Y be the closure of C — C’ in C with the reduced structure. Suppose
there exist points Py, ..., P on ¥, the normalization of ¥, satisfying 7(P;) € YN C’ for all
1 <i < k. Write h°(pw(C’), Op,cH(1) =: h°.

Finally, suppose that

MLm,rh,m’ ((Clxll e an)l )"/C/) S O'

Then
k  hle+(dh®—d'le—g+1)2 +mh® —n'e—g+1)% S
¢+ 5 < 97" Vm 9T Wz 2 (25)
2 e—g+1 m
where S=g+k(2g9—3)+q —g+1. -

Proof. Arguing similarly to ([9], pp. 83-85), we prove the result by contradiction. We
first assume that k = #(Y N C’) and then show that this implies the general case.

Let C’ be a connected subcurve of C, and let Py,..., Py be all the points on Y
satisfying 7 (P;) € YN C’. We assume that equation (25) is not satisfied for C’, and further
that C’ is maximal with this property. Namely, if C” is complete and connected, and
C’' C C” C C, then equation (25) does hold for C”. Since equation (25) does not hold for C’,

. .
<e/+§> e—g+1)>€—-g+le+(dle—-g+1)—dle—g+ 1))%

/ / i m/ '
+(n(e—g+1)—n(e—g+1))ﬁ+a(e—g+1). (26)
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As all other hypotheses of Proposition 5.6 have been met, we must conclude that condition
(ii) there fails. Thus there is some irreducible component 17J of ¥, the normalization of Y,
such that

degy, (Lwy(—(Py +---+ P)) <O.

Let Y; be the corresponding irreducible component of Y. By assumption, ¥; does not col-

lapse under projection to P(W), and so degf,]_(f. wy) = degy (Lw) > 0. Putting this together,
0 < degy,(Lywy) < #Y;N{P1,..., P})) = #(Y;NC) =t iy

Thus iy, ¢’ > 2. We define D to be the connected subcurve Y;UC’. By the maximality
assumption on C’, it follows that equation (25) does hold for D. We define constants
ep, kp, h%, dp, np, and Sp in analogy with the constants ¢, k, h°, d’, n’, and S’ for C'.

Similarly, we define constants pertaining to Y;. Then

ho dh® —dple— 1)) 2 h% — - 1)) 2
ep + kn < pe+ (dhp —dple—g+ V)i, + (nhp —nple—g+ 1)y, + S—D. (27)
2 e—g+1 m

Observe that ep = € + ey, dp = d' + dy,, and np = n’ + ny,. The curve C is nodal, so we

conclude that

i) kp=#(;UC)N(Y -Y))=#C' NY)+#Y;,NY-Y,) —#(C'NY;); if we set
ly,v :=#(Y;NY), then kp = k + iy, y — iy, c;
(i) gp=g +gy, +ive—1
(i) h)=ep—gp+1=¢€+ey,—g —gy —iyc +2.
Note in particular that, since iyj,c/ > 2 and since C’ and Y; are connected, (ii) implies
that gp > 1. But gp < g, so if g = 0 then we already have the required contradiction. We

henceforth assume that g > 1. Equation (27) may be rearranged to form

k + iyj’y — iyj,c/

<€/+eyj+ 2

)(e—g—i—l)<(e/+eyj—g/—gyj—iyj,c/+2)e

+(d(€¢ +ey,—g — gy, — iy, +2) — (d' +dy)le—g+1)

3313

Sp
—(e— 1).
+m(e g+1)

+(n(€ +ey —g =gy —iy,e +2) = (W +ny)le—g+ 1)
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We subtract our assumption, line (26),

Iy, vy — ly;c' .
(eyj + ;> e—g+1) < (ey; — gy, — iy, e + 1)e

2
. m
+(d(ey}.—gy}.—lyj,c/+1)—dyj(e—g+1))a
m/
+(n(ey — gy —iyc +1) —nyle—g+1)_3
v,y —liy,c)(29 — 3
4 oy = ine)(29 2)(e—g+1). (28)
m
We rearrange, and use the inequality ey, < iy, ¢ — 1.
iy, vy + iy, ¢ 7 ! iv.c —iv.y)(29 — &
(Y],Y 9L gy 14 dy ™y T (iy,c' —iv.v)(29 2))e
2 m m m
o . ~ . o 1
2 m m m
m m’
x(g—1) gy,< = m2> (29)

so that finally we may estimate

0 m  (iy.c —ivv) (29— 3)
+gyj—l+dng+nyjﬁ+ : ;n (e—g+1)

ly, v + ly;c’
2

m m
< =9y, da+nm2 <0. (30)

Recall thate— g+ 1 =dim W > 0, that l'yjlcf > 2, and that g > 1. Thus the left-hand side
of equation (30) is strictly positive. This is a contradiction. No such C’ exists, i.e. all
subcurves C’ of C satisfy inequality (25), provided that k = #(C' N Y).

Finally, suppose that we choose any k points P; ..., P, on Y such that n(Y;) €
(C'NY). Then k < #(C' NY) := k’. We proved that equation (25) is true for k’, and though
we must take a little care with the dependence of S on k, it follows that equation (25) is

true for k. u
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Now we may extend this to general I € Hy(I), to provide the promised extension

of the fundamental basic inequality.

Amplification 5.18. Let a be sufficiently large thate — 9g + 7 > 0, and let M C I, where

M consists of those (m, 12, m') such that m, 1 > ms and

(9—3+elq+1+g+pmmz)le—g+1),
m > max .
(10g +3q2 — 3g)le—g+1),
with
dm—i—nm/ < le 9 +
m 2 g7 g
while
S 3 ! ’ 1
E>1+§g—1+d+n% m>l+ g+z+ady .
m e—g+1-d m2 4 2e-—-g+1) -—n
Let | € Hy(I). Let (C,x,...,%,) be semistable with respect to [, where C is a con-

nected curve. Suppose C has at least two irreducible components. Let C' #C be a
reduced, complete subcurve of C and let Y:=C — C’. The subcurves C’ and Y need
not be connected; suppose C has b connected components. Suppose there exist points
P,,..., P, on Y, the normalization of Y, satisfying n(P;) € YN C' for all 1 <i < k. Write
h%(pw(C"), Opyich(1)) =: h°. Then there exists a triple (m, M, m’) € M such that

R+ (dh® —d'(e— g+ 1) + (nh® —n'le— g+ 1)
e,+§< e+ ( (e—g+1), +(n n'le—g+ 1) +b_S, (31)
2 e—g+1 m

where S=g+k(29—2)+q —g+1. =

Proof. First assume that C’ is connected, and suppose that inequality (31) fails for
all (m,m,m’) € M. It must follow that (C, x,..., x,) does not satisfy the hypotheses of
Lemma 5.17. However, as (C, xi, ..., X,) is semistable with respect to [, all the other hy-
potheses of that lemma are verified, so we must conclude that pulm=m' ((C,xi, ..., X,), Apl) >
0 for all (m,m, m’) € M. It follows by Lemma 4.4 that (C, xi, ..., X,) is unstable with re-
spect to [. The contradiction implies that there do indeed exist some (m, i, m’) € M such

that equation (31) is satisfied.
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Now, let Cy,...,C; be the connected components of C’. We may prove a version
of equation (31) for each C;, for i =1,...,b. When we sum these inequalities over i, it
follows that

. he+(dh® —d'le— g+ 12 + (nh® —n'le—g+ 1)  bS
- <
2

e—g—+1 m
|

We summarize the results of Sections 5.2 to 5.5. Recall again that since eis defined
tobeal2g— 2+ n+ cd), and since 2g — 2 + n + cd is always at least 1, the denominators
e—g+1—d and 2(e— g+ 1) — n are both positive.

