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The Glue approach to the syntax-semantics interface incorporates a treat-
ment of quantification and modification which predicts scope ambiguity for
quantifiers and modifiers without relying on syntactic ambiguity. However, the
original proposals for the treatment of quantification and modification (Dalrym-
ple et al., 1993, 1995, 1997), provided no treatment of constraints on relative
quantifier or modifier scope, or of scope islands. Subsequent work proposed to
address this gap (Crouch & van Genabith, 1999; Gotham, 2019, 2021; Findlay &
Haug, 2022), but the proposed solutions are problematic or not completely gen-
eral; see Dalrymple et al. (2025) for detailed discussion. Building on Dalrymple
et al. (2025), we propose a general theory of scope licensing as a part of the log-
ical deduction, enabling lexical and configurational specification of constraints
governing scope islands and relative scope of modifiers and quantifiers.

1 Restrictions on quantifier and modifier scope
1.1 Restrictions on relative scope of quantifiers
Constraints on relative quantifier scope have been a subject of debate since the
early days of transformational grammar, with claims that linear order, grammat-
ical function, lexically specified properties, or a combination of these factors can
constrain or determine the relative scope of quantifiers. Coming from very differ-
ent theoretical perspectives, Lakoff (1971) and Jackendoff (1972) each claim that
the scope of clausemate quantifiers is determined by linear order: that an exam-
ple like Few books are read by many men is unambiguous, with few books scoping
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over many men. Indeed, the principle that linear order determines quantifier
scope has been called ‘Jackendoff’s principle’ (Janssen & Zimmermann, 2025).

Ioup (1975) disagrees with this simple claim, and proposes that both linear
order and grammatical function can constrain quantifier scope. She further
notes that different quantifiers have different strengths, and constrain relative
scope to different degrees. She provides the following examples to show that a
quantifier such as each can scope over a quantifier to its left:

(1) Ioup (1975, 73):
a. I saw a picture of each child. (each child > a picture)
b. She knows a solution to every problem. (every problem > a solution)
c. Ethel has a dress for every occasion. (every occasion > a dress)

However, if all is substituted for each/every, Ioup claims that the preferred
reading (though not the only reading) has narrow scope for all.

(2) Ioup (1975, 74):
a. I saw a picture of all the children. (a picture > all the children)
b. She knows a solution to all problems. (a solution > all problems)
c. Ethel has a dress for all occasions. (a dress > all occasions)

Larson (1990) (citing David Lebeaux) provides the following examples in which
grammatical function can constrain relative quantifier scope; in (3-a) either
scope is available, but in (3-b), the primary object scopes over the secondary
object:

(3) Larson (1990, 604):
a. The teacher assigned one problem to every student. (ambiguous)
b. The teacher assigned one student every problem. (unambiguous,

object one student has wide scope)

Similarly, Larson (1990) cites Schneider-Zioga (1988) for the observation that
although (4-a) allows both scopes, (4-b) is unambiguous, with wide scope for
the object:

(4) Larson (1990, 604):
a. The worker loaded one box on every truck. (ambiguous)
b. The worker loaded one truck with every box. (unambiguous, object

one truck has wide scope)

In a subsequent exploration of constraints on relative quantifier scope, Liu (1997)
notes the following contrast:

(5) Liu (1997, 1, 8):
a. Every man loves some woman. (ambiguous)
b. Every man loves fewer than three women. (unambiguous, subject

every man has wide scope)
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Liu also discusses the double-object examples presented by Larson and Schneider-
Zioga, pointing out that the choice of quantifier also affects the possibility of
scope ambiguity:

(6) Liu (1997, 177):
a. John assigned some student every problem. (unambiguous)
b. John assigned three students most problems. (ambiguous)

Liu’s conclusion is that scope possibilities are affected by properties of individual
quantifiers. Similar observations are made by Szabolcsi (1997a) on the basis of
examples like the following:

(7) Szabolcsi (1997a, 110):
a. Three referees read every abstract. (ambiguous)
b. Three referees read few abstracts. (unambiguous, subject three ref-

erees has wide scope)

Further evidence that lexical and syntactic properties of quantifiers constrain
scope possibilities is provided by, inter alia, Beghelli & Stowell (1997) and Dal-
rymple et al. (2025).

1.2 Scope islands
In the early days of transformational grammar, Rodman (1976) proposed that
constraints on quantifier scope mirror constraints on long-distance dependencies
in wh-question formation: wide scope for a quantifier is possible only in positions
from which wh-fronting is also possible. Reinhart (1997) provides the following
examples to illustrate Rodman’s claim:

(8) Reinhart (1997, 336): every new patient can take wide scope
a. A doctor will interview every new patient.
b. A doctor will try to assist every new patient personally.
c. A doctor will make sure that we give every new patient a tranquil-

izer.
(9) Reinhart (1997, 336): which patients can undergo wh-movement:

a. Which patients will a doctor interview e?
b. Which patients will a doctor try to assist e personally?
c. Which patients will a doctor make sure that we give e a tranquilizer?

(10) Reinhart (1997, 336): every new patient cannot take wide scope
a. A doctor will examine the possibility that we give every new patient

a tranquilizer.
b. A doctor should worry if we sedate every new patient.

(11) Reinhart (1997, 336): which patients cannot undergo wh-movement:
a. *Which patients will a doctor examine the possibility that we give

e a tranquilizer?
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b. *Which patients should a doctor worry if we sedate e?

Reinhart (1997) goes on to point out that Rodman’s generalization was quickly
found to be inadequate; quantifiers vary in their ability to escape wh-islands.
In particular, while each behaves as Rodman predicts, every is more restricted,
and indefinites are much more free in their ability to scope outside wh-islands.

In more recent work, Barker (2022) addresses the claim that all finite clauses
are scope islands for all quantifiers, criticizing the ensuing need for various escape
hatches to restore the attested readings that are predicted to be impossible by
this basic assumption. He instead proposes a four-way distinction in strength
distinguishing different kinds of islands of different lexically specified strengths,
combined with a five-way distinction in different types of quantifiers, as shown
in the following table:

(12) Island strength vs. escaper strength (Barker, 2022, 648)
Island strength

damn someone anyone everyone no one ↓
only * * * * 4
doubt * * * 3
claimed * * 2
make sure * 1

4 3 2 1 0 ← Escaper strength

We agree with Barker that scope islands are best characterized in terms of
lexically specified properties of particular island-creating items, interacting with
lexically specified properties of particular scope-taking items.

1.3 Restrictions on relative scope of modifiers
The relative scope of modifiers is constrained by the configuration in which the
modifiers appear. Andrews (1982) points out that the scope of an intensional
adjective like alleged depends on adjective order, with a modifier closer to the
head taking narrow scope with respect to modifiers that are farther from the
head (see also Andrews & Manning 1999, Andrews 2018, Findlay & Haug 2022):

(13) Andrews (1982, 696):
a. an alleged English baron (someone who is alleged to be an English

baron; alleged scopes over English baron)
b. an English alleged baron (someone who is English and is alleged to

be a baron; alleged scopes over baron)

If the modifiers are equally distant from the head (one preceding the head and
the other following the head), as in (14), both readings are available. This is
expected if relative distance from the head determines scope constraints.

(14) Andrews (1982, 696):
an alleged baron from England (both readings available)
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It may appear that the generalization is that semantic composition is governed
by phrasal configuration, with elements of the English noun phrase strictly
composing according to their phrase structure position. However, Partee &
Borschev (1998) (citing Norvin Richards) show that semantic composition in
English noun phrases is not in general limited in this way: possessors may scope
either inside or outside an intensional adjective (see also Partee & Borschev 2003,
Larson & Cho 2003).

(15) Partee & Borschev (1998, 77): Mary’s former mansion
a. Mary’s possession which was formerly (but is not currently) a man-

sion; or
b. something which was formerly Mary’s (which may or may not cur-

rently be a mansion)

Strict composition following phrasal constituency would not produce the right
result here: the scope constraint affects only the relative scope of modifiers, not
other constituents.

Similar facts hold for adverbs. Andrews (1982) points out that each of the
examples in (16) is unambiguous, with the adverb closest to the head taking
narrow scope.

(16) Andrews (1982, 695):
a. John knocked on the door intentionally twice. (two instances of

intentional knocking: twice scopes over knocked on the door inten-
tionally)

b. John knocked on the door twice intentionally. (one intentional
instance of knocking twice: intentionally scopes over knocked on
the door twice)

Andrews (1982) further points out that both of the examples in (17) are am-
biguous, and that each has both of the readings in (16). Again, it is relative
distance from the head which determines scope constraints.

(17) Andrews (1982, 696): Both scopes available
a. John intentionally knocked on the door twice.
b. John twice knocked on the door intentionally.

1.4 Summary
The scope of quantifiers and modifiers can be constrained by a number of factors,
including:

• For quantifier scope:

– the strength of the quantifier relative to the strength of other quan-
tifiers in the same domain

– the grammatical function of the quantifier

5



– the strength of the quantifier relative to the strength of any island in
which the quantifier may appear

• For modifier scope: relative distance to the head

In the following, we present a general means of constraining the scope of quan-
tifiers and modifiers in a Glue setting. We first provide an introduction to
Glue, Lexical Functional Grammar, and the standard LFG/Glue treatment of
quantifiers, modifiers, and scope ambiguity. We then introduce our proposal
for constraining quantifier and modifier scope, based on work by Fry (1997,
1999) on negative polarity items, and building on proposals by Dalrymple et al.
(2025).

2 Quantifiers and modifiers in Glue
Glue is a theory of the syntax-semantics interface according to which meaning
composition is governed by logical deduction from a set of premises contributed
by lexical items or phrasal configurations. The premises in a meaning deduc-
tion are pairs consisting of an expression in some meaning language (here, for
simplicity, we use the predicate calculus, but other meaning languages are com-
monly used) paired with a logical expression governing how these meanings can
combine; these pairs are called meaning constructors. We adopt Lexical Func-
tional Grammar as the background syntactic theory, though Glue (including the
approach to constraining scope presented here) can be paired with any syntactic
theory (for example, see Asudeh & Crouch 2001 for HPSG, and Gotham 2018
for Minimalism). For overviews of Glue, see Dalrymple et al. (2019), Asudeh
(2022, 2023), and Asudeh & Dalrymple (in press).

2.1 Lexical Functional Grammar
To facilitate discussion in the following, we provide a very brief overview of LFG.
For a more complete introduction, see Dalrymple et al. (2019) and Dalrymple
(2023), in particular Belyaev (2023a,b).

As is standard in LFG, we propose the following syntactic structures for the
sentence George arrived. Constituent structure (c-structure) represents word
order and phrasal groupings, while functional structure (f-structure) represents
grammatical functions and features. A full analysis would include additional f-
structure features encoding tense, aspect, person, number, and other functional
features, but we follow standard LFG practice in omitting features that are not
relevant for the current discussion.
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(18) George arrived.

Constituent structure: Functional structure:
IP

NP

N

George

I′

VP

V

arrived

[︃
pred ‘arrive⟨subj⟩’
subj

[︁
pred ‘George’

]︁]︃

These structures are licensed by the annotated phrase structure rules and lexical
items in (19) and (20). In the annotations on the phrase structure rules, the
up arrow ↑ refers to the f-structure of the mother node, and the down arrow
↓ refers to the f-structure of the node with the annotations. For example, in
the IP rule, the (↑ subj)=↓ annotation on the NP daughter of IP requires that
in the f-structure ↑ corresponding to the IP node, the f-structure ↓ of the NP
daughter is the value of the subj attribute, and the ↑ =↓ annotation on the I′
daughter requires that the f-structure of the IP is the same as the f-structure of
the I′.

(19) Basic phrase structure rules for English:
IP −→ NP

(↑ subj)=↓
I′

↑ =↓
NP −→ N

↑ =↓
I′ −→ (︃

I
↑ =↓

)︃
VP
↑ =↓

VP −→ V
↑ =↓

(︃
NP

(↑ obj)=↓

)︃
The lexical entries in (20) constrain phrase structure category and f-structure
contribution: for example, the word George is of category N, and it contributes
the attribute pred with value ‘George’ to its f-structure.

(20) Lexical entries (preliminary version, syntactic information only):
George N (↑ pred)=‘George’
arrived V (↑ pred)=‘arrive〈subj〉’

In (21), we have added these annotations to the phrase structure tree:
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(21) Annotated constituent structure:
IP

NP
(↑ subj)=↓

N
↑ =↓

George
(↑ pred)=‘George’

I′
↑ =↓

VP
↑ =↓

V
↑ =↓

arrived
(↑ pred)=‘arrive〈subj〉’

Using f IP to name the f-structure corresponding to the IP node, fNP for the
f-structure corresponding to the NP node, and similarly for the other nodes, we
can replace the up and down arrows with the names of the nodes they represent.

(22) Annotated constituent structure with instantiated node names:
IP

NP
(f IP subj)=fNP

N
fNP=fN

George
(fN pred)=‘George’

I′
f IP=f I′

VP
f I′=fVP

V
fVP=fV

arrived
(fV pred)=‘arrive〈subj〉’

This produces the f-structure in (23), as desired, where each f-structure is as-
sociated with the labels in (22): the outer f-structure bears the labels f IP, f I′ ,
fVP, and fV, and the value of the subj attribute bears the labels fNP and fN.

(23) F-structure solution to the equations in (22):[︄
pred ‘arrive⟨subj⟩’
subj [︁

pred ‘George’
]︁

fNP
fN

]︄
fIP
fI′
fVP
fV
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2.2 Glue premises and deductions
We now augment the lexical entries in (20) with meaning constructors encoding
the semantic contribution of each word, paired with instructions expressed in a
resource logic which govern semantic composition. In the lexical entry for the
word George, the meaning constructor is a pair with the meaning george on the
left and the resource ↑e on the right, where e is the type of the meaning george.
Similarly, the meaning constructor for the word arrived is a pair in which the
meaning arrive on the left is paired with the logical formula (↑ subj)e ⊸ ↑t on
the right.1

(24) Lexical entries including glue premises:
George N (↑ pred)=‘George’

george : ↑e
arrived V (↑ pred)=‘arrive〈subj〉’

arrive : (↑ subj)e ⊸ ↑t

We use g to label the f-structure whose pred is ‘George’ and a for the f-
structure whose pred is ‘arrive⟨subj⟩’:

(25) F-structure for George arrived:[︄
pred ‘arrive⟨subj⟩’
subj [︁

pred ‘George’
]︁

g

]︄
a

This gives us the instantiated meaning constructors for George and arrived in
(26), where the meaning george is paired with the resource g with type e, and
the meaning arrive is paired with an implication from g of type e to a of type
t.

(26) Meaning constructors for George and arrived:
george : ge
arrive : ge ⊸ at

The symbol ⊸ represents linear implication in linear logic (Girard, 1987), a
resource logic in which resources may not be reused or discarded. It is useful
to think of linear implication as a special kind of resource-sensitive implication
in which the antecedent resource is consumed and the consequent resource is
produced. We can think of the meaning constructors in (26) as follows:

1We simplify the presentation in two ways in the following; these simplifications do not
affect the overall treatment of quantifiers or licenses. First, in most LFG-based Glue analyses,
meanings are assumed to be paired with glue expressions over semantic (σ) structures, not
functional structures. Since we do not rely on semantic structure attributes or the internal
structure of semantic structures, we simplify by assuming that the right-hand (linear logic)
side of a meaning constructor is an expression over f-structures. Second, we simplify the
examples in various respects that are not relevant to the topic under discussion: for example,
in our discussion of sentential adverbials in Section 2.6, we provide the constant d as the
meaning for the definite noun phrase the door. For introductions to standard Glue theory, see
Dalrymple et al. (2019), Asudeh (2022, 2023), and Asudeh & Dalrymple (in press).
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(27) george : ge The meaning george is associated with the resource
g of type e.

arrive : ge ⊸ at The meaning arrive is associated with a linear im-
plication in which the resource ge (of type e) is con-
sumed and the resource at (of type t) is produced.

The right hand (linear logic) side of these expressions can combine according to
the rule of modus ponens: given the resources A ⊸ B and A, we can produce
B. Modus ponens on the glue side of a meaning constructor corresponds to
function application on the meaning side, following the Curry-Howard Isomor-
phism. Thus, we have the deduction in (28) of the meaning arrive(george) (of
type t, associated with the f-structure labeled a) from the instantiated meaning
constructors contributed by George and arrived.

(28) Proof for George arrived:

arrive : (ge ⊸ at) george : ge
→ E

arrive(george) : at

Glue derivations are required to be semantically complete and coherent: the
deduction must produce a single meaning from the premises that are provided,
with no meaning constructors left unused. This condition is satisfied by the
deduction in (28), since we have produced a meaning associated with the f-
structure a of type t, and all of the premises were used in the deduction with
none left over.

2.3 Quantifiers in Glue
The standard lexical entry for a quantifier like everyone is given in (29) (Dal-
rymple et al., 1997, 2019).2,3

(29) Lexical entry for everyone:
everyone N (↑ pred) = ‘everyone’

λP. everyone(P ) : ∀S.(↑e ⊸ S) ⊸ S

Intuitively, this meaning constructor is looking for a meaning constructor with
meaning P whose right-hand side is of the form ↑e ⊸ S for some S. When it
finds this resource, it consumes it, and produces a resource represented as S,
associated with the meaning everyone(P ). The universal quantifier over scope
structures S means that the scope is freely chosen.

2The meaning for everyone is often given as a generalized quantifier, a relation between
two properties:

(i) λP. every(λx.person(x), P ) : ∀S.(↑e ⊸ S) ⊸ S

For simplicity and to save space, we use the shorter form in (29). For a full explanation of the
Glue treatment of quantificational determiners like every, see Dalrymple et al. (2019, 8.2).

3Standardly, the resource represented by S in the meaning constructor for everyone has
type t, but we have left it without a type; we return to this issue below.
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For the sentence Everyone arrived, we have the f-structure in (30):

(30) F-structure for Everyone arrived:[︄
pred ‘arrive⟨subj⟩’
subj [︁

pred ‘everyone’
]︁

e

]︄
a

Given this f-structure, the instantiated meaning constructors for everyone and
arrived are:

(31) Instantiated meaning constructors for everyone and arrived:
λP. everyone(P ) : ∀S.(ee ⊸ S) ⊸ S

arrive : ee ⊸ at

These are the premises in the following proof:

(32) Proof for Everyone arrived:
everyone : ∀S. (ee ⊸ S) ⊸ S

∀E

everyone : (ee ⊸ at) ⊸ at arrive : (ee ⊸ at)
→ E

everyone(arrive) : at

Again, this proof obeys the conditions of semantic completeness and coherence:
we have derived a meaning for at, with no meaning constructors left unused.

2.4 Variable scope and scope ambiguity in Glue
Given the universal quantification over scope resources in the meaning con-
structor for quantifiers, we expect that if there is more than one quantifier in a
sentence, they can apply in any order, producing a quantifier scope ambiguity.
For the example Everyone greeted someone, we need the following additional
lexical entries:

(33) Lexical entries including glue premises:
someone N (↑ pred)=‘someone’

λQ. someone(Q) : ∀T.(↑e ⊸ T ) ⊸ T

greeted V (↑ pred)=‘greet〈subj, obj〉’
λX.λY.greet(X,Y ) : (↑ subj)e ⊸ (↑ obj)e ⊸ ↑t

We then have the following f-structure and instantiated meaning constructors:

(34) F-structure and instantiated meaning constructors for Everyone greeted
someone:⎡⎢⎣pred ‘greet⟨subj,obj⟩’

subj [︁
pred ‘everyone’

]︁
e

obj [︁
pred ‘someone’

]︁
s

⎤⎥⎦
g
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λP. everyone(P ) : ∀S.(ee ⊸ S) ⊸ S
λQ. someone(Q) : ∀T.(se ⊸ T ) ⊸ T

λX.λY. greet(X,Y ) : ee ⊸ (se ⊸ gt)

For this example, both scopes are available; in a Glue setting, this means that
there are two different proofs from these premises, with each proof assigning a
different meaning to g.

(35) Two proofs for Everyone greeted someone:
a. Wide scope for everyone:

everyone : ∀S. (ee ⊸ S) ⊸ S
∀E

everyone : (ee ⊸ gt) ⊸ gt

someone : ∀S. (se ⊸ S) ⊸ S
∀E

someone : (se ⊸ gt) ⊸ gt

greet : (ee ⊸ (se ⊸ gt)) [X2 : ee]1
→ E

greet(X2) : (se ⊸ gt)
→ E

someone(greet(X2)) : gt
→ I1

λX2.someone(greet(X2)) : (ee ⊸ gt)
→ E

everyone(λX2.someone(greet(X2))) : gt

b. Wide scope for someone:

someone : ∀S. (se ⊸ S) ⊸ S
∀E

someone : (se ⊸ gt) ⊸ gt

everyone : ∀S. (ee ⊸ S) ⊸ S
∀E

everyone : (ee ⊸ gt) ⊸ gt

greet : (ee ⊸ (se ⊸ gt)) [X2 : ee]1
→ E

greet(X2) : (se ⊸ gt) [X10 : se]2
→ E

greet(X2)(X10) : gt
→ I1

λX2.greet(X2)(X10) : (ee ⊸ gt)
→ E

everyone(λX2.greet(X2)(X10)) : gt
→ I2

λX10.everyone(λX2.greet(X2)(X10)) : (se ⊸ gt)
→ E

someone(λX10.everyone(λX2.greet(X2)(X10))) : gt

For examples such as this, in which there are no constraints on the relative scope
of the quantifiers, this is a good result: both scopes are derived, with no need for
an unmotivated corresponding syntactic ambiguity. However, as we have seen,
this is not always desirable; in some cases, quantifier scope is constrained, and
not all scope orders are available. Thus, we require a way to impose constraints
on relative scopes of quantifiers in such cases.

2.5 Scope (non-)islands
Barker (2022) points out that not every finite subordinate clause is a scope island
for every quantifier. He provides the following example (first discussed by Farkas
& Giannakidou 1996, 36), in which the predicate make sure allows every invited
speaker to scope out of the subordinate clause and over the indefinite subject
of the matrix clause:

(36) A student made sure that [every invited speaker had a ride]. (ambigu-
ous, wide scope possible for every invited speaker)

Both readings are derived in a Glue setting, since the universal quantification
over possible scope points allows every invited speaker to take either the main
clause or the subordinate clause as its scope. To simplify the presentation, we
provide the proof for the similarly-structured example Someone made sure that
[everyone arrived]. The f-structure and instantiated meaning constructors are:

(37) F-structure and meaning constructors for Someone made sure that ev-
eryone arrived:
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⎡⎢⎢⎢⎢⎣
pred ‘make.sure⟨subj, comp⟩’
subj [︁

pred ‘someone’
]︁

s

comp
[︄

pred ‘arrive⟨subj⟩’
subj [︁

pred ‘everyone’
]︁

e

]︄
a

⎤⎥⎥⎥⎥⎦
m

λP. someone(P ) : ∀S.(se ⊸ S) ⊸ S
λQ. everyone(Q) : ∀T.(ee ⊸ T ) ⊸ T

λY.λX.make.sure(X,Y ) : at ⊸ (se ⊸ mt)
λZ. arrive(Z) : ee ⊸ at

For this example there are three proofs: in the first proof, everyone scopes
inside the subordinate clause, and there are two additional proofs in which
everyone scopes outside the subordinate clause, with either scoping of someone
and everyone available in that case.

(38) Three proofs for Someone made sure that everyone arrived:
a. Everyone scopes inside the subordinate clause:

someone : ∀S. (se ⊸ S) ⊸ S
∀E

someone : (se ⊸ mt) ⊸ mt

make.sure : (at ⊸ (se ⊸ mt))

everyone : ∀T. (ee ⊸ T ) ⊸ T
∀E

everyone : (ee ⊸ at) ⊸ at arrive : (ee ⊸ at)
→ E

everyone(arrive) : at
→ E

make.sure(everyone(arrive)) : (se ⊸ mt)
→ E

someone(make.sure(everyone(arrive))) : mt

b. Everyone scopes in the main clause and takes narrow scope with
respect to someone:

someone : ∀S. (se ⊸ S) ⊸ S
∀E

someone : (se ⊸ mt) ⊸ mt

everyone : ∀T. (ee ⊸ T ) ⊸ T
∀E

everyone : (ee ⊸ mt) ⊸ mt

make.sure : (at ⊸ (se ⊸ mt))

arrive : (ee ⊸ at) [X10 : ee]1
→ E

arrive(X10) : at
→ E

make.sure(arrive(X10)) : (se ⊸ mt) [X2 : se]2
→ E

make.sure(arrive(X10))(X2) : mt
→ I1

λX10.make.sure(arrive(X10))(X2) : (ee ⊸ mt)
→ E

everyone(λX10.make.sure(arrive(X10))(X2)) : mt
→ I2

λX2.everyone(λX10.make.sure(arrive(X10))(X2)) : (se ⊸ mt)
→ E

someone(λX2.everyone(λX10.make.sure(arrive(X10))(X2))) : mt

c. Everyone scopes in the main clause and takes wide scope with
respect to someone:

everyone : ∀T. (ee ⊸ T ) ⊸ T
∀E

everyone : (ee ⊸ mt) ⊸ mt

someone : ∀S. (se ⊸ S) ⊸ S
∀E

someone : (se ⊸ mt) ⊸ mt

make.sure : (at ⊸ (se ⊸ mt))

arrive : (ee ⊸ at) [X10 : ee]1
→ E

arrive(X10) : at
→ E

make.sure(arrive(X10)) : (se ⊸ mt)
→ E

someone(make.sure(arrive(X10))) : mt
→ I1

λX10.someone(make.sure(arrive(X10))) : (ee ⊸ mt)
→ E

everyone(λX10.someone(make.sure(arrive(X10)))) : mt

This is again a good result, but as noted above, there are other cases in which
(some) quantifiers are prevented from escaping (some) islands, and we need a
way of imposing scope constraints in such cases.