Theorem 5.19. Let a be sufficiently large that e — 9g + 7 > 0, and let M C M, where M

consists of those (m, m, m') such that m, m > m3 and

(g—3+elg +1)+gs+uimy)le—g+1),
m > max )
(10g + 3g; — 3g)le— g+ 1),
with
dm+nm/ < 1e 9 +7
m 'mz “8¢ 89" @
while
o 3 ’ , .
m>1+§g—1+d+n% m o1 g+i+dny '
m e—g+1—-d m2 4 2e—-g+1—n
Let Il € Hy(I) and let (C,x,...,x,) be a connected curve, semistable with respect to [.
Then (C, x, ..., Xx;) satisfies that
(i) (C,x,...,x,)is areduced, connected, nodal curve, and the marked points are

distinct and nonsingular;
(ii) the map C — P(W) collapses no component of C, and induces an injective
map

HO(P(W), Opu(1)) — HO(C, Ly);

(iii) A'C,Lw)=0;
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(iv) any complete subcurve C’ C C with C’ # C satisfies the inequality

gy K _Metdh —dle—g+ R+ Rk —nle—g+ 115  bS
2 e—g—+1 m

of Amplification 5.18, where C’ consists of b connected components and S =
g+kl2g—3)+q-g+1. g

Definition 5.20. If (C,x,...,x,) C P(W)x P satisfies conditions (i)—(iv) of Theorem 5.19,
then the corresponding map (C,xi,...,xy,) 2 pr is referred to as a potentially stable
map. (]

Remark. Gieseker defines his “potentially stable curves” (which have no marked points)
using the analogous statements, and the additional condition if the curve is not a moduli
stable curve, then destabilizing components must have two nodes and be embedded
as lines. A similar condition can be given here, and shown to be a corollary of the
fundamental inequality (for a restricted range M).

Namely, for a certain M, we can show that if [ € Hy(I) and (C,xy,...,X,) is
semistable with respect to [/, and if C’ is a rational component of C which is collapsed
under projection to P", then C’ has at least two special points; if it has precisely two,
then it is embedded in P(W) as a line. The proof of this follows ([9], Proposition 1.0.9) and
full details may be seen in ([2], Corollary 5.5.1), but it has been omitted here for brevity,

as it is not needed to prove Theorem 6.1.

5.6 GIT semistable maps represented in J are moduli stable

In the previous sections, we have been studying I%. In this section, we focus on J .
Recall the definitions of I and J, given in Sections 3.1 and 3.2: the scheme I is the Hilbert
scheme of n-pointed curves in P(W) x P", and J C I is the locally closed subscheme such
that for each (h, x1,...,x,) € J,

(i) (Cn,x,...,x,) is prestable, i.e. Cy is projective, connected, reduced and nodal,
and the marked points are distinct and nonsingular;
(ii) the projection map C, — P(W) is a nondegenerate embedding;
(iii) the invertible sheaves (Opwy(1)® Opr(1))|c, and (wf?h“ (axy +---+ax,) ®

Opr(ca + 1))|¢, are isomorphic, where c is a positive integer; see Section 2.4.
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Moreover, recall from the discussion at the end of Section 5.1 that we had set out to
find a linearization such that J (L) C J. This, together with nonemptiness of 7SS(L), is
sufficient to show that J//; SL(W) = ﬂg,n(Pr, d) (Theorem 3.6).

In this section, we find a range M of (m, iz, m/) such that Nadl) C Jwhenl € Hy(I).
This range is much narrower than those we have considered so far.

Here is the result we have been seeking.

Theorem 5.21 (cf. [11], 4.55). Let M consist of those (m, 11, m’) such that m, m > m3 and

(9— 3 +elg +1)+gs+mms)le—g+1),
m > max (10g+3q2 —3g)le—g+1)
(69 + 24 — 25 — 1)(2a — 1)

with
T?Z_ ca +4 (32)
m 2a-—1
m.__a | (33)
mZ 2a-1""
where
1 39+ @ -G 3
nn + 1ds| < R i (34)
4aq — 2 m

In addition, ensure that a is sufficiently large that

m’ 1 9 7
—e——g+—. (35)

dm+n
— — <
m m2 8 8 8

Letl € Hy(J). Then J° () is contained in J. O

Remark. The final assumption on the magnitude of m ensures that the right-hand side

of equation (34) is positive, and so equation (34) may be satisfied. There may seem to be

’

many competing bounds on the ratios % and 77, and on a. However, one may show that
equation (35) is implied by equations (32), (33), and (34) for all g, n, and d as long as
a > 10 (cf. [2], proof of Theorem 5.21.1). Smaller values of a are possible for most g, n,
and d. Once a large enough a has been chosen, it is always possible to satisfy the rest of
the inequalities; the simplest way is to set § and n to zero and pick large m, ri, m’ with

the desired ratios.
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Proof. The range M here is contained within the range for Theorem 5.19. We may
thus apply Theorem 5.19:if (h, x1, ..., x,) € I*5(') for some I’ € Hy,(I), then (Cp, x1, ..., X,) is
nodal and reduced, and one can find (m, i, m') € M satisfying inequality (31). However,
this theorem in fact deals with Hy;(J) and not Hy,(I); on the other hand, any ! € Hy(J) may
be regarded as the restriction of some I’ € Hy(I) to J, and then J° () = J N I*(l'). Thus,
we may use all our previous results.

Suppose we can show that J N T (I) is closed in 7 (I). Thenif x € 7" () — TN T (1),
there must be an open neighborhood of x in T°(1) — Jn'J7(), but this is a contradiction
as xis in J, so x is a limit point of J. It follows that TN T () = J (1), i.e. T (1) € J.

We shall proceed by using the valuative criterion of properness to show that the
inclusion TN T (1) = J (1) is proper, whence J N T (1) is closedin T (), as required. Let R
be a discrete valuation ring, with generic point £ and closed point 0. Let« : Spec R — J ()
be a morphism such that (&) c JN 7°(1). Then we will show that «(0) € TN T ().

Define a family D of n-pointed curves in P(W)x P" by the following pullback

diagram:
D - Clyy
11 o 11 o
Spec R > T(),
where o1,...,0p, : Spec R — D are the sections giving the marked points. The images of

the o; in D are divisors, denoted o;(Spec R). By definition of J, we have
(Opn (1) ® Opr(1)|p, = w%f(acn(&') + -+ aoy(§) ® Op(ca + 1)|p,.

We will write (Dg,01(0),...,0,(0) =: (C, x1,...,X,), and show that its represen-
tative in the universal family I is in fact in J. The curve C is connected, as a limit
of connected curves. We assumed that «(0) € J (1) = J N I*(l'), where I’ € Hy(I), and so
(C,x,...,X%,) satisfies conditions (i) above, and the curve py(C) C P(W) is nondegenerate.
We will show that the line bundles in condition (iii) are isomorphic. It follows from this

that
Opm(1)lc E wilax; + -+ + ax,) @ Oprlcallc, (36)

and so this line bundle has positive degree on every component of C. However, we know

that £ = wc(x; + - - + %) ® Opr(c) has positive degree on each component of C if and only
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if p.: C — P’ is a stable map, and that when this true then £¢ is very ample. Hence £¢
embeds C in P(W), i.e. pw : C = pw(C), and we have verified condition (ii) in the definition
of J. Thus, checking condition (iii) is sufficient to show that (C, xi, ..., x,) is represented
in J.

Decompose C = | J C; into its irreducible components. Then we can write

(Opw(1) @ Opr(1))|p = w (ao1(Spec R) + - - - + ao,(Spec R)

Qa
D/Spec R
® Opr(ca + 1)|p ® Op (Z aiCi> .

where the a; are integers. As Op-modules, Op(C) = Op, so we can normalize the integers
a; so that they are all non-negative and at least one of them is zero. Separate C into two
subcurves Y :=J, _,Ci and C":= |, .
Y # () and C’ # C. Suppose for a contradiction that C' # ¢ (hence Y # C). Let k = #(Y N C’)

and let b be the number of connected components of C’. Since C is connected, we must

C;. Since at least one of the a; is zero, we have

have k > b. We will obtain our contradiction by showing that % < 1.
Any local equation for the divisor Op(}_ a;C;) must vanish identically on every
component of C’ and on no component of Y. Such an equation is zero therefore at each

of the k nodes in Y N C’. Thus we obtain the inequality

k < degy (On (— Y aiCi)) = degy (Opum(1) @ 0, *(~201(0) — -+ — a0, (0) & Op(~cal)
=ey—al2gy — 2+ ny+ k) — cady.

Substitutinge =e—ey,d'=d —dy, g =9g—gv—k+1,and e=al2g — 2 + n + cd), this
is equivalent to

€—al2g —2+n"+cd) <(a- k. (37)

The hypotheses of Amplification 5.18 are satisfied for C’ and k = #(Y N C’), with M

as in the statement of this theorem, and I’ € Hy(I): there exist (m, m, m/) € M satisfying

ca

equation (25). Write 2 = ;%

+ 6 and % = 545 +n, assuming that § and 5 satisfy the
hypotheses above.