2.6 Modifiers in Glue
Syntactically, the f-structure for a modifier such as twice is a member of the
adjunct (adj) set of the modified head. For an example like (39), we have the
(simplified) f-structure and target meaning in (40):

(39) John kicked the door twice.
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(40) F-structure and target meaning for John kicked the door twice:⎡⎢⎢⎢⎢⎣
pred ‘kick⟨subj, obj⟩’
subj [︁

pred ‘John’
]︁

j

obj [︁
pred ‘door’

]︁
d

adj
{︂[︁

pred ‘twice’
]︁}︂

⎤⎥⎥⎥⎥⎦
k

twice(kick(john, door)) : kt

We obtain this meaning from the premises in (41):

(41) Premises in the derivation of the meaning of John kicked the door twice:
john : je
door : de

λX.λY. kick(X,Y ) : je ⊸ (de ⊸ kt)
λP. twice(P ) : kt ⊸ kt

In a Glue setting, a modifier consumes the meaning constructor of the head
which it modifies, and produces a new meaning constructor of the same type,
assigning a modified meaning to the head. Here, the glue side of the adverbial
modifier twice is kt ⊸ kt: the resource kt is consumed and then produced again.
This is the hallmark of a modifier. On the meaning side, the meaning twice is
applied to the meaning of the sentence John kicked the door, so that the meaning
of the modified phrase is updated to incorporate the meaning of the modifier.

(42) Proof for John kicked the door twice:

twice : (kt ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

kick(john) : (de ⊸ kt) door : de
→ E

kick(john)(door) : kt
→ E

twice(kick(john)(door)) : kt

In an example like John intentionally kicked the door twice, with two adverbs,
the adverbs can apply in either order in the proof, producing an ambiguity. For
this example, this is the correct result.

(43) F-structure for John intentionally kicked the door twice:⎡⎢⎢⎢⎢⎢⎢⎣
pred ‘kick⟨subj, obj⟩’
subj [︁

pred ‘John’
]︁

j

obj [︁
pred ‘door’

]︁
d

adj
{︄ [︁

pred ‘intentionally’
]︁

i[︁
pred ‘twice’

]︁
t

}︄
⎤⎥⎥⎥⎥⎥⎥⎦

k

(44) Premises in the derivation of the meaning of John intentionally kicked
the door twice:
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john : je
door : de

λX.λY. kick(X,Y ) : je ⊸ (de ⊸ kt)
λP. twice(P ) : kt ⊸ kt

λP. intentionally(P ) : kt ⊸ kt

From these premises there are two proofs:

(45) Two proofs for John intentionally kicked the door twice
a. Wide scope for twice:

twice : (kt ⊸ kt)

intentionally : (kt ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

kick(john) : (de ⊸ kt) door : de
→ E

kick(john)(door) : kt
→ E

intentionally(kick(john)(door)) : kt
→ E

twice(intentionally(kick(john)(door))) : kt

b. Wide scope for intentionally:

intentionally : (kt ⊸ kt)

twice : (kt ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

kick(john) : (de ⊸ kt) door : de
→ E

kick(john)(door) : kt
→ E

twice(kick(john)(door)) : kt
→ E

intentionally(twice(kick(john)(door))) : kt

However, as we have seen, such an ambiguity is not always available. For exam-
ples in which one of the modifiers is closer to the head, the relative scope of the
modifiers is constrained, with the closer modifier taking narrow scope. Thus,
we need a means for constraining modifier scope in such cases.

2.7 Summary
Standard Glue analyses (unaugmented with licensing) do not constrain quanti-
fier and modifier scope. It is often desirable to obtain all possible quantifier or
modifier scopes, but there are also cases in which the scope of a quantifier or
modifier is constrained by lexical or grammatical factors. This shortcoming has
been noted before: for detailed discussion of the need for lexical and syntactic
constraints on quantifier and modifier scope in a Glue setting, see Crouch & van
Genabith (1999), Gotham (2019, 2021), Findlay & Haug (2022), Zymla (2024),
and Dalrymple et al. (2025).

3 Imposing scope constraints: Licensing
3.1 Inspiration: Fry (1997, 1999) on negative polarity items
Ladusaw (1979) and much subsequent work discusses negative polarity items
such as ever or yet, which are required to appear within the scope of a downward-
entailing operator such as not or nobody.

(46) a. George didn’t arrive yet.
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b. Nobody arrived yet.
c. *George arrived yet.

(47) a. George didn’t ever arrive.
b. Nobody ever arrived.
c. *George ever arrived.

Fry (1997, 1999) proposes a Glue-based analysis of downward-entailing negative
polarity licensors such as not or nobody, which, on his analysis, contribute a
license whose presence is required by negative polarity items such as ever or
yet. Fry’s original analysis adopted a now-outdated version of Glue (sometimes
called ‘old Glue’: see Asudeh & Dalrymple in press for a discussion of ‘old Glue’
and other variants). Dalrymple et al. (2025) recast Fry’s analysis in the current
standard version of Glue, and we present their revised and updated version of
Fry’s approach in the following.

Dalrymple et al. (2025) propose the f-structure and Fry-style meaning con-
structors in (48) for the sentence Nobody arrived yet, where ℓ is Fry’s license.
Importantly, there is only one proof from these premises,4 and in that proof
yet takes narrow scope with respect to its licensor nobody. This is because the
meaning constructor for yet requires the presence of the license ℓ, which is avail-
able only within the scope of the licensor nobody. If there is no negative polarity
licensor, as in an example like *Fred arrived yet, the requirement imposed by
yet for a licensor to be present is not met, and there is no proof.

(48) F-structure and instantiated meaning constructors for Nobody arrived
yet, with licenses:⎡⎢⎢⎣

pred ‘arrive⟨subj⟩’
subj [︁

pred ‘nobody’
]︁

n

adj
{︂[︁

pred ‘yet’
]︁}︂

⎤⎥⎥⎦
a

λP. nobody(P ) : ∀S.((ne ⊗ ℓ) ⊸ (S ⊗ ℓ)) ⊸ S
λX. arrive(X) : ne ⊸ at

λQ. yet(Q) : (at ⊗ ℓ) ⊸ (at ⊗ ℓ)

(49) Sole proof for Nobody arrived yet:
arrive : (ne ⊸ at) [X3 : ne]1

→ E

arrive(X3) : at [ℓ]2
⊗I

arrive(X3) : (at ⊗ ℓ) yet : ((at ⊗ ℓ) ⊸ (at ⊗ ℓ))
→ E

yet(arrive(X3)) : (at ⊗ ℓ)
→ I1,2

λX3.yet(arrive(X3)) : ((ne ⊗ ℓ) ⊸ (at ⊗ ℓ))

nobody : ∀F.(((ne ⊗ ℓ) ⊸ (F ⊗ ℓ)) ⊸ F )
∀E

nobody : (((ne ⊗ ℓ) ⊸ (at ⊗ ℓ)) ⊸ at)
→ E

nobody(λX3.yet(arrive(X3))) : at

More generally, Fry assumes the following schematic form for negative polarity
4We adopt the simplifications to the representation of the proof outlined by Dalrymple

et al. (2025, 4.2), disregarding the inert meaning contributions of licenses in the proof. As
Dalrymple et al. (2025) observe, this means that (what appears to be) the same meaning
expression can correspond to different glue types at different points in the proof.
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items and their licensors:

(50) NPI licensor: ((...ℓ) ⊸ (...ℓ)) ⊸ p
NPI: (...ℓ) ⊸ (...ℓ)

Fry’s licenses have the property of being ‘self-cleaning’: the license ℓ is intro-
duced within the scope of nobody and then consumed, so that the license is
available for any negative polarity items within the scope of nobody, but not
available in the final result. This means that a single negative polarity licensor
such as nobody can appear in a sentence with one negative polarity item (exam-
ple (49)), no negative polarity items (example (51)), or more than one negative
polarity item (example (53)). Fry (1997, 1999) provides further discussion of
this point.

(51) F-structure and instantiated meaning constructors for Nobody arrived
(potential NPI licensing but no NPIs):[︄

pred ‘arrive⟨subj⟩’
subj [︁

pred ‘nobody’
]︁

n

]︄
a

λP. nobody(P ) : ∀S.((ne ⊗ ℓ) ⊸ (S ⊗ ℓ)) ⊸ S
λX. arrive(X) : ne ⊸ at

(52) Proof for Nobody arrived:

arrive : (ne ⊸ at) [X3 : ne]1
→ E

arrive(X3) : at [ℓ]2
⊗I

arrive(X3) : (at ⊗ ℓ)
→ I1,2

λX3.arrive(X3) : ((ne ⊗ ℓ) ⊸ (at ⊗ ℓ))

nobody : ∀F.(((ne ⊗ ℓ) ⊸ (F ⊗ ℓ)) ⊸ F )
∀E

nobody : (((ne ⊗ ℓ) ⊸ (at ⊗ ℓ)) ⊸ at)
→ E

nobody(λX3.arrive(X3)) : at

(53) F-structure and instantiated meaning constructors for Nobody ever ar-
rived yet, with licenses (NPI licensing with two NPIs):⎡⎢⎢⎢⎢⎣

pred ‘arrive⟨subj⟩’
subj [︁

pred ‘nobody’
]︁

n

adj
{︄[︁

pred ‘ever’
]︁[︁

pred ‘yet’
]︁ }︄

⎤⎥⎥⎥⎥⎦
a

λP. nobody(P ) : ∀S.((ne ⊗ ℓ) ⊸ (S ⊗ ℓ)) ⊸ S
λX. arrive(X) : ne ⊸ at

λQ. yet(Q) : (at ⊗ ℓ) ⊸ (at ⊗ ℓ)
λR. ever(R) : (at ⊗ ℓ) ⊸ (at ⊗ ℓ)

(54) Two proofs for Nobody ever arrived yet:

a. Wide scope for yet (within the scope of nobody):
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arrive : (ne ⊸ at) [X3 : ne]1
→ E

arrive(X3) : at [ℓ]2
⊗I

arrive(X3) : (at ⊗ ℓ) ever : ((at ⊗ ℓ) ⊸ (at ⊗ ℓ))
→ E

ever(arrive(X3)) : (at ⊗ ℓ) yet : ((at ⊗ ℓ) ⊸ (at ⊗ ℓ))
→ E

yet(ever(arrive(X3))) : (at ⊗ ℓ)
→ I1,2

λX3.yet(ever(arrive(X3))) : ((ne ⊗ ℓ) ⊸ (at ⊗ ℓ))

nobody : ∀F. ((ne ⊗ ℓ) ⊸ (F ⊗ ℓ)) ⊸ F
∀E

nobody : ((ne ⊗ ℓ) ⊸ (at ⊗ ℓ)) ⊸ at
→ E

nobody(λX3.yet(ever(arrive(X3)))) : at

b. Wide scope for ever (within the scope of nobody):
arrive : (ne ⊸ at) [X3 : ne]1

→ E

arrive(X3) : at [ℓ]2
⊗I

arrive(X3) : (at ⊗ ℓ) yet : ((at ⊗ ℓ) ⊸ (at ⊗ ℓ))
→ E

yet(arrive(X3)) : (at ⊗ ℓ) ever : ((at ⊗ ℓ) ⊸ (at ⊗ ℓ))
→ E

ever(yet(arrive(X3))) : (at ⊗ ℓ)
→ I1,2

λX3.ever(yet(arrive(X3))) : ((ne ⊗ ℓ) ⊸ (at ⊗ ℓ))

nobody : ∀F. ((ne ⊗ ℓ) ⊸ (F ⊗ ℓ)) ⊸ F
∀E

nobody : ((ne ⊗ ℓ) ⊸ (at ⊗ ℓ)) ⊸ at
→ E

nobody(λX3.ever(yet(arrive(X3)))) : at

Adopting Fry’s intuition that scope constraints can be imposed via licenses anal-
ogous to Fry’s ℓ license, Dalrymple et al. (2025) develop a means of constraining
the relative scope of quantifiers via licenses. In the following, we review and up-
date Dalrymple et al.’s treatment of quantifier scope constraints, and provide
an expanded theory of licensing which encompasses constraints on the relative
scope of modifiers as well as island constraints.

3.2 Licenses and constraints on semantic composition
We incorporate licenses as a component of the meaning constructors for items
which participate in scope constraints, following Fry (1997, 1999) and Dalrym-
ple et al. (2025). Meaning constructors encoding scope constraints govern the
participation of license-bearing items in the proof.

3.2.1 Quantifiers

The intuition underpinning Fry’s treatment of negative polarity licensors is that
the license ℓ is available only within the scope of a negative polarity licensor.
Fry’s meaning constructor for the negative polarity licensor nobody is repeated
in (55):

(55) λP. nobody(P ) : ∀S.((ne ⊗ ℓ) ⊸ (S ⊗ ℓ)) ⊸ S

We adopt this format for quantifiers in general: a constraint requiring a quan-
tifier to take wide scope, and therefore to act as a licensor, makes reference to
the license for that quantifier.5 Unlike Fry’s analysis, and following Dalrymple
et al. (2025), we assume that each quantifier contributes a unique license: that

5Dalrymple et al. (2025) propose that quantifiers make two separate contributions: the
first contribution requires the presence of a license, and the second contribution provides the
license.

λP. nobody(P ) : ∀S.((n ⊸ S)⊗ ℓ) ⊸ S
_ : ℓ

The two formulations are not equivalent: in particular, when a scope constraint is added,
Dalrymple et al.’s proposal also constrains scope correctly, but produces multiple proofs of
the same meaning. We propose the form in (55) for quantifiers because it explicitly makes
the license for a quantifier available only within its scope, in line with Fry’s proposal for NPI
licensors. We return to this issue in our discussion of modifier scope in Section 3.4.
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is, quantifier licenses are separately instantiated for each use of the quantifier.6
Scope constraints are imposed via introduction of a meaning constructor which
references the license of the quantifier that is required to take wide scope. We
differentiate licenses by appending a mnemonic letter: ℓe for the license for a
particular use of the quantifier everyone, ℓs for someone, and so on.