Ck @—-g+le+t(e—-g+1d—(e—g+1d)
€+ - <

2 e—g+1
m(e—g+n—(e—g+1n) L bs

e—g+1 m

+
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& g(e—ngl) <édlg—1)—elg — 1)+

(e~ g+ Din+cd) ~ (e~ g+ 1in' + cd')
+nle—g+1n—(e—g+1)n )+ —g +1)d —(e—g+1)d)

~I—b—s(e—g+1). (38)
m

The final terms of the right-hand side are already in the form we want them, so for
brevity we shall only work on the first line.

a / ! !
2a_l((e/—g +1ln+cd)—(e—g+ 1)n +cd’))

=¢ <(g— 1)+ 2aa— 1(n—i—cd)) —(g -1) <e+
a

—Za_l(e—g+1)(n +cd’)

€lg—1) —elg — 1)+

a
2a — 1(n+cd)>

e/ /
= 2a_l((Za—1)(g—1)+a(n+cd))—(g —1)le—g+1)

+

1 a ’ !
Za_l((Za—1)(g—1)+a(n+cd))—2a_1(e—g+1)(n +cd’)

e , 1 a , ,
= 2a_l(e—g+1)—(g —1)(e—g+1)(1+2a_1>—2a_l(e—g+1)(n +cd’),

where for the last equality we have recalled that (2a — 1)(g— 1) +an+cd) =e— g+ 1.

We substitute this in line (38) and then multiply by %75

to obtain

k €—g+1 !
(2a—-1)= <€ —-al2g —2+n'+cd')+(2a — 1)ny (L—£>
2 e—g+1 n

+(2a —1)ds (w _ i) +2a-125.
e—g+1 d m

Now use equation (37) to see

—qa 1 / A 1 ’
E<(2a_M,&é’i_z)+(2a_1)d3<6“¢_d_>+(2a_1)b_5
2 e—g+1 n e—g+1 d m
k €—g+1 n €—g+1 d S
— < (2a—1 — —— 2a - 1)ds | ——F — = 2a —1)—.
$2b<(a )nn<e—g+1 n)+(a ) <e—g—|—1 d>+(a )m

(39)
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We must take care as S varies with k; explicitly, S =g+ k(2g — %) + g2 — g+ 1. Thus the

inequality we wish to contradict becomes

k(1 (29-3)\ _, (¢6-9+1 n\_ . (¢-9g+1 d\ g+a-g+1
1 e—g+1 n e—g+1 d m '

Njw

(40)
It is time to use our bounds for  and §. Note that

-1

-9+l m_ L dzgHl 4y

“e-g+1 n “e—-g+1 d 7

_g—1
We assumed that |nn| + |dd| < 4a1_ — Sg+qing 2 It follows that

2

e—g+1 n

L ’ R / 3 - §
<e’ g+1_n>+d8<e’ g+1 d)< 1 39+q -9 2

e—g—i—l_E T 4a -2 m

Hence line (40) says

k 1 (29-32) 1 29— 3
- < .
b \4a -2 m 4aq — 2 m

By hypothesis, m > (6g+ 2q, — 29+ 1)(2a — 1) > (2g — %)(4a — 2), and so we know that
1 29-3
4a-2 T m >

The contradiction implies that we cannot decompose C into two strictly smaller

0. Thus we have proved that % < 1, a contradiction.

sub-curves C’ and Y as described. Thus all the coefficients a; must be zero, and we have

an isomorphism

(Opany(1) ® Opr(1))Ip = @ (ao1(Spec R) + - - - + aon(Spec R)) ® Opr(ca + 1)|p.

®a
D/Spec R

In particular, (Dg, 01(0), ..., 0,(0)) satisfies condition (iii) of Definition 3.2. We conclude as
described that it is represented in J, and so «(0) € JNJT’. Hence JN T (I) is closed in
J7(1), which completes the proof. |

Remark. A slightly larger range of values for % and % is possible; note that in fact
% - % > —1, enabling us to drop our lower bound to below ..

whether the upper bound can be improved.

It is not clear

Let us review what we know, given this result. It is time to apply the theory of

variation of GIT, to show that the semistable set J° () is the same for alll € Hy,(J), where
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M is as in the statement of Theorem 5.21. Recall the definitions from Section 2.3. In

particular, we will make use of Proposition 2.12.

Corollary 5.22. Let M be as given in the statement of Theorem 5.21. Let l € Hy(I).

(i) Ifl e Hy(J), then 7°(1) = J() < J.

(i) If (m, 7R, m)) € M and if T (L pm) # ¥ then, when we work over C,
T/ 1y e SLW) = M, (PT, d).

(iii) The semistable set J  (I) is the same for alll e Hy(J).

Proof. Parts (i) and (ii) follow from Proposition 3.5, Theorem 3.6, and Theorem 5.21.
Part (iii): The region Hy(J) is by definition convex, and lies in the ample cone
AC(X). Part (i) has shown us that if [ € Hy,(J), then J" () = J (I). Now the result follows

from Proposition 2.12. n

We have completed the first part of the proof. By Corollary 5.22, it only remains
to show that J° (I) # @ for at least one I € Hy(J).

6 The Construction Finished
6.1 Statement of theorems

We are now in a position to state the main theorem of this paper: for a specified range
M of values (m, i1, m’), the GIT quotient 7//Lm,m,m/ SL(W) is isomorphic to ﬂg,n(P’, d). First
we recall the notation from Section 3.1. The vector space W is of dimension e— g+ 1,
where e = a(2g — 2 + n + cd), the integer ¢ being sufficiently large that this is positive.
We embed the domains of stable maps into P(W). We denote by I the Hilbert scheme
of n-pointed curves in P(W)x P" of bidegree (e, d). The subspace J C I corresponds to
a-canonically embedded curves, such that the projection to P" is a moduli stable map;
this is laid out precisely in Definition 3.2.

The constants m;, my, M3, qi, G2, qs, 11, and u, are all defined in Section
4.4. In particular, we recall mz and q,: if m,m > m3, then the morphism from I to
projective space, defined by (h, x1, ..., x,;) — Hmmm(h X1,...,%,), is a closed immersion.
The constant g, is chosen so that hO(C,Tc) < g2, for any curve C C P(W)x P". We also
defined g,
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g :=min{0, gy | Y is the normalization of a complete subcurve Y contained

in a connected fiber C;, for some h € Hilb(P(W) x P")}.

Recall that g is bounded below by —(e+ d) + 1.
In the statement of the theorem, note that the conditions on m explicitly ensure

_g—1 el . .
that 4a172 — sgﬂfng 2 > 0, and hence that the condition on 5 and § is satisfied when 7

and § are sufficiently small. Further remarks on the bounds for m, r1, m’, and a are given

after the statement of Theorem 5.21, which concerns the same range of linearizations.

Theorem 6.1. Fix integers g, n, and d > 0 such that there exist smooth stable n-pointed

maps of genus g and degree d. Suppose m, m > m3 and

(9-3+ela+1+gs+mms)le—g+1),
m > max (10g+3g2 —3g)le—g+1)
(6g+2g, — 29— 1)(2a — 1)

with
rh_ ca 4 m/_ a n
m 2a-1 ' mz 2a—1""
where
1 39+¢—-9—3
Inn| +|dé| < - z,
4aq — 2 m

and in addition, let a be sufficiently large that

m’ 1 9 7

dm+n
— — < = .
m m2 8 8 8

Then over C,

T// L SLW) = My, (P", d). .

Corollary 6.2 (cf. [8], Lemma 8). Let m, 1, m’ satisfy the conditions of Theorem 6.1. Let
X<>P bea projective variety. Let B € Hy(X)* be the homology class of some stable
map. If B8 = 0, suppose that 2g — 2 +n > 1. Write d := 1,(8) € Hy(P")". Then there exists a

closed subscheme Jx g of J such that over C,
T/ Lot 7y, SLAW) = Mgn(X, B),

where Jx 4 is the closure of Jx 4 in J. O
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Theorem 6.1 and Corollary 6.2 will have been proved when we know that T =
T (1) = J forl € Hy(J). By Corollary 5.22, it only remains to show nonemptiness of 70
for one such [. This nonemptiness is proved by induction on n, the number of marked
points. The base case, n = 0, closely follows Gieseker’s method, ([9], Theorem 1.0.0), and
was given in Swinarski’s thesis [28].

The inductive step is different. We take a stable map f: (Co, x,...,x,) — P", and
remove one of the marked points, attaching a new genus 1 component to Cy in its place.
We extend f over the new curve by defining it to contract the new component to a point.
The result is a Deligne-Mumford stable map of genus g+ 1, with n — 1 marked points.
This is inductively known to have a GIT semistable model, and semistability of a model
for f:(Co,x1,...,%,) — P" follows.

In fact, the inductive step shows directly that J (I) = J for all I € Hy(J). It
follows from Proposition 5.21 that J7()=T°() = J for such . Hence we know that
T/ 1y e SLIW) = M (P7, d) for (m, 1, m/) € M, without needing to appeal to indepen-
dent constructions. Of course, such constructions are still needed for the base case.
However, when r = d = 0, the base case is ﬂg, constructed by Gieseker over Spec Z. The
theory we are using is valid over any field, as we have extended the results we need from
variation of GIT. Thus /\_/lg,n is constructed over Spec k for any field k. As we shall show,
this is sufficient to show that M,,, is in fact constructed over Spec Z.

Asthe constant iz is irrelevant in the caser = d = 0, we set it to zero and suppress

it in the notation L, 1 m -

Theorem 6.3. Letgandn > 0besuchthat2g—2+n > 0.Sete=al2g — 2 + n). Suppose

m > mz and

(9— 3 +elg +1)+gs+mms)le—g+1),
m > max (10g +3g: —3g)le—g+1)
(6g+2g, — 25 — 1)(2a — 1)

with

where
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and in addition, ensure a is sufficiently large that

nm’ 1e 9 +7
— < —-e— - —.
m?2 8 8g 8

Then, as schemes over Spec Z,

T/ 1,0 SLIW) = Mgp. O

6.2 The base case: no marked points

Before we can state the theorem that maps from smooth domain curves are semistable,
there is a little more notation to mention. The constant ¢ is found by Gieseker in the
following lemma, which is based on ([18], Theorem 4.1). Note that the hypothesis printed
in [9] is that e > 20(g — 1), but careful examination of the proof and [18] shows that
e > 2g + 1 suffices.

Lemma 6.4 ([9], Lemma 0.2.4). Fix two integers g > 2, e> 2g+ 1 and write N=e—g.
Then there exists € > 0 such that for all integers ry < --- < ry (not all zero) with  r; =0,
and for all integers 0 = ¢y < --- < ey = e satisfying

(i) ife; >2g—2,thene;>j+g;

(ii) ifej <2g—2,thene; > 2j;

there exists a sequence of integers 0 = i; < --- < iy = N verifying the following inequality:

x~

-1
(i — 13) (€0, +6,) > 2rye+ 2€(r, — o).

t=1

Now the statement of the theorem is as follows.

Theorem 6.5 (cf. [9], 1.0.0). For all K > 0 there exist integers p, b satisfying m = (p+
1)b > K, such that for any m; > 2g — 1 satisfying 1 := brin; > mg, if C C P(W)x P" — P"

is a stable map, if C is nonsingular, if the map
HO(P(W), Opan(1) 5 H(pw(C), Opyic)(1))

is an isomorphism, and if Ly is very ample (so that C = pw(C)), then C € ISS(Lp, ). O
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Remark. The values that m and m must take will be made clear in the course of the

proof.

Proof. Let C C P(W)x P"—P" be such a map. Let A be a 1-PS of SL(W). There exist a basis
{wg, ..., wy} of HO(P(W),OP(W)(I)) and integers ry < --- < ry such that ) r; = 0 and the ac-
tion of A is given by A(t)w; = t"iw;. By our hypotheses, the map py.p : HO(P(W), Opu(1)) —
HO(C, L) is injective. Write w; := pw«p(w;). Let E; be the invertible subsheaf of Ly gener-
ated by wy, ..., w;- for 0 < j < N = e— g, and write ¢; = deg E;. Note that Ey = Ly, since
Ly is very ample, hence generated by global sections, h°(C, Ly) = e — g + 1 and Wh, .., Wy

are linearly independent. The integers e, . . ., ey = e satisfy the following two properties:

(i) Ifej>2g—2,thene; > j+g.
(ii) Ife; <2g—2,thene; > 2j.

To see this, note that since by definition E; is generated by j + 1 linearly inde-
pendent sections, we have h°(C, E;) > j+ 1.If e; = deg E; > 2g — 2 then H'(C, E;) = 0, so
by Riemann-Roch, ej=h® —h!' + g—1> j+g. If ej < 2g— 2 then H(C,w¢ ® E]TI) £0,
so by Clifford’s theorem, j+1 <h® < % +1.

The hypotheses of Lemma 6.4 are satisfied with these r; and e;, so there exist

integers 0 =iy, ...,y = N such that

x~

-1
iy — 13) (@i, + €,) > 2rye+ 2e(ry — o).

t=1

Suppose p and b are positive integers, and set m = (p + 1)b; assume that m > ma.
Recall that H(P(W), Opw((p + 1)b)) has a basis consisting of monomials of degree (p + 1)b
inwg,...,wy.Foralll <t <k,let

Vi, ¢ H(P(W), Opwy(1))

be the subspace spanned by {wo,..., w;,}. Let 71; be another positive integer such that

m := bm; > ma, so that
B+ HOPW) x P, Opn((p+ 1)b) @ Opr (1) — HO(C, L @ L)
is surjective. For all triples (t;,t2,s) with 1 <t; <t; <kand0<s < p, let

Vif:_sVifZ Vy C HY(P(W)x P", Opwy (p+ 1) ® Opr (1714))
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be the subspace spanned by monomials of bidegree (p+ 1,1,;), where the degree p+1

part has the following form:
Xj o Xj, Vi VisZio where x;, € Vi, Vi € Vi, zj € Uy = W.

We write (V) *V; Vu)® for Sym®(V; *V; V), which consists of monomials of bidegree
((p+ 1)b, brivy) in HO(P(W) x P", Opaw((p + 1)b) ® Opr(111)). Now set

o DP—Svrs v, \D ~ — b
(Vi " Vie V)" = Bipyapm(Vil Vi, Vir)")-

ty ) Lty

We have obtained a filtration of H°(C, L2 @ L™),

oc (Fvew)’ < (W Vi)’ oo c (VI )’
c (VPvow)” < (VP viw)’ o (VY V)
D D SRR (41)
5D 1501, \b T \b —
c (G Viv)" < (v V V) € oo c (VW W)
c (V2 vPvw)’ = Ho(c, LB P o L.

Claim 6.6 ([9], p. 29). There exists an integer b’ which is independent of C, t;, and ¢,
such that if b > b/, then

(v7v; vw)’ = B°(C, (Ef ° @ Ef, ® Lw)" ® L") .

ity
Proof of Claim 6.6. By hypothesis, Ly is very ample. Note that degL, = d > 0, since C
is nonsingular, hence irreducible. Thus if 7; > 2g+ 1, then L™ is very ample.

By definition of the sheaves Ej, it follows that the linear system (V;"°V; V)’

restricted to C generates
p-s b g
(Eitl ® Ej ® Lw) ® L
and

P (VEV; W)  HO(C, (EL " @ Ef, ® Lw)” @ LT"). (42)
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Recall that 17t = brii; and suppose 1M, > 2g+ 1, so that L™ is very ample, hence
generated by global sections. E;, and E;, are generated by global sections, so it follows
that 5%, 5 (Vii_s V; Vi) is a very ample base point free linear system on C.

Let ¥ = ¥p41,m, be the projective embedding corresponding to the linear system

Py Vil "Vi V). Let Zcp be the ideal sheaf defining C as a closed subscheme of P :=

P(pp,1m, (Vi "Vi Vi)). There is an exact sequence of sheaves on P as follows:
0— Z¢p — Op — ¥,O¢c — 0.
Tensoring by the very ample sheaf Op(b), we obtain
0 — Z¢/p(b) — Op(b) — (¥,.Oc)(b) — 0. (43)
Write
F = E}Z‘S ®E, ®Lw® L™ = y*Op(1).
We have
(V. Oc)(b) := ¥,.O¢ ®0, Op(b)
= ¥.(Oc¢ ®0o, I/f*OP(l)b)
~ w*(]:b) since ¥*Op(1) = F.
Now the exact sequence (43) reads
0 — Zg/p(b) — Op(b) — Y. (F?) — 0.
In the corresponding long exact sequence in cohomology, we have

.- — H(P, Op(b)) — H°(P, ¥, F®) — H'(P, I p(b) — ---. (44)

The so-called “Uniform m Lemma” (cf. [11], Lemma 1.11) ensures that there is an

integer b’ > 0 depending on the Hilbert polynomial P, but not on the curve C such that
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H'(P,Z¢/p(b) = 0if b > b'. Then for such b, the exact sequence (44) implies that the map
H(P, Op(b) - HO(C, F")

is surjective. Recall that P := P(4,, , (V" °V; Vy)). Then

HO(P, Op(b)) = Sym® (55, » (VP°VE Wy)).