The meaning constructors in (56) include quantifier licenses but no scope
constraints, and so no constraints on quantifier scope are imposed. We obtain
the same readings as without licenses: either quantifier can take wide scope (the
f-structure is as in (34)).

(56) Premises in the derivation of the meaning of Everyone greeted someone,
including licenses:

λP. everyone(P ) : ∀S.((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
λQ. someone(Q) : ∀T.((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T

λX.λY. greet(X,Y ) : ee ⊸ (se ⊸ gt)

(57) Two proofs for Everyone greeted someone with no scope constraint
a. Wide scope for everyone:

greet : (ee ⊸ (se ⊸ gt)) [X3 : ee]1
→ E

greet(X3) : (se ⊸ gt) [X11 : se]2
→ E

greet(X3)(X11) : gt [ℓs]3
⊗I

greet(X3)(X11) : (gt ⊗ ℓs)
→ I2,3

λX11.greet(X3)(X11) : ((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)
→ E

someone(λX11.greet(X3)(X11)) : gt [ℓe]4
⊗I

someone(λX11.greet(X3)(X11)) : (gt ⊗ ℓe)
→ I1,4

λX3.someone(λX11.greet(X3)(X11)) : ((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)
→ E

everyone(λX3.someone(λX11.greet(X3)(X11))) : gt

b. Wide scope for someone:
greet : (ee ⊸ (se ⊸ gt)) [X3 : ee]1

→ E

greet(X3) : (se ⊸ gt) [X11 : se]2
→ E

greet(X3)(X11) : gt [ℓe]3
⊗I

greet(X3)(X11) : (gt ⊗ ℓe)
→ I1,3

λX3.greet(X3)(X11) : ((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)
→ E

everyone(λX3.greet(X3)(X11)) : gt [ℓs]4
⊗I

everyone(λX3.greet(X3)(X11)) : (gt ⊗ ℓs)
→ I2,4

λX11.everyone(λX3.greet(X3)(X11)) : ((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)
→ E

someone(λX11.everyone(λX3.greet(X3)(X11))) : gt

3.2.2 Scope requirements

As demonstrated by Dalrymple et al. (2025), quantifier scope can be con-
strained by the addition of a meaning constructor imposing a scope constraint,
as schematically illustrated in (58). The scope constraint in the third line of
(58) eliminates any scope possibility where Q2 outscopes Q1 by linking the
individual-type resource for the wide scope quantifier (here, v1) with the license
for the narrow scope quantifier (here, ℓ2).7 Intuitively, this ensures that the
resource for the individual-type variable v1 for quantifier Q1 is active in the
proof while the license ℓ2 for Q2 is active. For further discussion of how licenses
impose quantifier scope constraints, see Dalrymple et al. (2025).

6In an LFG setting, this can be accomplished by introducing the license as an instantiated
symbol value of an attribute at semantic structure (Dalrymple et al., 2019, 163–164); see
Section 4.1.

7The scope constraint in (58) is a notational variant of the corresponding constraint pro-
posed by Dalrymple et al. (2025).
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(58) Quantifier taking wide scope: Q1 : ∀S.((v1⊗ ℓ1) ⊸ (S ⊗ ℓ1)) ⊸ S
Quantifier taking narrow scope: Q2 : ∀T.((v2⊗ ℓ2) ⊸ (T ⊗ ℓ2)) ⊸ T
Scope constraint: (v1⊗ ℓ2) ⊸ (v1⊗ ℓ2)

We now consider the f-structure and premises for example (59), Everyone saw
few students, which is unambiguous, with narrow scope for the object few stu-
dents (Beghelli & Stowell, 1997; Szabolcsi, 1997a). We simplify by providing
a single premise for few students (assembled from the premises contributed by
few and students, not provided here), and we include a scope constraint in the
final line, requiring everyone to outscope few students.

(59) F-structure and instantiated meaning constructors for Everyone saw
few students, with scope constraint added:⎡⎢⎢⎢⎣

pred ‘see⟨subj,obj⟩’
subj [︁

pred ‘everyone’
]︁

e

obj
[︃
spec ‘few’
pred ‘student’

]︃
f

⎤⎥⎥⎥⎦
l

λP. everyone(P ) : ∀S.((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
λQ. few.students(Q) : ∀T.((fe ⊗ ℓf) ⊸ (T ⊗ ℓf)) ⊸ T

λX.λY. see(X,Y ) : ee ⊸ (fe ⊸ st)
(ee ⊗ ℓf) ⊸ (ee ⊗ ℓf)

With the scope constraint, there is only one proof.

(60) Sole proof for Everyone saw few students including scope constraint re-
quiring everyone to outscope few students; full proof in the Appendix8

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (st ⊗ ℓe)) ⊸ st)

[(ee ⊗ ℓe)]8

few.students : ∀T. ((fe ⊗ ℓf) ⊸ (T ⊗ ℓf)) ⊸ T
∀E

few.students : (((fe ⊗ ℓf) ⊸ (st ⊗ ℓf)) ⊸ st)

[(fe ⊗ ℓf)]5

true : ((ee ⊗ ℓf) ⊸ (ee ⊗ ℓf))

[ee]6 [ℓf ]4
⊗I

(ee ⊗ ℓf)
→ E

(ee ⊗ ℓf)

see : (ee ⊸ (fe ⊸ st)) [ee]1
→ E

(fe ⊸ st) [fe]3
→ Est [ℓf ]2

⊗I

(st ⊗ ℓf)
⊗E1,2 (subst. f or [1 ], [2 ])

(st ⊗ ℓf)
⊗E3,4 (subst. f or [3 ], [4 ])

(st ⊗ ℓf)
→ I5

((fe ⊗ ℓf) ⊸ (st ⊗ ℓf))
→ Est [ℓe]7

⊗I

(st ⊗ ℓe)
⊗E6,7 (subst. f or [6 ], [7 ])

(st ⊗ ℓe)
→ I8

((ee ⊗ ℓe) ⊸ (st ⊗ ℓe))
→ E

everyone(λX3.few.students(λX11.see(X3)(X11))) : st

The scope constraint (ee ⊗ ℓf) ⊸ (ee ⊗ ℓf) affects only the relative scope of
everyone and few students. If there is a third quantifier, it can scope freely
relative to the other two quantifiers. We illustrate this point by reference to the
three-quantifier example Everyone gave someone something, with a constraint
requiring everyone to outscope someone. From these premises, we get three
proofs, with the relative scope of everyone and someone fixed, and something
scoping freely.

(61) F-structure and instantiated meaning constructors for Everyone gave
someone something, with scope constraint requiring everyone to outscope
someone:

8In the proof, the steps labeled ⊗Ei,j represent substitution of an i, j pair of assumptions.
See the Appendix for the complete proof.
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⎡⎢⎢⎢⎢⎣
pred ‘give⟨subj,obj,objTHEME⟩’
subj [︁

pred ‘everyone’
]︁

e

obj [︁
pred ‘someone’

]︁
s

objθ
[︁
pred ‘something’

]︁
h

⎤⎥⎥⎥⎥⎦
l

λP. everyone(P ) : ∀S.((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
λQ. someone(Q) : ∀T.((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T

λR. something(R) : ∀U.((he ⊗ ℓh) ⊸ (U ⊗ ℓh)) ⊸ U
λX.λY.λZ. give(X,Y, Z) : ee ⊸ (se ⊸ (he ⊸ gt))

(ee ⊗ ℓs) ⊸ (ee ⊗ ℓs)

(62) Three proofs for Everyone gave someone something including scope con-
straint requiring everyone to outscope someone; full proofs in the Ap-
pendix

a.

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)

[(ee ⊗ ℓe)]11

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)

[(se ⊗ ℓs)]8

true : ((ee ⊗ ℓs) ⊸ (ee ⊗ ℓs))

[ee]9 [ℓs]7
⊗I

(ee ⊗ ℓs)
→ E

(ee ⊗ ℓs)

something : ∀U. ((he ⊗ ℓh) ⊸ (U ⊗ ℓh)) ⊸ U
∀E

something : (((he ⊗ ℓh) ⊸ (gt ⊗ ℓh)) ⊸ gt)

[(he ⊗ ℓh)]3

give : (ee ⊸ (se ⊸ (he ⊸ gt))) [ee]4
→ E

(se ⊸ (he ⊸ gt)) [se]6
→ E

(he ⊸ gt) [he]1
→ Egt [ℓh]2

⊗I

(gt ⊗ ℓh)
⊗E1,2 (subst. f or [1 ], [2 ])

(gt ⊗ ℓh)
→ I3

((he ⊗ ℓh) ⊸ (gt ⊗ ℓh))
→ Egt [ℓs]5

⊗I

(gt ⊗ ℓs)
⊗E4,5 (subst. f or [4 ], [5 ])

(gt ⊗ ℓs)
⊗E6,7 (subst. f or [6 ], [7 ])

(gt ⊗ ℓs)
→ I8

((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))
→ Egt [ℓe]10

⊗I

(gt ⊗ ℓe)
⊗E9,10 (subst. f or [9 ], [10 ])

(gt ⊗ ℓe)
→ I11

((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))
→ E

everyone(λX2.someone(λX10.something(λX18.give(X2, X10, X18)))) : gt

b.

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)

[(ee ⊗ ℓe)]11

something : ∀U. ((he ⊗ ℓh) ⊸ (U ⊗ ℓh)) ⊸ U
∀E

something : (((he ⊗ ℓh) ⊸ (gt ⊗ ℓh)) ⊸ gt)

[(he ⊗ ℓh)]8

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)

[(se ⊗ ℓs)]5

true : ((ee ⊗ ℓs) ⊸ (ee ⊗ ℓs))

[ee]9 [ℓs]4
⊗I

(ee ⊗ ℓs)
→ E

(ee ⊗ ℓs)

give : (ee ⊸ (se ⊸ (he ⊸ gt))) [ee]1
→ E

(se ⊸ (he ⊸ gt)) [se]3
→ E

(he ⊸ gt) [he]6
→ Egt [ℓs]2

⊗I

(gt ⊗ ℓs)
⊗E1,2 (subst. f or [1 ], [2 ])

(gt ⊗ ℓs)
⊗E3,4 (subst. f or [3 ], [4 ])

(gt ⊗ ℓs)
→ I5

((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))
→ Egt [ℓh]7

⊗I

(gt ⊗ ℓh)
⊗E6,7 (subst. f or [6 ], [7 ])

(gt ⊗ ℓh)
→ I8

((he ⊗ ℓh) ⊸ (gt ⊗ ℓh))
→ Egt [ℓe]10

⊗I

(gt ⊗ ℓe)
⊗E9,10 (subst. f or [9 ], [10 ])

(gt ⊗ ℓe)
→ I11

((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))
→ E

everyone(λX2.something(λX18.someone(λX10.give(X2, X10, X18)))) : gt

c.

something : ∀U. ((he ⊗ ℓh) ⊸ (U ⊗ ℓh)) ⊸ U
∀E

something : (((he ⊗ ℓh) ⊸ (gt ⊗ ℓh)) ⊸ gt)

[(he ⊗ ℓh)]11

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)

[(ee ⊗ ℓe)]8

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)

[(se ⊗ ℓs)]5

true : ((ee ⊗ ℓs) ⊸ (ee ⊗ ℓs))

[ee]6 [ℓs]4
⊗I

(ee ⊗ ℓs)
→ E

(ee ⊗ ℓs)

give : (ee ⊸ (se ⊸ (he ⊸ gt))) [ee]1
→ E

(se ⊸ (he ⊸ gt)) [se]3
→ E

(he ⊸ gt) [he]9
→ Egt [ℓs]2

⊗I

(gt ⊗ ℓs)
⊗E1,2 (subst. f or [1 ], [2 ])

(gt ⊗ ℓs)
⊗E3,4 (subst. f or [3 ], [4 ])

(gt ⊗ ℓs)
→ I5

((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))
→ Egt [ℓe]7

⊗I

(gt ⊗ ℓe)
⊗E6,7 (subst. f or [6 ], [7 ])

(gt ⊗ ℓe)
→ I8

((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))
→ Egt [ℓh]10

⊗I

(gt ⊗ ℓh)
⊗E9,10 (subst. f or [9 ], [10 ])

(gt ⊗ ℓh)
→ I11

((he ⊗ ℓh) ⊸ (gt ⊗ ℓh))
→ E

something(λX18.everyone(λX2.someone(λX10.give(X2, X10, X18)))) : gt

Thus, by the use of licenses, it is possible to impose a scope constraint regulat-
ing the relative scope of two quantifiers, as demonstrated by Dalrymple et al.
(2025). We will return to the question of how scope constraints are introduced
in Section 4.

3.3 Scope islands
As discussed in Section 1.2, we would also like to prevent (certain) quantifiers
from escaping (certain) scope islands. Barker (2022) shows that the complement
of the verb claim is an island for the quantifier everyone:

(63) Someone claimed that everyone arrived.
a. someone(λx.claim(x, everyone(λy.arrive(y))))

[Available: Someone made the claim: ‘everyone arrived’]
b. NOT: everyone(λy.someone(λx.claim(x, arrive(y))))

[Unavailable: For each person, someone claimed that that person
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arrived]

We assume the following f-structure and meaning constructor contributions;
note the presence of the licenses associated with the complement of claim. We do
not yet include a scope constraint requiring everyone to scope in the subordinate
clause of claim, so the analysis is incomplete at this point.

(64) F-structure and meaning constructors for Someone claimed that every-
one arrived, no scope constraint (provisional, scope constraint to be
added):⎡⎢⎢⎢⎢⎣

pred ‘claim⟨subj, comp⟩’
subj [︁

pred ‘someone’
]︁

s

comp
[︄

pred ‘arrive⟨subj⟩’
subj [︁

pred ‘everyone’
]︁

e

]︄
a

⎤⎥⎥⎥⎥⎦
c

λP. someone(P ) : ∀T.((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
λQ. everyone(Q) : ∀S.((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S

λX.λY. claim(X,Y ) : se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)
λZ. arrive(Z) : ee ⊸ at

There are four proofs from these premises, depending on how the scope variable
S for the quantifier everyone is instantiated.

(65) Four proofs for Someone claimed that everyone arrived with no scope
constraint; full proofs in the Appendix
a. The scope variable S for everyone is instantiated to a, everyone

scopes in subordinate clause

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[(se ⊗ ℓs)]7

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [se]5
→ E

((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E [S := at]

everyone : (((ee ⊗ ℓe) ⊸ (at ⊗ ℓe)) ⊸ at)

[(ee ⊗ ℓe)]3

arrive : (ee ⊸ at) [ee]1
→ Eat [ℓe]2

⊗I

(at ⊗ ℓe)
⊗E1,2 (subst. f or [1 ], [2 ])

(at ⊗ ℓe)
→ I3

((ee ⊗ ℓe) ⊸ (at ⊗ ℓe))
→ Eat [ℓc]4

⊗I

(at ⊗ ℓc)
→ I4

(ℓc ⊸ (at ⊗ ℓc))
→ Ect [ℓs]6

⊗I

(ct ⊗ ℓs)
⊗E5,6 (subst. f or [5 ], [6 ])

(ct ⊗ ℓs)
→ I7

((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX3.claim(X3)(λX12.everyone(λX21.arrive(X21)))) : ct

b. The scope variable S for everyone is instantiated to c, everyone
scopes in main clause, takes narrow scope with respect to someone

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[(se ⊗ ℓs)]7

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe)) ⊸ ct)

[(ee ⊗ ℓe)]4

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [se]5
→ E

((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

arrive : (ee ⊸ at) [ee]2
→ Eat [ℓc]1

⊗I

(at ⊗ ℓc)
→ I1

(ℓc ⊸ (at ⊗ ℓc))
→ Ect [ℓe]3

⊗I

(ct ⊗ ℓe)
⊗E2,3 (subst. f or [2 ], [3 ])

(ct ⊗ ℓe)
→ I4

((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe))
→ Ect [ℓs]6

⊗I

(ct ⊗ ℓs)
⊗E5,6 (subst. f or [5 ], [6 ])

(ct ⊗ ℓs)
→ I7

((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX3.everyone(λX21.claim(X3)(λX12.arrive(X21)))) : ct

c. The scope variable S for everyone is instantiated to c, everyone
scopes in main clause, takes wide scope with respect to someone

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe)) ⊸ ct)

[(ee ⊗ ℓe)]7

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[(se ⊗ ℓs)]4

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [se]2
→ E

((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

arrive : (ee ⊸ at) [ee]5
→ Eat [ℓc]1

⊗I

(at ⊗ ℓc)
→ I1

(ℓc ⊸ (at ⊗ ℓc))
→ Ect [ℓs]3

⊗I

(ct ⊗ ℓs)
⊗E2,3 (subst. f or [2 ], [3 ])

(ct ⊗ ℓs)
→ I4

((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ Ect [ℓe]6

⊗I

(ct ⊗ ℓe)
⊗E5,6 (subst. f or [5 ], [6 ])

(ct ⊗ ℓe)
→ I7

((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe))
→ E

everyone(λX21.someone(λX3.claim(X3)(λX12.arrive(X21)))) : ct

d. The scope variable S for everyone is instantiated to a⊗ℓc, everyone
scopes in subordinate clause
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someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[(se ⊗ ℓs)]7

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [se]5
→ E

((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E [S := (at ⊗ ℓc)]

everyone : (((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe)) ⊸ (at ⊗ ℓc))

[(ee ⊗ ℓe)]3

arrive : (ee ⊸ at) [ee]1
→ Eat [ℓc]4

⊗I

(at ⊗ ℓc) [ℓe]2
⊗I

((at ⊗ ℓc)⊗ ℓe)
⊗E1,2 (subst. f or [1 ], [2 ])

((at ⊗ ℓc)⊗ ℓe)
→ I3

((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe))
→ E

(at ⊗ ℓc)
→ I4

(ℓc ⊸ (at ⊗ ℓc))
→ Ect [ℓs]6

⊗I

(ct ⊗ ℓs)
⊗E5,6 (subst. f or [5 ], [6 ])

(ct ⊗ ℓs)
→ I7

((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX3.claim(X3)(λX12.everyone(λX21.arrive(X21)))) : ct

In fact, however, claim is an island for everyone, meaning that there is no
reading on which everyone scopes in the main clause. Thus, we must eliminate
those readings. To accomplish this, we introduce the scope constraint in the
final line in (66), which links the license for claim with the license for everyone:

(66) Meaning constructors for Someone claimed that everyone arrived, in-
cluding a scope constraint in the fifth line ensuring that everyone scopes
inside the complement of claim:

λP. someone(P ) : ∀T.((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
λQ. everyone(Q) : ∀S.((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S

λY.λX. claim(X,Y ) : se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)
λZ. arrive(Z) : ee ⊸ at

(ℓc⊗ ℓe) ⊸ (ℓc⊗ ℓe)

With this constraint, we get only one proof:

(67) Sole proof for Someone claimed that everyone arrived including scope
constraint; full proof in the Appendix

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[(se ⊗ ℓs)]9

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [se]7
→ E

((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E [S := (at ⊗ ℓc)]

everyone : (((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe)) ⊸ (at ⊗ ℓc))

[(ee ⊗ ℓe)]5

true : ((ℓc⊗ ℓe) ⊸ (ℓc⊗ ℓe))

[ℓc]6 [ℓe]4
⊗I

(ℓc⊗ ℓe)
→ E

(ℓc⊗ ℓe)

arrive : (ee ⊸ at) [ee]3
→ Eat [ℓc]1

⊗I

(at ⊗ ℓc) [ℓe]2
⊗I

((at ⊗ ℓc)⊗ ℓe)
⊗E1,2 (subst. f or [1 ], [2 ])

((at ⊗ ℓc)⊗ ℓe)
⊗E3,4 (subst. f or [3 ], [4 ])

((at ⊗ ℓc)⊗ ℓe)
→ I5

((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe))
→ E

(at ⊗ ℓc)
→ I6

(ℓc ⊸ (at ⊗ ℓc))
→ Ect [ℓs]8

⊗I

(ct ⊗ ℓs)
⊗E7,8 (subst. f or [7 ], [8 ])

(ct ⊗ ℓs)
→ I9

((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX3.claim(X3)(λX12.everyone(λX21.arrive(X21)))) : ct

The schematic form for island-creating predicates and the scope constraint en-
forcing islandhood for particular quantifiers is, then:

(68) Quantifier: Q : ∀S.((qe ⊗ ℓq) ⊸ (S ⊗ ℓq)) ⊸ S
Island-creating predicate requiring
an argument ct to produce a main-
clause resource pt:

λC. pred(C) : (ℓi ⊸ (ct ⊗ ℓi)) ⊸ pt

Scope constraint: (ℓq ⊗ ℓi) ⊸ (ℓq ⊗ ℓi)

Notably, the proof in (67) is possible because of the universal quantification
over possible scopes in the quantifier meaning constructor: in (68), the scope S
of everyone is instantiated not to a particular scope structure, but to a scope
structure tensored with a license: (at ⊗ ℓc). The relevant step in the proof is
boxed in (69). This is why we omitted the type on the variables over potential
scopes in the meaning constructors for quantifiers: the universally quantified
scope resource can be instantiated to a t-type resource such as at, or to a t-type
resource tensored with one or more licenses, here at ⊗ ℓc.

(69) Proof in (67) with the instantiation step boxed
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someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[(se ⊗ ℓs)]9

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [se]7
→ E

((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E [S := (at ⊗ ℓc)]

(((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe)) ⊸ (at ⊗ ℓc))

[(ee ⊗ ℓe)]5

true : ((ℓc⊗ ℓe) ⊸ (ℓc⊗ ℓe))

[ℓc]6 [ℓe]4
⊗I

(ℓc⊗ ℓe)
→ E

(ℓc⊗ ℓe)

arrive : (ee ⊸ at) [ee]3
→ Eat [ℓc]1

⊗I

(at ⊗ ℓc) [ℓe]2
⊗I

((at ⊗ ℓc)⊗ ℓe)
⊗E1,2 (subst. f or [1 ], [2 ])

((at ⊗ ℓc)⊗ ℓe)
⊗E3,4 (subst. f or [3 ], [4 ])

((at ⊗ ℓc)⊗ ℓe)
→ I5

((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe))
→ E

(at ⊗ ℓc)
→ I6

(ℓc ⊸ (at ⊗ ℓc))
→ Ect [ℓs]8

⊗I

(ct ⊗ ℓs)
⊗E7,8 (subst. f or [7 ], [8 ])

(ct ⊗ ℓs)
→ I9

((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX3.claim(X3)(λX12.everyone(λX21.arrive(X21)))) : ct

Similar issues involving the absence and presence of licenses arise in the analy-
sis of modifier licensing. That situation is different, however, because modifiers
have determinate scope and do not introduce universal quantification over po-
tential scopes. This means that their licensing apparatus must be different from
that of quantifiers and island-imposing predicates, as we see in the next section.

3.4 Constraints on modifier scope
As noted in Section 1.3, the order and position of modifiers can affect scope
possibilities: in some configurations, modifier scope is fixed. Recall that if two
modifiers are equally close to the head which they modify (with one modifier
preceding the head and the other modifier following it), both scopes are avail-
able; otherwise, the modifier that is closer to the head takes narrow scope.

(70) Andrews (1982): Both readings in (72) available for both examples
a. John intentionally kicked the door twice.
b. John twice kicked the door intentionally.

(71) Only one reading available:
a. John kicked the door intentionally twice. (only reading (72-a))
b. John kicked the door twice intentionally. (only reading (72-b))

(72) a. twice(intentionally(kick(j, d)))
b. intentionally(twice(kick(j, d)))

The f-structure for John kicked the door intentionally twice is the same as for
John intentionally kicked the door twice, given in (43).

(73) F-structure for John kicked the door intentionally twice:⎡⎢⎢⎢⎢⎢⎣
pred ‘kick⟨subj, obj⟩’
subj [︁

pred ‘John’
]︁

j

obj [︁
pred ‘door’

]︁
d

adj
{︃[︁

pred ‘intentionally’
]︁[︁

pred ‘twice’
]︁ }︃

⎤⎥⎥⎥⎥⎥⎦
k

To allow for scope constraints, we augment the meaning constructors for the
modifiers twice and intentionally with licenses. Unlike the situation with quan-
tifiers, we need two kinds of license for each modifier: one is relevant for con-
straints requiring the modifier to take narrow scope, and the other is relevant
for constraints requiring it to take wide scope. Thus, modifiers with licenses
make a contribution of the form in (74), where the wide-scope license ends with
w and the narrow-scope license ends with n.
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(74) Meaning constructor for a modifier:
M : (ℓw ⊸ (mt ⊗ (ℓw ⊗ ℓn))) ⊸ mt

ℓn

Consider an example with three scope-taking modifiers, such as John allegedly
twice intentionally kicked the door. Here, we require allegedly to outscope twice
by means of a constraint referring to the wide-scope license of allegedly and the
narrow-scope license of twice, and we also require twice to outscope intentionally
by means of a constraint referring to the wide-scope license of twice and the
narrow-scope license of intentionally. In this case, both the wide-scope and
narrow-scope licenses of twice play a role in the proof.

Furthermore, unlike the situation with quantifiers, the narrow-scope license
must be contributed as a separate premise, along the lines of Dalrymple et al.’s
(2025) treatment of quantifier licenses. This is because we need both a positive
and a negative occurrence of a narrow-scope license, but we cannot accomplish
this by tensoring the narrow scope license with the resource on the right-hand
side of the meaning constructor; in other words, the meaning constructor in (75)
does not work:

(75) Incorrect meaning constructor for a modifier:
M : (ℓw ⊸ (mt ⊗ (ℓw ⊗ ℓn))) ⊸ (mt ⊗ ℓn)

This meaning constructor expects to find a resource of the form (mt ⊗ ℓn)
(disregarding the wide scope license ℓw) and produces a result of the same type.
However, the licensing resource ℓn can then never be discarded, and we would
never be able to achieve a meaning for the sentence of type mt. Quantifiers avoid
this problem because they introduce universal quantification over the output
type: they can take as their scope either a bare resource such as mt, or a tensor
product where mt is tensored with a license, as in (67). In either case, licenses
within the scope of a quantifier must be cleaned up, and the licenses in the input
and output of the quantifier must match.