31 itz
Also there is a surjection

Symb(ViifsV.s Vy) — Sylrlb(,él(;rl’ml(T/'ip*SVif2 Vn)),

Lty t
so putting this all together we have a surjection
sym® (Vv V) — H(C, ),
that is,

P+ (VP VE V)" > HO(C,(EF° ® B}, ® Lw)’ ® L") (45)

is surjective. It follows from lines (42) and (45) that
(V2 VeVa)' = H(C. (B2 © E, © Lw) © L"),
completing the proof of Claim 6.6. [ |

Proof of Theorem 6.5 continued. Take b> 2g+ 1 so that we have the vanishing
H'(C, (Ei‘:_s ® EZZ ® Lw)’ ® L™) = 0. We use Riemann-Roch to calculate

dim (VPvg V)" = h(C, (EF * ® E} , ® Lw)’ ® L")

it+1

=bl(p—>s)e, +se;,,, +e)+dm —g+1.

We assume for the rest of the proof that p, b, and m; are sufficiently large that
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{ %e—i—l}
p > maxijie+g, ,
€
b > max{p,(2g + 1)b'},
m := (p+ 1)b > max{mg, K},
m; > Zg+ 1,

m = b > ms.

Choose a basis é(p—H)b,rh of HO(P(W)x P, Opum((p+ 1)b) @ Opr(111)) of monomials
I of bidegree ((p+ 1)b, 7). Pick monomials M, ..., Mp(pr1psm in Bipr1pm such that
p(p+1 bm(Ml) ..,,o(pJrl bm(Mp (p+1bn) is @ basis of HO(C, Ly (p+1)b ® Lm) which respects the
filtration (41). Observe that if a monomial M € (V" V¢ V)b — (7P 1751 7)P, then M has
r-weight w, (M) < n((p — s)ry, + sry,,, + ry). Moreover, as our basis respects the filtration
(41), we may count how many such M there are.

We now estimate the total A-weight of o, .

.. ,Mp((p+1)b,,;1), which gives an upper
bound for ut»#=(C, 1) as follows:

P(m)+dm

MLm,m(C,)\‘) < Z w,\(M) < b(prl1 +rN) dun(VpVOV)

i=1

L1

+ Z b((p— sIri, + sri.,, +rw) (dim(VP Ve, V)" — dim(VP T VD))

|/\I/\

-1

(46)

The first term on the right-hand side of equation (46) is

b(pri, + v)(b(pei, + €;,) + dri — g+ 1) = blpro + ry)d 1 + blpro + ru)(b(pey + €) — g + 1).

The factor dim (V7 V¢ _V)* — dim (V?~"' V' )? of the summand is

L+l

(b((p—sle;, + se;,,, +e) +dm—g+1)

—(b(lp—s+ Ve, +(s—1e., +e) +dm—g+1) =b(e,, —e,).

Note that nearly all of the terms having d as a factor have “telescoped.” We have
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wukmi(C, 1) < db(pro + ry)1h + b(pro + ) (b(pey +€) — g+ 1)

+ z : b((p - S)riz + ST, + rN) (b(eit+l - eit))'
0 p
1 k

INIA

N
t

IAIA

-1

The sum of the second two terms is exactly the expression Gieseker obtains at the bottom

of page 30 in [9]. Following Gieseker’s calculations up to page 34, we see that

. N e e+g-—1
ptmm(C,2) < db(pri, + ra)h + b* plry — ro) <—ep+ -+ %)
< db(pri, + rv)m,
3et1

where the last inequality follows because p > max{e+ g, }. Next, we may estimate

€

ry = Zf\;l —r1; < —Nry, and we know that ry < 0, so we have shown that
urmm(C, 1) < dbro(p— N)dm < 0,

as, by hypothesis, p>e—g=N.
Nowhere in the proof have we placed any conditions on the 1-PS A, so the result
is true for every 1-PS of SL(W). Thus C is SL(W)-stable with respect to L, . [ |

Note in particular that the hypotheses are satisfied by all smooth maps repre-
sented in J, by definition of £ and a (cf. Section 3.1). We may state the base cases of our

induction.

Proposition 6.7. Fix n =0. Let M consist of those (m,m, m’) such that m’ > 1, and

m,m > msz with
(g— 3 +elq+1)+gs+uims)le—g+1),
m > max (10g+3g; —3g)le—g+1) ,

(6g+2g, —2g — 1)(2a — 1)

while
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where
1 39+ G —3—3
8| < A s 3
4a — 2 m
and in addition a is sufficiently large that
m 1 9 7
d— < -e— — —.
m 8% 8978
Let ! € Hy(J). Then, as schemes over C,
=70 =J

O

Proof. By Theorem 6.5, there exists (m, i, m’) € M such that I°(L, s ) is nonempty.
In particular, any smooth curve in J satisfies the hypotheses of Theorem 6.5, and
SO _JSS(Lm,m,m/) is nonempty. By Theorem 5.21, we know that 733(Lm,m,mf) C J. Then by
Theorem 3.6(ii), we see that TS(Lm,,;l,mr) :__]S(Lm’,;l'm,) = J. The result follows for all
I € Hy(J) by Corollary 5.22. [ |

The base case for stable curves is proved over Spec Z.

Proposition 6.8. Fixn =0, and r = d = 0. Let M consist of those (m, m’) € N2 such that

m’ > 1, and m > m3 with

(9—3+elq+1)+gs+ums)le—g+1),

m > max _
(10g+3g2 —39)le—g+1)

Letl € Hy(J). Then, as schemes over Spec Z,

T=T0=J
O

Proof. By Theorem 6.5, there exists (m, m’) € M such that I*(L,, ;) is nonempty. In par-
ticular, any smooth curve in J satisfies the hypotheses of Theorem 6.5, and so 7SS(Lm,mf)
SL(W) is isomor-

phic to the moduli space of stable curves, Mg. In particular, Gieseker proves here that

is nonempty. However, by ([9], Theorem 2.0.2), the GIT quotient J//

m,m’
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every stable curve is represented in 7//Lm,m’ SL(W). Then by Corollary 5.22(iii), we see that
T7(1) = J for every I € Hy(J). ]

6.3 The general case

We suppose that n > 0 and fix M as in the statement of Theorem 6.1, then use induction
to show that J,,, ;) = T, 4() = J for all I € Hy(J). By Corollary 3.5, it follows that
/] Lo SL(W) = M, ,(P", d) for any (m, 11, m’) € M. As our inductive work uses various
spaces of maps with differing genera and numbers of marked points, we shall be more
precise about using the subscripts g, n,d in this section. Note that, indeed m;, mz, ms,
q1. G2, G3, 41, and pu, all depend on the genus. We may specify in addition that these are
increasing as functions of the genus.

The inductive hypothesis is given in the following proposition. We fix g, n, and
d such that n > 1 and smooth stable n-pointed maps of genus g and degree d do exist.
Fix an integer ¢ > 2 (the case (g, n,d) = (0,0, 1) does not arise here, so this will suffice
according to the remark in Section 2.4). We suppose that the theorem has been proved
to have stable maps of degree d, from curves of genus g+ 1 with n — 1 marked points.
As the base case, where the map has no marked points, works for any genus, this is a
valid inductive hypothesis to make. Since our assumptions imply 29 —2+n+cd > 0, it
follows that 2(g+ 1) — 2 + (n — 1) + cd > 0, so smooth stable maps of this type do exist.