Thus, for an example with two modifiers where modifier M1 is required
to outscope M2, we have premises of the following form, with each modifier
contributing two premises:

(76) Modifier taking wide scope: M1 : (ℓ1w ⊸ (mt ⊗ (ℓ1w ⊗ ℓ1n))) ⊸ mt

ℓ1n
Modifier taking narrow scope: M2 : (ℓ2w ⊸ (mt ⊗ (ℓ2w ⊗ ℓ2n))) ⊸ mt

ℓ2n
Scope constraint: (ℓ1w ⊗ ℓ2n) ⊸ (ℓ1w ⊗ ℓ2n)

Let us see how these licenses work to constrain the scope of modifiers. If the
modifiers are at an equal distance to the head, as in John intentionally kicked
the door twice, there is no scope constraint, and both scopes are available. The
premises are:

(77) Premises in the derivation of the meaning of John intentionally kicked
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the door twice, with licensing but no scope constraint:
john : je
door : de

λX.λY. kick(X,Y ) : je ⊸ (de ⊸ kt)
λP. twice(P ) : (ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt

ℓtn
λP. intentionally(P ) : (ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt

ℓin

(78) Two proofs for John intentionally kicked the door twice, no scope con-
straint; full proofs in the Appendix

a.

twice : ((ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt)

intentionally : ((ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

(de ⊸ kt) door : de
→ E

kt

[ℓiw]1 true : ℓin
⊗I

(ℓiw ⊗ ℓin)
⊗I

(kt ⊗ (ℓiw ⊗ ℓin))
→ I1

(ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin)))
→ E

kt

[ℓtw]2 true : ℓtn
⊗I

(ℓtw ⊗ ℓtn)
⊗I

(kt ⊗ (ℓtw ⊗ ℓtn))
→ I2

(ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn)))
→ E

twice(λX6.intentionally(λX14.kick(john)(door))) : kt

b.

intentionally : ((ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt)

twice : ((ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

(de ⊸ kt) door : de
→ E

kt

[ℓtw]1 true : ℓtn
⊗I

(ℓtw ⊗ ℓtn)
⊗I

(kt ⊗ (ℓtw ⊗ ℓtn))
→ I1

(ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn)))
→ E

kt

[ℓiw]2 true : ℓin
⊗I

(ℓiw ⊗ ℓin)
⊗I

(kt ⊗ (ℓiw ⊗ ℓin))
→ I2

(ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin)))
→ E

intentionally(λX14.twice(λX6.kick(john)(door))) : kt

If one modifier is farther from the head, only one reading is available. For the
example John kicked the door intentionally twice, the modifier twice is farther
from the head and must take wide scope, so we introduce the scope constraint
in the final line of (79).

(79) Premises in the derivation of the meaning of John kicked the door in-
tentionally twice, with scope constraint in the final line:

john : je
door : de

λX.λY. kick(X,Y ) : je ⊸ (de ⊸ kt)
λP. twice(P ) : (ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt

ℓtn
λP. intentionally(P ) : (ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt

ℓin
(ℓtw ⊗ ℓin) ⊸ (ℓtw ⊗ ℓin)

There is only one proof from these premises, in which twice takes wide scope
relative to intentionally:

(80) Sole proof for John kicked the door intentionally twice, with licensing;
full proof in the Appendix:
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twice : ((ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt)

true : ((ℓtw ⊗ ℓin) ⊸ (ℓtw ⊗ ℓin))

[ℓtw]4 true : ℓin
⊗I

(ℓtw ⊗ ℓin)
→ E

(ℓtw ⊗ ℓin)

intentionally : ((ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

(de ⊸ kt) door : de
→ E

kt

[ℓiw]1 [ℓin]3
⊗I

(ℓiw ⊗ ℓin)
⊗I

(kt ⊗ (ℓiw ⊗ ℓin))
→ I1

(ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin)))
→ E

kt

[ℓtw]2 true : ℓtn
⊗I

(ℓtw ⊗ ℓtn)
⊗I

(kt ⊗ (ℓtw ⊗ ℓtn))
⊗E2,3

(kt ⊗ (ℓtw ⊗ ℓtn))
→ I4

(ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn)))
→ E

twice(λX6.intentionally(λX14.kick(john)(door))) : kt

4 Introducing the constraints
We have seen that scope constraints involving licenses can constrain the scope
possibilities for quantifiers and modifiers. We now turn to the question of how
the scope constraints are introduced into the derivation. We provide an LFG
perspective on license introduction: we assume that the license components of
a scope constraint are uniquely instantiated atoms which are the value of an
attribute at semantic structure.

The question of exactly what triggers the introduction of scope constraints
is complicated, and we will not provide a comprehensive treatment here; rather,
we will introduce some potential mechanisms for the introduction of scope con-
straints, leaving many issues open for future research.

4.1 Licenses and their syntactic visibility
In an LFG setting, licenses are the values of attributes at semantic structure.
This allows reference to the license of the quantifier, modifier, or predicate
creating a scope island in scope constraints.

4.1.1 Quantifiers

The full lexical entry for a quantifier like everyone is as follows, where ℓ_ is an
instantiated symbol (as indicated by the trailing underscore) that is instantiated
to a unique value on each occasion of its use:

(81) Lexical entry for everyone:
everyone N (↑ pred) = ‘everyone’

(↑σ license) = ℓ_
λP. everyone(P ) : ∀S.((↑e ⊗ (↑σ license)) ⊸ (S ⊗ (↑σ license))) ⊸ S

The f-structure and semantic structure for a particular use of the quantifier
everyone are given in (82):

(82) F-structure, semantic structure, and meaning constructor for everyone:
Functional structure: Semantic structure:[︁

pred ‘everyone’
]︁

e

[︁
license ℓe

]︁
eσ

λP. everyone(P ) : ∀S.((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
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4.1.2 Modifiers

A modifier has two licenses, one involved in constraints requiring the modifier
to take wide scope, and the other involved in constraints requiring it to take
narrow scope. The lexical entry for a modifier like twice is as in (83); note that
ℓ1_ and ℓ2_ are instantiated to different unique values, and that this lexical
entry contributes two meaning constructors, the complex expression in the next
to last line and the narrow-scope license contribution in the last line:9

(83) Lexical entry for twice:
twice Adv (↑ pred) = ‘twice’

(↑σ wide-license) = ℓ1_
(↑σ narrow-license) = ℓ2_

λP. twice(P ) : ((↑σ wide-license) ⊸ ((adj ∈ ↑)t ⊗ ((↑σ wide-license)⊗ (↑σ narrow-license)))) ⊸ (adj ∈ ↑)t
(↑σ narrow-license)

The f-structure and semantic structure for a particular use of twice as a member
of the modifier set of an f-structure m are given in (84):

(84) F-structure, semantic structure, and meaning constructor for twice:
Functional structure: Semantic structure:[︃

adj
{︂ [︁

pred ‘twice’
]︁

t

}︂]︃
m

[︃
wide-license ℓw
narrow-license ℓn

]︃
tσ

λP. twice(P ) : (ℓw ⊸ (mt ⊗ (ℓw ⊗ ℓn))) ⊸ mt

ℓn

4.1.3 Verbs inducing scope islands

Finally, the lexical entry for a verb whose complement is a scope island, such
as claim, is:

(85) Lexical entry for claim:
claim V (↑ pred) = ‘claim〈subj, comp〉’

(↑σ license) = ℓ_
λX.λY. claim(X,Y ) : (↑ subj)e ⊸ (((↑σ license) ⊸ ((↑comp)t ⊗ (↑σ license))) ⊸ ↑t)

The f-structure and semantic structure for a particular use of claim are given
in (86):

(86) F-structure, semantic structure, and meaning constructor for claim:
9Notationally, the final line in (83) appears to be an existential constraint; however, it is

intended to introduce the narrow-scope license as a resource in the meaning derivation. It
may be helpful to introduce some notational means to distinguish the meaning constructor
contributions in a lexical entry from the other constraints, to avoid confusion.
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Functional structure: Semantic structure:⎡⎣pred ‘claim〈subj, comp〉’
subj s
comp p

⎤⎦
c

[︁
license ℓc

]︁
cσ

λY.λX. claim(X,Y ) : se ⊸ ((ℓc ⊸ (pt ⊗ ℓc)) ⊸ ct)

4.2 Quantifier strength
In order to enforce scope constraints relying on relative quantifier strength, we
need a way of representing the strength of a quantifier. This is a complicated
issue, explored by Szabolcsi (1997b), references cited there, and much subse-
quent work. For concreteness, we choose a simple representation of quantifier
strength that we will provisionally assume to be relevant both for constraints
on relative quantifier scope and for ability to escape quantifier islands, based
loosely on Barker (2022). It is likely that this simple representation will need
to be modified and enriched to handle the full range of constraints that are
attested.

We represent quantifier strength by a set of numerals, with the largest nu-
meral also represented as the value of the attribute qmax. If we assume for the
sake of argument that everyone has strength 1 and few students has strength 0
(specified by the determiner few), their semantic structures will include the
attributes and values in (87).10

(87) a. everyone:
[︄

qstrength
{︁

0,1
}︁

qmax 1

]︄
q1

b. few:
[︄

qstrength
{︁

0
}︁

qmax 0

]︄
q2

To check the relative strength of two quantifiers Q1 and Q2, we can check
whether Q1’s qmax value is included in the qstrength of Q2, provided that
Q1 and Q2 each have a value for the qmax feature (that is, they are both
quantifiers). If this fails, Q1 is stronger than Q2. In particular, assuming the
values in (87), everyone is stronger than few, since everyone’s qmax value is not
included in the qstrength of few. We can use Q1 >q Q2 as an abbreviation
for ‘Q1 is stronger than Q2’:

(88) Q1 >q Q2 (Q1 is stronger than Q2):
(q1 qmax)
(q2 qmax)
(q1 qmax) /∈ (q2 qstrength)

10The value of qstrength is specified as a closed set, which does not allow additional values
to be added:

(i) everyone (↑ pred)=‘everyone’
(↑σ qstrength) = {0, 1}
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We use this relation in enforcing relative quantifier constraints.

4.3 Introduction of constraints enforcing relative quanti-
fier scope

Often, in the literature on constraints on quantifier scoping, the discussion cen-
ters on the relative scope of arguments of the same predicate, and in fact the
most commonly cited examples involve the relative scope of subject and object
coarguments of the same predicate. With Ioup (1975), Liu (1997), Beghelli
& Stowell (1997), Szabolcsi (1997a), and others, we assume that grammatical
function and quantifier strength are important in determining quantifier scope
possibilities.

In this literature, particularly in approaches set in a movement-based theory
such as Principles and Parameters theory or Minimalism, the focus is often on
how to expand the range of quantifier scopes that is predicted by the theory:
in other words, it is assumed that quantifier scope is tightly constrained (by
grammatical function or syntactic configuration), and the aim is to provide a
means for relaxing these constraints in particular circumstances to allow quanti-
fier scopes that would otherwise not be available. In a glue setting, the situation
is the reverse: glue derivations allow all quantifier scope possibilities, and our
goal is to eliminate those possibilities that are unattested.

Example (89), an expanded version of (59) including semantic structures
eσ and fσ, presents the f-structure, semantic structure, and meaning construc-
tors for Everyone saw few students, which (as noted in Section 3.2.2) has been
claimed to be unambiguous, with everyone taking widest scope. Given that we
have provisionally assigned everyone a strength of 1 and few students a strength
of 0, the strength of the quantifier everyone is greater than the strength of few
students.

(89) F-structure, semantic structure, and instantiated meaning constructors
for Everyone saw few students, with scope constraint added:

⎡⎢⎢⎢⎣
pred ‘see⟨subj,obj⟩’
subj [︁

pred ‘everyone’
]︁

e

obj
[︃
spec ‘few’
pred ‘student’

]︃
f

⎤⎥⎥⎥⎦
l

⎡⎢⎣license ℓe
qstrength

{︁
0,1

}︁
qmax 1

⎤⎥⎦
eσ ⎡⎢⎣license ℓf

qstrength
{︁

0
}︁

qmax 0

⎤⎥⎦
fσ

λP. everyone(P ) : ∀S.((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
λQ. few.students(Q) : ∀T.((fe ⊗ ℓf) ⊸ (T ⊗ ℓf)) ⊸ T

λX.λY. see(X,Y ) : ee ⊸ (fe ⊸ st)
(ee ⊗ ℓf) ⊸ (ee ⊗ ℓf)

Here, we explore the possibility that the scope constraint is introduced by the
verb: if the strength of a transitive verb’s subject is greater than the strength of
its object, a scope constraint is introduced requiring the subject to outscope the
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object. The third line in the lexical entry in (90) enforces this constraint; it says:
‘If my subj is stronger than my obj, introduce a scope constraint requiring my
subj to outscope my obj.’ Note that if either the subject or the object is not a
quantifier, the >q relation does not hold, and the constraint fails to apply.

(90) saw V (↑ pred) = ‘see〈subj, obj〉’
λX.λY. see(X,Y ) : (↑ subj)e ⊸ (↑obj)e ⊸ ↑t

[(↑ subj)σ >q (↑obj)σ]⇒ [[(↑ subj)σ ⊗ ((↑obj)σ license)] ⊸ [(↑ subj)σ ⊗ ((↑obj)σ license)]]

It is well known that constraints on quantifier scope also depend in a complex
way on linear order and other factors. Relative quantifier scope constraints
could also be introduced in phrase structure rules or via f-precedence relations,
but we leave an exploration of these possibilities to future research.