Proposition 6.9. Let g, n,and d be such that2g — 2+ n + cd > 0 and assume in addition

that n > 1. Let My, g consist of those (m, M, m’) such that m, M > m3 and

(9— 3 +egnalqy +1) +gs + pimz)(egna — g+ 1),
m > max (10g +3g2 — 39)egna —g+1) , (47)
(6g +2g, —2g —1)(2a — 1)

where my, mq, ms, q1, q2, q3, 11, and us, are those defined in Section 4.4, taken to be

functions of the genus g; in addition,

where
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and ensure in addition that a is sufficiently large that

Work over Spec k. Assume that

—ss , —s ,
g+1,n—1,d(l ) = Jg+1,n—1,d(l ) = Jg+1,n-1d

for alll' € Hy,,, ,,(Jg+1,n-1,4). Then for alll € Hy,, ,(Jgna),
Tonal) = Tgnal) = Jona

as schemes over an arbitrary field k. O

Proof. Note thatif n > 1, then
€g+in-1,d—g+1)+1=2a—-1lg+an—1+cd)>2a—-1)g—1)+aln+cd)=e—g+1.

We conclude, by the definition and specifications given above, that Myy1,n-1,4 € Myn,d.

Fix specific integers (m, M, m') € Mg41,n-1,4, satisfying

/

ca m

a
2a — 1 m?2  2a-—1'

m
m

and also such that 7:(1 — Sy4) is an integer, where Sj4 := gla—1) Our inductive

~ (2a-1)g+aln—1+cd)*
hypothesis implies in particular that

—=SS
ny+1,n—1,d(Lm,ﬁz,m’) = Jg+1n-1d-

We shall now find m” such that (m, i, m") € My, q, with 7;s:n,d(Lm,m,m~) =Jynd.

Fix some (h, x;,...,X,) € Jyn,a. Write Co := Cp, so that (h, xi,...,X,) models a sta-
ble map p:: (Co, x1,...,%,) —> P" in Mg,n(Pr, d). Also fix an elliptic curve (Cy, y) C P(W 1 0)
represented in J; ;0.

Let ev : H(P(Wy,5,4), Opw,, (1) — k be the evaluation map at the closed point
Pw,,.q(Xn) € P(Wypn,a), and let Vg, q be its kernel so that V4 is the codimension 1 sub-
space of W, 4 consisting of sections vanishing at pyw,, ,(x,). Similarly, let V1 ;0 be the

codimension 1 subspace of Wj ; o corresponding to sections vanishing at y.
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Now note that
dim Vg +dimVi0+1=al2g—2+n+cd)—g+a-1—-1+1=dim Wyi1n-1,4-
Hence, if we let U be a dimension 1 vector space over k, we may pick an isomorphism
Wyrin—1,d = Vgna ®@U & Vi,10.

We further choose isomorphisms Wy, n,q = Vg @ Uand Wi,10 = U @ V4,10 which fix Vg
and V7,0, respectively. Thus we regard W, 4 and W, as subspaces of Wy;,,—1,4. The

most important of these identifications we shall write as

Wysin-1,d = Wyna ® V1,10.
We project Wyi1,n-1,d = Wyn,q along 11,10 and induce an embedding
P(Wyna) = P(Wyy1,n-1.4);

similarly P(W1,0) < P(Wyy1n-1,4). Then we induce closed immersions py,,,(Co) —
P(Wys1,n-1,4) and C1 = P(Wy41,n-1,4); we shall consider the curves as embedded in this
space.

If se€ V1,10 C Wyy1n-1,4 is regarded as a section of Opwy,,,, ,,) (1), then s(x) =0
for any x in P(W,,q), and in particular s(x) =0 for any x in pw(Co). In other words,
pPw(C(17; | o) = {0}, where we write pP»€o) for restriction of sections to pw(Co). Similarly,
P (Vgn,a) = {0}.

The images of P(W,,,,q) and P(W;,1,0) meet only at one point, P(U) € P(Wy41,n-1,4).
We shall denote this point by P. If the curves Cy and C; meet, it could only be at this
point. Consider pw(x,); by the definitions, we know s(pw(x,)) = 0 for all s € V;,10 and for
all s € V4. We conclude that pw(x,) € P(U). Similarly, y € P(U). Thus, after the curves
have been embedded in P(W,1,,-1,4), the points pw(x,) and y coincide at P. We define

(C,Xl,...,Xn_l) = (CoUCl,Xl,...,Xn_l).

As the curves Cy and C; are smooth at x, and y, respectively, and they lie in two linear

subspaces meeting transversally at P, the singular point of C at P is a node.
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The map p; : (Co, X1, ...,X%,) — P" may be extended over C if we define it to contract

C, to the point p.(x,). Thus we have the graph of a prestable map,
(C.x1,...,Xn—1) CP(Wyi1n1,4) X P

We wish to show that (C, x;, ..., x,_1) is represented by a point in Jy;1,,-1,4, S0 we check
conditions (i)-(iii) of Definition 3.2. Clearly (i) is satisfied: C is projective, connected,
reduced, and nodal, and the n — 1 marked points are distinct and nonsingular. By con-
struction, C — P(W41 n—1,4) is a nondegenerate embedding, so (ii) is satisfied. We must
check (iii), the isomorphism of line bundles.

In general, if C is a nodal curve and C’ C C is a complete subcurve, meeting the

rest of C in only one node at Q, then
a)(;|cf = wcr(O).
Thus in our situation, as (Co, X1, ..., X,) is represented in Jy, 4,

(Ory10 100 (1) ® Opr(1))] . = (Opai, 1 (1) ® Opr (1)

= wgtlax + - +ax,) ® Oprlca + 1)¢,

wg*@xi + -+ ax,1) ® Opr(ca + 1ic) |, - (48)
To analyze C;, we also observe that Opr(1)|¢, is trivial, as f contracts C; to a point.

(Opwys1pr.0(1) ® Opr(1)) |C1 = Opuw,, (D],
= wg’(ay)

= (0f%(ax; + -+ ax,—1) @ Opr(ca + 1)|C)|Cl' (49)
The curve C was defined as Co U C;. We have an induced isomorphism of line bundles

(OP(Wg+1,n—l,d)(1) ® OP’(I)) ’C\{P} = (w?a(axl + ce + aXn—l) ® OPV(Ca + 1)|C)’C\[P}
found by excluding P from the two isomorphisms above. To extend this over P, we simply
need to insist that the isomorphisms over Co and C,; are consistent at P. When we restrict

to the fiber over P, the two isomorphisms (48) and (49) are scalar multiples of one another,
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so we obtain consistency at P by multiplying the isomorphism (49) by a suitable nonzero
scalar, once the isomorphism (48) is given.

Thus, (C, x;,...,X,—1) is indeed represented in Jy11,,—1,4, as required. Now we use
our inductive hypothesis: we know that 7;11,n—1,d(Lmyrh,m’) = Jy41,n-1,d, SO in particular
(C,x1,...,%,—1) is GIT semistable with respect to L, sm -

For the following analysis, we must clarify the notation for our standard line
bundles. Fori =1, 2, let

le;.c lc r
Ci — C — P(Wg+1,n71,d) x P

be the inclusion morphisms. Note that the composition

LCo PWy,n,d)

Co —3"" P(Wypnq) x P

LP(Wy, )

P(Wg+1,n—l,d) x P’
is equal to (¢, ¢ o t¢c. Thus

* k * * k
LCo P Wy a) PWya O Wy ) (1) = tey o1 Py, s g OP W1 01 0) (1)-

Therefore we may denote this line bundle by Lw¢,, as we need not specify which “W”

space we have used. Ly, is defined similarly. We let
Lrcy = i, 0t B0 (1) Lyc, = 15, ot PLOw (1),

though L, ¢, is in fact trivial, since C; is collapsed by projection to P(r).

Fori =0, 1, define restriction maps to our subcurves

pCi HO(P(WQ+1,n—1,d) X Pr'OP(%+l,n—l,d)(m) ® Opr (1)) — HO(Ci’LrWn/Ci ® L:hci)'

pm,m'

We show that these are surjective for m and 1 sufficiently large. The conditions on m

and m imply m, M > mg, so the restriction map

~Co yP(Wg,n,d)
m,m

: H(B(W0) x P, Opy m) © Opr i) — HO(Co, Ly, ® L)
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is surjective by Grothendieck’s uniform m lemma (cf. Proposition 4.6(i)). The restriction

to a linear subspace

~P(Wyna)
m,m

: HO (P(VVngl,nfl,d) x Pr’ OP(VVQ+1,H—1,d)(m) & OP’(m))
— HO(P(Wyn,a) x P, Opw,, (M) ® Opr(171))

. .. . . ~Co,P(W, P(Wyna) » .. . e
is surjective, hence by composition p,f;’,ﬁ = Pmom( ona) ,om( g @ s surjective. Surjectivity
of ﬁgjm is shown similarly. Moreover, for i = 0, 1, the restriction ﬁglm factors through

maps which restrict sections of C to those on one of the subcurves

B HO(CL LYo ® L) — HO(Ciy L, ® L),

~Co,C

~C1,C L.
Py and o' are also surjective.

and thus the maps
To relate GIT semistability of (C,x,...,x,_ ;) to that of (Co,x,...,x,), we shall
display the vector space H°(C,LT,. ® L™) as the direct sum of two subspaces. Recall

that we wrote
Wg+1,n—1,d = Wg,n,d > Vl,l,O‘

Fix a basis wyo,...wn,,,, ,, for Wy 11,4 respecting this decomposition. Let ﬁmm be a
basis of HO(P(WgH,n,Ld) ® P, Opw,,,,14)(M) ® Opr (1)) of monomials of bidegree (m, ),
where the degree m part is a monomial in wy, ... wy,,,, 4

Let QT'” be the subspace of HO(P(Wyi1n-1,d) X P, Opuw,,,, .0 (M) @ Opr (1)
spanned by all monomials in Bm,,;, which have at least one factor from ¥ go. Namely,
QT’” is spanned by monomials of bidegree (m, ), where the degree m part has form
Wi Wy, - - - Wy, With wy, € V1,1 0. The remaining factors may come from either W, g or Vi ,90.

Similarly, let Q"™ C HO(P(Wys1,n-1,0) X P", Opw,.., 1) (M) ® Opr(1i2)) be the sub-
space spanned by monomials in fs’m,m which have no factors from ¥ o. In other words,
all of the factors in the degree m part come from W, 4.

By inspecting the basis B,, ;», we see that as vector spaces,
HY(P(Ws1,n-1,a) X ™, Opiayy 1 )(M) ® Opr () = Q7™ @ Q™ (50)
We wish to show that this decomposition restricts to the curve C. Set

QL o= 5 a(@17) € HO(C, Lipe @ L)
L (QU™) C HO(C, Lo ® LT).
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We first make some technical observations on where such sections vanish.

Claim 6.10. Let ﬁi”" and Q5" be defined as above.

() If0#seQ™, then ﬁrfl"m (s) = 0 and 3% <(s) # 0.

(ii) The image ,601’;5 (50 ™) is 1-dimensional, and if s € ﬁgl'm with s(P) = 0, then
AC
1€(g) = 0.

pmm

O

Proof of Claim 6.10. (i) Recall that we observed that, for any w € 41, the restriction
pC°(w) = 0. The space QT'" is spanned by monomials containing a factor from V01 1, SO
it follows that if s € Q" then 5 (s) = 0. However, if s € 2" ¢ HO(C, L] ® LI*,) and
s # 0, then s must be nonzero on one of Cq and C;, whence ,c“)fnlm (s) #0.

(ii) Recall that we wrote Wy ,q = Vyn,a ® U, where V4 consists of sections van-
ishing at pw(P), and U is spanned by a section nonvanishing at pw(P). We saw that

€1(Vgn,a) = {0}, and s0 p¢1 (Wy n,4) = p°*(U), which is 1-dimensional. Let u span this space;
P)) £ 0.

The component C; collapses to the single point p.(P) under p.. Thus we
have another decomposition: HO(P", Opr(1)) = Vpr @ U, where sections in Ve vanish at
p-(P) = p.(C,),and U is 1-dimensional, spanned by a section nonvanishing at p.(P). Again
oS (HO(P", Opr(1)) = p©(U), which is 1-dimensional. Let & span this space; @(p.(P)) # 0.

Thus, since QT’" = Sym™(Wy nq ® H(P", Opr (1)), we have

~C1,C (M
m,m Q+ )

= po o (7)) = pe . (Sym™U ® Sym™U),

_pmm

which is 1-dimensional, since U and U are. Finally, if s € 5 then ,oc1 C(s) = au™ ® U™

for some « € k. We know that u™ ® %*(P) # 0. Since s(P) = ﬁg;m(s)(P) it follows that if
s(P) =0 then @ =0, and so ﬁglll'ﬁ(’;(s) = 0, and the proof of Claim 6.10 is complete. |

We now give details of our decomposition of H(C, LY, ® L™.).

Claim 6.11. Restriction to C respects the decomposition (50), and enables us to identify

the spaces ﬁfm and 56'”” Precisely,
M HC,Lpc®Ll) =" @l
() Q" =H(Co Liye, ® LT, )
(i) Q7" = HO(C1, L, (—P)).
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Proof of Claim 6.11. (i) By restricting equation (50) to C, we see that
HO(C L @ L) = O 4

It remains to show that these spaces have zero intersection.
Supposes € @, NQ,". Sinces € Q" it follows by Claim 6.10(i) that ,(Sglom (s) =
0; in particular, as P € Cy, we see that s(P) = 0. We know in addition that s € SZ , SO

Claim 6.10(ii) implies that "¢

m(s) = 0. Thus s restricts to zero on the whole of C, and we
conclude that s = 0, proving (i).

(ii) Recall that the morphism

ﬁi"ﬁ H°(C, Ly ® Lflc) - H (CO’L%CO ® cho)
is surjective. However, if s € ﬁrf’m then by Claim 6.10(i), we know that ,651"," (s) = 0. Thus,
since H(C, L}, ® L) = Qg " @ Q"™, we conclude that 55,5 |
On the other hand,

qnn is surjective.

P [en L Qp"™ — HO(Co, LYe, ® LTY)

is injective. Forif's §gm and ﬁ,flom (s) = 0, then s(P) = 0; then by Claim 6.10(ii), it follows
that ﬁglll'rg(s) =0. Thus s =0, so ,651075|§mm has zero kernel. We conclude that ﬁfn"m|§mm is

an isomorphism of vector spaces.
(iii) To start with, note that if M € QT'” then M has at least one factor from Vg1 1,

so M vanishes at P by definition; hence

5SS (@™ € HO(Cy, LT, (—P)).

'Omm

~Co,C

Py (8) =0, and so if in

Moreover, the map ,5311’;%5?,,& is injective. For if s € §T'm, then
addition /S,Cnl;g(s) = 0, then we must conclude that s = 0.

On the other hand, the unrestricted morphism
~C;,C —m,m
B o S Qy — H°(C1, L)

is surjective. In particular, the subspace H°(C}, L%Cl(—P)) C H°(Cy, L) is infits image.

So for arbitrary s € H°(C}, Ly, (—=P)), we may write s = (so + s.), where sy € Q and

'Omm
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sy € Q7. But then

P (S0) = 8 = By (s:) € HO(Cy, Lig, (= P)),

so sg vanishes at P. However by Claim 6.10(ii), it follows that ﬁr(izl,}g(SO) =0, and so we
conclude that s = ,65;;5(&). In other words, the morphism ﬁ,fz‘;g|§m,m is also surjective,
' ' +
showing
n —m,m
prcnlr(f;‘ﬁfm (R = HO(ClrLrvrll/cl(_P))'
which completes the proof of Claim 6.11. |

Back to the proof of Proposition 6.9. We wish to show that (Co, x,...,x,) is GIT
semistable, with respect to somel € Hy,, , (Jgn.a)- Therefore, let A’ be a 1-PS of SL (W, p,q)
acting on (Co, X1, ..., X,) C P(Wynq) x P". Let w, ..., wy,,, be a basis for W, , 4 diagonal-
izing the action of 1’, so that A" acts with weights ry,...,ry,,,. Let r;; be the minimal

A\ -weight at x;, so
rij = min{ri|wi(xj) 75 O}.
We wish to show that

n
/J“Lm'ﬁl'm” ((COrXII e an)r )"/) = /J“Lm'ﬁl (CO, )‘/) + m” Z rij = 0

j=1
for some m” such that (m, M, m") € Myn,q.