4.4 Introduction of constraints enforcing scope islands
In Section 3.3, we saw that the general format for a premise enforcing an island
constraint is as in the final line of (91) (=(68)), where the license ℓi for the
island-creating predicate is tensored with the license ℓq for the quantifier within
the island:

(91) Quantifier: Q : ∀S.((qe ⊗ ℓq) ⊸ (S ⊗ ℓq)) ⊸ S
Island-creating predicate: λC. p(C) : (ℓi ⊸ (ct ⊗ ℓi)) ⊸ pt
Scope constraint: (ℓq ⊗ ℓi) ⊸ (ℓq ⊗ ℓi)

In order to enforce islandhood, a scope constraint must be introduced for each
quantifier (of a particular maximum strength) within the island. This means
that the process of introducing the scope constraint must be managed by the
quantifier, since there is no way for the predicate enforcing a scope island to
know how many quantifiers are contained in its island. Islands can be of various
strengths, as explored by Barker (2022) and illustrated in the chart in (12).
Thus, each quantifier must check whether it is in an island that it is not allowed
to escape, and if it is, it must introduce a scope constraint preventing itself from
scoping outside the island.

We assume with Barker that islands are specified with strengths, in a similar
manner to quantifiers. Barker assigns a strength of 2 to the complement of claim,
labeled p in (92):

(92) F-structure, semantic structure, and meaning constructor for claim:
Functional structure: Semantic structure:⎡⎣pred ‘claim〈subj, comp〉’

subj s
comp p

⎤⎦
c

⎡⎢⎣qstrength
{︁

0,1,2
}︁

qmax 2
license ℓc

⎤⎥⎦
pσ

λY.λX. claim(X,Y ) : se ⊸ ((ℓc ⊸ (pt ⊗ ℓc)) ⊸ ct)

Quantifiers must check their environment for an enclosing comp whose strength
is higher than their own, and introduce a scope constraint if such a comp is
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found. The following constraint accomplishes this for the quantifier everyone:
we are assuming that everyone has a strength of 1, and so the scoping constraint
checks for a comp with a strength of at least 2.

(93) Island scope constraint for everyone:
( comp
2 ∈ (→σ qstrength)
(→σ license) = %L

comp∗

2 ̸∈ (→σ qstrength)
gf ↑) ⇒

((%L⊗ (↑σ license)) ⊸ (%L⊗ (↑σ license)))

This quantifier looks outwards for a comp that has a qstrength of at least
2 (making it stronger than the qstrength of everyone), ignoring any comps
that do not have a qstrength of at least 2. If such a comp is found, it is an
island for everyone, and a scope constraint linking the licenses of everyone and
the comp island is introduced. Other quantifiers may specify a greater or lesser
ability to escape islands by specifying a number greater or smaller than 2 in
their scope constraint.

4.5 Introduction of constraints enforcing modifier scope
In Section 3.4, we saw that the general format for a premise enforcing scope
relations between modifiers is as in the final line of (94) (=(76)), where the wide-
scope license ℓ1w for the wide-scoping modifier is tensored with the narrow-scope
license ℓ2n of the narrow-scoping modifier:

(94) Modifier taking wide scope: M1 : (ℓ1w ⊸ (mt ⊗ (ℓ1w ⊗ ℓ1n))) ⊸ mt

ℓ1n
Modifier taking narrow scope: M2 : (ℓ2w ⊸ (mt ⊗ (ℓ2w ⊗ ℓ2n))) ⊸ mt

ℓ2n
Scope constraint: (ℓ1w ⊗ ℓ2n) ⊸ (ℓ1w ⊗ ℓ2n)

We explore the possibility that the scope constraint is introduced by the phrase
structure rule.11 We assume the phrase structure rule in (95), which handles
right adjoined modifiers, and gives us the c-structure in (96) for John kicked the
door twice intentionally.12

11In fact, a basic modifier contribution could also be transformed into a modifier contribu-
tion with licenses by the phrase structure rule, so that only modifiers which are sisters in the
phrase structure would acquire the licensing apparatus. We do not explore this possibility
here.

12This rule has the category V′ on both its left and right side, so in principle it can apply
recursively, which would allow for right adjoined modifiers at different levels, and would incor-
rectly allow scope ambiguities for adjacent right-adjoined modifiers if the scope constraint is
introduced only for modifiers that are sisters at c-structure. This problem could be solved by
treating V′ as a complex category, and introducing a feature ±mod to distinguish the mother
V′[+mod] from the daughter V′[−mod]: this would disallow recursive application of the rule,
and would force all post-V′ modifiers of a head to be sisters in the phrase structure tree. Al-
ternatively, it would be possible to use a recursive rule to combine modifiers with the head one
at a time, but then a complex rule appealing to f-precedence would be required to introduce
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(95) V′ rule for right adjunction of modifiers, preliminary:
V′ −→ V′

↑ =↓
XP+

↓ ∈(↑ adj)

(96) IP

NP

N

John

I′

VP

V′

V′

kicked the door

AdvP

Adv

twice

AdvP

Adv

intentionally

We now augment the phrase structure rule to introduce scope constraints,
rewriting the sequence of one or more modifiers XP+ as XP XP∗, and intro-
ducing scoping constraints for the modifiers after the first XP. These scope
constraints require adverbial phrases closer to the head to take narrow scope
relative to adverbial phrases farther from the head. Here, we are concerned with
post-V′ modifiers, so we want each modifier after the first modifier to scope over
the previous modifier.

(97) Revised V′ rule for right adjunction of modifiers, non-final:
V′ −→ V′

↑ =↓
XP

↓ ∈(↑ adj)
XP∗

↓ ∈(↑ adj)

To do this, we require reference to the f-structure of the left or right sister
node and their corresponding f-structures: the node immediately to the left is
referred to as <∗ and its f-structure is <∗ϕ, and the node immediately to the right
is referred to as ∗> and its f-structure is ∗>ϕ (Dalrymple et al., 2019, 6.4). Here,
we want to say that each non-initial postmodifier introduces a scope constraint
linking its wide scope license with the narrow scope license of the immediately
preceding modifier. The following additional annotation accomplishes this:

(98) Revised V′ rule for right adjunction of modifiers, final:

the modifier scope constraint. We present this rule as a simple way of introducing the scope
constraint, and leave exploration of other methods and refinements to future research. One
important empirical question to be answered is whether modifier scope constraints apply only
to adjacent modifiers, as we would assume if scope constraints are introduced by particular
phrase structure rules, or also to nonadjacent modifiers in languages allowing discontinuous
nominal phrases.
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V′ −→ V′

↑ =↓
XP

↓ ∈(↑ adj)
XP∗

↓ ∈(↑ adj)
((↓σ wide-license)⊗ (<∗ϕσ narrow-license)) ⊸
((↓σ wide-license)⊗ (<∗ϕσ narrow-license))

A similar constraint is needed for premodifiers, where all modifiers but the final
modifier introduce a constraint referring to the immediately following modifier.

5 Remaining issues
We have proposed a general licensing mechanism for constraining quantifier and
modifier scope and enforcing scope islands. Much work remains to be done, and
we hope that the current proposals will provide a basis for this work.

5.1 Theoretical issues to be explored
Among the theoretical issues which remain to be explored:

• What is the domain within which relative quantifier scope constraints are
defined? Do such constraints operate only on coarguments, on clause-
mates, or within a wider domain? The answer to this question will deter-
mine the range of formal possibilities for introduction of quantifier scope
constraints.

• Are quantifiers associated with a single strength ranking that is relevant
for both relative quantifier scoping and ability to escape islands, or do
we need different specifications of quantifier strength for different kinds of
constraints?

• How do modifier scope constraints work in languages with very free word
order and discontinuity? Should modifier scope constraints be defined in
terms of f-precedence rather than by a phrase structure rule?

5.2 Computational issues
Zymla (2024) notes that Glue suffers from two kinds of problems with ambiguity:
spurious ambiguity and unwanted ambiguity. The current proposal constitutes
a step towards solving the unwanted ambiguity problem, but the spurious am-
biguity problem remains, and may even become more serious because of the
complications to many of the premises that this approach introduces. Perhaps
we are currently at a stage comparable to the period during which phrase struc-
ture trees were used to model linguistic structure, but before chart parsing and
efficient parsing algorithms had been developed. Clearly, further research is
needed.
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A Full proofs
(99) Full proof for example (60), Everyone saw few students, including scope

constraint requiring wide scope for Everyone. In each of the following
proofs, ⇒β marks the term obtained by reduction from the final line,
treating premises such as true as the identity function.

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (st ⊗ ℓe)) ⊸ st)

[X2 : (ee ⊗ ℓe)]8

few.students : ∀T. ((fe ⊗ ℓf) ⊸ (T ⊗ ℓf)) ⊸ T
∀E

few.students : (((fe ⊗ ℓf) ⊸ (st ⊗ ℓf)) ⊸ st)

[X10 : (fe ⊗ ℓf)]5

true : ((ee ⊗ ℓf) ⊸ (ee ⊗ ℓf))

[X3 : ee]6 [X12 : ℓf ]4
⊗I

⟨X3, X12⟩ : (ee ⊗ ℓf)
→ E

true(⟨X3, X12⟩) : (ee ⊗ ℓf)

see : (ee ⊸ (fe ⊸ st)) [X25 : ee]1
→ E

see(X25) : (fe ⊸ st) [X11 : fe]3
→ E

see(X25)(X11) : st [X26 : ℓf ]2
⊗I

⟨see(X25)(X11), X26⟩ : (st ⊗ ℓf)
⊗E1,2

let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩ : (st ⊗ ℓf)
⊗E3,4

let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩ : (st ⊗ ℓf)
→ I5

λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩ : ((fe ⊗ ℓf) ⊸ (st ⊗ ℓf))
→ E

few.students(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩) : st [X4 : ℓe]7
⊗I

⟨few.students(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩), X4⟩ : (st ⊗ ℓe)
⊗E6,7

let X2 be ⟨X3, X4⟩ in ⟨few.students(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩), X4⟩ : (st ⊗ ℓe)
→ I8

λX2.let X2 be ⟨X3, X4⟩ in ⟨few.students(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩), X4⟩ : ((ee ⊗ ℓe) ⊸ (st ⊗ ℓe))
→ E

everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨few.students(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X25, X26⟩ in ⟨see(X25)(X11), X26⟩), X4⟩) : st ⇒β

everyone(λX3.few.students(λX11.see(X3)(X11))) : st

(100) Three full proofs for example (62), Everyone gave someone something,
including scope constraint requiring everyone to outscope someone,
producing a three-way ambiguity

a.
everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S

∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)

[X2 : (ee ⊗ ℓe)]11

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)

[X10 : (se ⊗ ℓs)]8

true : ((ee ⊗ ℓs) ⊸ (ee ⊗ ℓs))

[X3 : ee]9 [X12 : ℓs]7
⊗I

⟨X3, X12⟩ : (ee ⊗ ℓs)
→ E

true(⟨X3, X12⟩) : (ee ⊗ ℓs)

something : ∀U. ((he ⊗ ℓh) ⊸ (U ⊗ ℓh)) ⊸ U
∀E

something : (((he ⊗ ℓh) ⊸ (gt ⊗ ℓh)) ⊸ gt)

[X18 : (he ⊗ ℓh)]3

give : (ee ⊸ (se ⊸ (he ⊸ gt))) [X35 : ee]4
→ E

give(X35) : (se ⊸ (he ⊸ gt)) [X11 : se]6
→ E

give(X35)(X11) : (he ⊸ gt) [X19 : he]1
→ E

give(X35)(X11)(X19) : gt [X20 : ℓh]2
⊗I

⟨give(X35)(X11)(X19), X20⟩ : (gt ⊗ ℓh)
⊗E1,2

let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩ : (gt ⊗ ℓh)
→ I3

λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩ : ((he ⊗ ℓh) ⊸ (gt ⊗ ℓh))
→ E

something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩) : gt [X36 : ℓs]5
⊗I

⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩ : (gt ⊗ ℓs)
⊗E4,5

let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩ : (gt ⊗ ℓs)
⊗E6,7

let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩ : (gt ⊗ ℓs)
→ I8

λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩ : ((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))
→ E

someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩) : gt [X4 : ℓe]10
⊗I

⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩), X4⟩ : (gt ⊗ ℓe)
⊗E9,10

let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩), X4⟩ : (gt ⊗ ℓe)
→ I11

λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩), X4⟩ : ((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))
→ E

everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨give(X35)(X11)(X19), X20⟩), X36⟩), X4⟩) : gt ⇒β

everyone(λX3.someone(λX11.something(λX19.give(X3)(X11)(X19)))) : gt

b.
everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S

∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)

[X2 : (ee ⊗ ℓe)]11

something : ∀U. ((he ⊗ ℓh) ⊸ (U ⊗ ℓh)) ⊸ U
∀E

something : (((he ⊗ ℓh) ⊸ (gt ⊗ ℓh)) ⊸ gt)

[X18 : (he ⊗ ℓh)]8

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)

[X10 : (se ⊗ ℓs)]5

true : ((ee ⊗ ℓs) ⊸ (ee ⊗ ℓs))

[X3 : ee]9 [X12 : ℓs]4
⊗I

⟨X3, X12⟩ : (ee ⊗ ℓs)
→ E

true(⟨X3, X12⟩) : (ee ⊗ ℓs)

give : (ee ⊸ (se ⊸ (he ⊸ gt))) [X35 : ee]1
→ E

give(X35) : (se ⊸ (he ⊸ gt)) [X11 : se]3
→ E

give(X35)(X11) : (he ⊸ gt) [X19 : he]6
→ E

give(X35)(X11)(X19) : gt [X36 : ℓs]2
⊗I

⟨give(X35)(X11)(X19), X36⟩ : (gt ⊗ ℓs)
⊗E1,2

let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩ : (gt ⊗ ℓs)
⊗E3,4

let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩ : (gt ⊗ ℓs)
→ I5

λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩ : ((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))
→ E

someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩) : gt [X20 : ℓh]7
⊗I

⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩ : (gt ⊗ ℓh)
⊗E6,7

let X18 be ⟨X19, X20⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩ : (gt ⊗ ℓh)
→ I8