We have identified Wyi1n-1,4 With Wp,a @ V1,1,0. Extend wy, ..., wy,,, to a basis
wo, ..., WN,,,, 14 10T Wyy1n 14 Tespecting this decomposition. We define A to be the ex-

tension of A" over Wy;1n—1,4, which acts with weight r;, on all of V;,; 9. Note that A is a
subgroup of GL(Wy41,,-1,4), but not necessarily of SL(W11,,—1,4), so we shall have to use
the formula in Lemma 4.5. We already calculated dim V310 = (@ — 1), so we know the sum

of the weights

Nygi1n-1,d
wx(wi) = (a — l)rin.

1=0
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Let B, be a basis of HO(P(Wy41,n-1,a) x P", Opw,,1 0 10) (M) ® Opr (1)) consist-
ing of monomials of bidegree (m,m) such that the degree m part is a monomial
in wo,..., wy,,,, .- Semistability of (C,x,..., %, 1) implies that there exists a subset
B C By i, such that

B:={p5 (M) : M € B}

is a basis for H(C, L, ® L™.), with

n—1
Z w;, (M) +m/ Z ri; | €g+1,n-1,d4 — 9)
MeB j=1
—(mlegr1in—1,am +drm — g+ (n—1)m')a — 1)ry, < 0. (51)
We relate this to a weight for (Co, x1,...,%,) € P(W,,q) x P". The basis Em,m re-

spects the decomposition
HO(P(Wys1,n-1,4) ® P, Opw,,, 1,00 (M) @ Opr (111)) = le’m ® QTm,

hence the basis B respects the decomposition

—m,m

; —=m,m
H(C, Ly ®Ljc) = &%

of Claim 6.11(i). We split B into two parts, By and B, following this decomposition. We
will calculate the contribution to the weight coming from the corresponding subsets B
and B, of 5.

First consider By. We show that the weight of this collection of monomials is a
»'-weight for Co. Recall that the map 5 "

P n " which restricts sections to a linear subspace

is surjective; this map is zero on Q7" so

AP(Wyn,a)
m,m

| Qe — HY(P(Wyn,a) X P7, by, 0)(M) @ Opr (112))

is an isomorphism of vector spaces (note we are speaking of the spaces without a bar,
those that have not been restricted to C). Moreover, if M < Q(')"'ﬁ’ is in By, then M is a
monomial whose degree m part is in the basis wy, ..., wy,,, for Wy 4; we may interpret

"P(va,n,d

0 (M) as the same monomial in this basis. Then, since the actions of A’ and A are
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identical on Wy 4,

wy (e (M) = w; (M). (52)

pmm

Now {pPWerna)(M)|M € By} is a collection of monomials of bidegree (m,7) in

HOP(W, Wyn,a) x P", Opw,,, ) (M) @ Opr(111)) such that when we restrict them to Co, we obtain

{ ~Co P(Wy,n,d) AP(VVgnd
m,h

(M)|M € Bo} = {65,

pm,m © Pm,m M)|'0m,7ﬁ

(M) € EO}!

which by Claim 6.11(ii) is a basis for HO(CO,L;”VC ® L ) It follows that the restricted
monomials, {p* Mo (M)|M € By}, give a A’-weight of Cy, that is,

pEmm(Co, 2) < Z wy (pF"ona) (M) = Z w;. (M),

MeBy MeBy

where we have used equation (52) to relate this back to A
Now consider By C Q:’_’m If M e B, then by Claim 6.10(i), the restriction

ﬁi"m( ) = 0; basis elements are nonzero, so ﬁgjm(M) # 0. The monomial M has bide-
gree (m, m), where the degree m part is a monomial in the basis wy, ..., wy,,,, ,,, Which

respects the decomposition Wy;1,n—1,d = Wyn,d ® Vi,1,0. Any factor in M from W, q must
be nonzero on C;, so by the proof of Claim 6.10(ii), these are nonzero at P. Hence the
A-weight of such factors is bounded below by r;,. Meanwhile, the remaining factors in M

come from V¥ ; 0, and all have A-weight r;,. We conclude that for such M,
wy (M) > ry,m.
We count the number of such M using Claim 6.11(ii),
#B, = #B, =h°(Cy, LY} (-P)) =am — 1.
Thus

> wulM) = (am® — mr;,.
MeB,
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We may now insert these estimates into inequality (51),

(uEmm(Co, 1) + (@m? — m)ry, + m'(ry, + - +713,, ) (€g+1,n-1.4 — 9)

< (mlegy1,n-1,am +dm —g) + (n — 1)m/)a — 1)r;,

m m g
= <9g+1,n+1 + dﬁ +(n— 1)@ — E) (a — 1)m2rz‘n~

m _ _ca m __ _a . —
Recall that we set - = ;%7 and [; = 5-*5. Further, one may expand: €;11n-14 — 9=

(2a — 1)g+ aln — 1 + cd). Thus we have shown that

2

ki (Co, 1) + (am? — mri, + (ra 4+ 1i,)

2a —1
d =< —1)-2__ 39
< 1 g+ 2a—1 + (TL )Za—l m (a _ l)mzrin
(2a —1)g+aln—1+ cd)

1 2
=1+ 2 — 1 (@ — 1)m?r;, — Siamr;,

gla—1)

where Sy4 1= 2a—1g+an—1+cd)

< 1. In conclusion,

2

2a —1

wkmm(Co, )) + (r, +---+1,) — (1= Smry, <0. (53)

We may repeat the argument above, attaching the elliptic curve at the location
of any other of the points x;, ..., x,_;. This will give us similar inequalities, but with the
role x, played by a different marked point. Adding up all such inequalities, and dividing
by n, yields

Lot , amz 1—814 I
b (Co W)+ o =~ > r <o.
j=1

1-Sia
n

—1;514 m, then this is also an integer, and we have shown that

By the hypotheses on m, we know that

. . . 2
m is an integer, so if we set m” = 2% —

whmmm' (Co, X1, .., %), X)) < 0.

Thus, as we made no assumptions about the 1-PS )/,

(Cor X1y %) € T (Lomsinm)-
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It remains to show that (m,m, m") € My, 4, where My, g is as in the statement

of this proposition. We observed that My 1,14 C Myn,q, and so the conditions on m

51
1-S1a 1 39+q—-g—3
nm = 4a—-2 m - But

and 1 are satisfied. We need to check that nm—; —l=n

1-Si4 1
1t < -, and

1 1 39+%-g-—3

i _
m 4aq — 2 m

1
= m > (Sg+CI2—§+ §>(4a—2).

This is implied by (m, 1, m') € Mg1,,-1,4, for the final lower bound on m is m > (6(g + 1)
+2g; —2(g+ 1)+ 1)(2a — 1).

The choice of (h,x;,...,x,) € J was arbitrary. Hence Jy,,q4 C _;n,d(Lm,n‘l,m”)- We
proved the reverse inclusion in Theorem 5.21, and so T;’n,d(Lm,m,mw) = Jgnd. Now by
Corollary 5.22, it follows that @fn’d(l)z Jgna for all 1 €Hy, ,(Jgna), and in par-
ticular for all L. such that (m,m,m’) € My,q. This completes the proof of

Proposition 6.9. u

Now our desired results are immediate corollaries. We no longer need to dis-
tinguish between different spaces of maps, so we stop using the subscripts for J
and M.

Proof of Theorem 6.1, Corollary 6.2, and Theorem 6.3. For Theorem 6.1 and Corollary 6.2,
we work over C. By Proposition 6.7 and Proposition 6.9, we see that =70 =J,
as schemes over C, for any I € Hy(J). In particular, this holds for any Lo sim Where

(m,m, m') € M. Then by Corollary 3.5, it follows that
T/ Ly SLIW) Z M (P, d),
and by Corollary 3.7 it follows that there exists Jx 4 such that
T/ Ll SLW) = Mgna(X, B).
For Theorem 6.3, we note that Theorem 6.3 has for convenience been phrased in
terms of vector spaces over a field k, and so we work at first over k. Now the equality

J°(1) = 7°(l) = J, for schemes over k, follows from Proposition 6.8 and Proposition 6.9,

where k is any field.
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It remains to check that the open subschemes e () € Jand J C J are equal over
Z. As they are indeed open subschemes, it is sufficient to check that they contain the
same points, since they will then automatically have the same scheme structure. If x is a
point in J, then we may consider x as a point in J xz Spec k(x), where k(x) is the residue
field of x. We know that J and J° () are equal over Spec k(x), so this provides J < J° (I).
The converse is shown in the same way.

Corollary 3.5 now implies again that in this case,
j//Lm,m/ SL(VV) = Mg’n

over Z. O
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