λX18.let X18 be ⟨X19, X20⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩ : ((he ⊗ ℓh) ⊸ (gt ⊗ ℓh))
→ E

something(λX18.let X18 be ⟨X19, X20⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩) : gt [X4 : ℓe]10
⊗I

⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩), X4⟩ : (gt ⊗ ℓe)
⊗E9,10

let X2 be ⟨X3, X4⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩), X4⟩ : (gt ⊗ ℓe)
→ I11

λX2.let X2 be ⟨X3, X4⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩), X4⟩ : ((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))
→ E

everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨something(λX18.let X18 be ⟨X19, X20⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X20⟩), X4⟩) : gt ⇒β

everyone(λX3.something(λX19.someone(λX11.give(X3)(X11)(X19)))) : gt

c.
something : ∀U. ((he ⊗ ℓh) ⊸ (U ⊗ ℓh)) ⊸ U

∀E

something : (((he ⊗ ℓh) ⊸ (gt ⊗ ℓh)) ⊸ gt)

[X18 : (he ⊗ ℓh)]11

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe)) ⊸ gt)

[X2 : (ee ⊗ ℓe)]8

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (gt ⊗ ℓs)) ⊸ gt)

[X10 : (se ⊗ ℓs)]5

true : ((ee ⊗ ℓs) ⊸ (ee ⊗ ℓs))

[X3 : ee]6 [X12 : ℓs]4
⊗I

⟨X3, X12⟩ : (ee ⊗ ℓs)
→ E

true(⟨X3, X12⟩) : (ee ⊗ ℓs)

give : (ee ⊸ (se ⊸ (he ⊸ gt))) [X35 : ee]1
→ E

give(X35) : (se ⊸ (he ⊸ gt)) [X11 : se]3
→ E

give(X35)(X11) : (he ⊸ gt) [X19 : he]9
→ E

give(X35)(X11)(X19) : gt [X36 : ℓs]2
⊗I

⟨give(X35)(X11)(X19), X36⟩ : (gt ⊗ ℓs)
⊗E1,2

let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩ : (gt ⊗ ℓs)
⊗E3,4

let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩ : (gt ⊗ ℓs)
→ I5

λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩ : ((se ⊗ ℓs) ⊸ (gt ⊗ ℓs))
→ E

someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩) : gt [X4 : ℓe]7
⊗I

⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩ : (gt ⊗ ℓe)
⊗E6,7

let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩ : (gt ⊗ ℓe)
→ I8

λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩ : ((ee ⊗ ℓe) ⊸ (gt ⊗ ℓe))
→ E

everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩) : gt [X20 : ℓh]10
⊗I

⟨everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩), X20⟩ : (gt ⊗ ℓh)
⊗E9,10

let X18 be ⟨X19, X20⟩ in ⟨everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩), X20⟩ : (gt ⊗ ℓh)
→ I11

λX18.let X18 be ⟨X19, X20⟩ in ⟨everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩), X20⟩ : ((he ⊗ ℓh) ⊸ (gt ⊗ ℓh))
→ E

something(λX18.let X18 be ⟨X19, X20⟩ in ⟨everyone(λX2.let X2 be ⟨X3, X4⟩ in ⟨someone(λX10.let X10 be ⟨X11, X12⟩ in let true(⟨X3, X12⟩) be ⟨X35, X36⟩ in ⟨give(X35)(X11)(X19), X36⟩), X4⟩), X20⟩) : gt ⇒β

something(λX19.everyone(λX3.someone(λX11.give(X3)(X11)(X19)))) : gt

(101) Four full proofs for example (65), Someone claimed that everyone ar-
rived, without scope constraint
a. The scope variable T for everyone is instantiated to a, everyone

scopes in subordinate clause

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[X2 : (se ⊗ ℓs)]7

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [X3 : se]5
→ E

claim(X3) : ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E [S := at]

everyone : (((ee ⊗ ℓe) ⊸ (at ⊗ ℓe)) ⊸ at)

[X20 : (ee ⊗ ℓe)]3

arrive : (ee ⊸ at) [X21 : ee]1
→ E

arrive(X21) : at [X22 : ℓe]2
⊗I

⟨arrive(X21), X22⟩ : (at ⊗ ℓe)
⊗E1,2

let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩ : (at ⊗ ℓe)
→ I3

λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩ : ((ee ⊗ ℓe) ⊸ (at ⊗ ℓe))
→ E

everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩) : at [X12 : ℓc]4
⊗I

⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩), X12⟩ : (at ⊗ ℓc)
→ I4

λX12.⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩), X12⟩ : (ℓc ⊸ (at ⊗ ℓc))
→ E

claim(X3)(λX12.⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩), X12⟩) : ct [X4 : ℓs]6
⊗I

⟨claim(X3)(λX12.⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩), X12⟩), X4⟩ : (ct ⊗ ℓs)
⊗E5,6

let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩), X12⟩), X4⟩ : (ct ⊗ ℓs)
→ I7

λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩), X12⟩), X4⟩ : ((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨arrive(X21), X22⟩), X12⟩), X4⟩) : ct ⇒β

someone(λX3.claim(X3)(λX12.everyone(λX21.arrive(X21)))) : ct

b. T is instantiated to c, everyone scopes in main clause, takes nar-
row scope with respect to someone

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[X2 : (se ⊗ ℓs)]7

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe)) ⊸ ct)

[X20 : (ee ⊗ ℓe)]4

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [X3 : se]5
→ E

claim(X3) : ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

arrive : (ee ⊸ at) [X21 : ee]2
→ E

arrive(X21) : at [X12 : ℓc]1
⊗I

⟨arrive(X21), X12⟩ : (at ⊗ ℓc)
→ I1

λX12.⟨arrive(X21), X12⟩ : (ℓc ⊸ (at ⊗ ℓc))
→ E

claim(X3)(λX12.⟨arrive(X21), X12⟩) : ct [X22 : ℓe]3
⊗I

⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩ : (ct ⊗ ℓe)
⊗E2,3

let X20 be ⟨X21, X22⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩ : (ct ⊗ ℓe)
→ I4

λX20.let X20 be ⟨X21, X22⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩ : ((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe))
→ E

everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩) : ct [X4 : ℓs]6
⊗I

⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩), X4⟩ : (ct ⊗ ℓs)
⊗E5,6

let X2 be ⟨X3, X4⟩ in ⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩), X4⟩ : (ct ⊗ ℓs)
→ I7

λX2.let X2 be ⟨X3, X4⟩ in ⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩), X4⟩ : ((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X22⟩), X4⟩) : ct ⇒β

someone(λX3.everyone(λX21.claim(X3)(λX12.arrive(X21)))) : ct
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c. T is instantiated to c, everyone scopes in main clause, takes wide
scope with respect to someone

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E

everyone : (((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe)) ⊸ ct)

[X20 : (ee ⊗ ℓe)]7

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[X2 : (se ⊗ ℓs)]4

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [X3 : se]2
→ E

claim(X3) : ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

arrive : (ee ⊸ at) [X21 : ee]5
→ E

arrive(X21) : at [X12 : ℓc]1
⊗I

⟨arrive(X21), X12⟩ : (at ⊗ ℓc)
→ I1

λX12.⟨arrive(X21), X12⟩ : (ℓc ⊸ (at ⊗ ℓc))
→ E

claim(X3)(λX12.⟨arrive(X21), X12⟩) : ct [X4 : ℓs]3
⊗I

⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩ : (ct ⊗ ℓs)
⊗E2,3

let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩ : (ct ⊗ ℓs)
→ I4

λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩ : ((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩) : ct [X22 : ℓe]6
⊗I

⟨someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩), X22⟩ : (ct ⊗ ℓe)
⊗E5,6

let X20 be ⟨X21, X22⟩ in ⟨someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩), X22⟩ : (ct ⊗ ℓe)
→ I7

λX20.let X20 be ⟨X21, X22⟩ in ⟨someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩), X22⟩ : ((ee ⊗ ℓe) ⊸ (ct ⊗ ℓe))
→ E

everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.⟨arrive(X21), X12⟩), X4⟩), X22⟩) : ct ⇒β

everyone(λX21.someone(λX3.claim(X3)(λX12.arrive(X21)))) : ct

d. T is instantiated to a⊗ ℓc, everyone scopes in subordinate clause

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[X2 : (se ⊗ ℓs)]7

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [X3 : se]5
→ E

claim(X3) : ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E [S := (at ⊗ ℓc)]

everyone : (((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe)) ⊸ (at ⊗ ℓc))

[X20 : (ee ⊗ ℓe)]3

arrive : (ee ⊸ at) [X21 : ee]1
→ E

arrive(X21) : at [X12 : ℓc]4
⊗I

⟨arrive(X21), X12⟩ : (at ⊗ ℓc) [X22 : ℓe]2
⊗I

⟨⟨arrive(X21), X12⟩, X22⟩ : ((at ⊗ ℓc)⊗ ℓe)
⊗E1,2

let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩ : ((at ⊗ ℓc)⊗ ℓe)
→ I3

λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩ : ((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe))
→ E

everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩) : (at ⊗ ℓc)
→ I4

λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩) : (ℓc ⊸ (at ⊗ ℓc))
→ E

claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩)) : ct [X4 : ℓs]6
⊗I

⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩)), X4⟩ : (ct ⊗ ℓs)
⊗E5,6

let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩)), X4⟩ : (ct ⊗ ℓs)
→ I7

λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩)), X4⟩ : ((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in ⟨⟨arrive(X21), X12⟩, X22⟩)), X4⟩) : ct ⇒β

someone(λX3.claim(X3)(λX12.everyone(λX21.arrive(X21)))) : ct

(102) Sole proof for example (67), Someone claimed that everyone arrived,
including scope constraint

someone : ∀T. ((se ⊗ ℓs) ⊸ (T ⊗ ℓs)) ⊸ T
∀E

someone : (((se ⊗ ℓs) ⊸ (ct ⊗ ℓs)) ⊸ ct)

[X2 : (se ⊗ ℓs)]9

claim : (se ⊸ ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)) [X3 : se]7
→ E

claim(X3) : ((ℓc ⊸ (at ⊗ ℓc)) ⊸ ct)

everyone : ∀S. ((ee ⊗ ℓe) ⊸ (S ⊗ ℓe)) ⊸ S
∀E [S := (at ⊗ ℓc)]

everyone : (((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe)) ⊸ (at ⊗ ℓc))

[X20 : (ee ⊗ ℓe)]5

true : ((ℓc⊗ ℓe) ⊸ (ℓc⊗ ℓe))

[X12 : ℓc]6 [X22 : ℓe]4
⊗I

⟨X12, X22⟩ : (ℓc⊗ ℓe)
→ E

true(⟨X12, X22⟩) : (ℓc⊗ ℓe)

arrive : (ee ⊸ at) [X21 : ee]3
→ E

arrive(X21) : at [X35 : ℓc]1
⊗I

⟨arrive(X21), X35⟩ : (at ⊗ ℓc) [X36 : ℓe]2
⊗I

⟨⟨arrive(X21), X35⟩, X36⟩ : ((at ⊗ ℓc)⊗ ℓe)
⊗E1,2

let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩ : ((at ⊗ ℓc)⊗ ℓe)
⊗E3,4

let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩ : ((at ⊗ ℓc)⊗ ℓe)
→ I5

λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩ : ((ee ⊗ ℓe) ⊸ ((at ⊗ ℓc)⊗ ℓe))
→ E

everyone(λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩) : (at ⊗ ℓc)
→ I6

λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩) : (ℓc ⊸ (at ⊗ ℓc))
→ E

claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩)) : ct [X4 : ℓs]8
⊗I

⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩)), X4⟩ : (ct ⊗ ℓs)
⊗E7,8

let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩)), X4⟩ : (ct ⊗ ℓs)
→ I9

λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩)), X4⟩ : ((se ⊗ ℓs) ⊸ (ct ⊗ ℓs))
→ E

someone(λX2.let X2 be ⟨X3, X4⟩ in ⟨claim(X3)(λX12.everyone(λX20.let X20 be ⟨X21, X22⟩ in let true(⟨X12, X22⟩) be ⟨X35, X36⟩ in ⟨⟨arrive(X21), X35⟩, X36⟩)), X4⟩) : ct ⇒β

someone(λX3.claim(X3)(λX12.everyone(λX21.arrive(X21)))) : ct

(103) Two full proofs for example (78), John intentionally kicked the door
twice, no scope constraint

a.

twice : ((ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt)

intentionally : ((ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

kick(john) : (de ⊸ kt) door : de
→ E

kick(john)(door) : kt

[X14 : ℓiw]1 true : ℓin
⊗I

⟨X14, true⟩ : (ℓiw ⊗ ℓin)
⊗I

⟨kick(john)(door), ⟨X14, true⟩⟩ : (kt ⊗ (ℓiw ⊗ ℓin))
→ I1

λX14.⟨kick(john)(door), ⟨X14, true⟩⟩ : (ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin)))
→ E

intentionally(λX14.⟨kick(john)(door), ⟨X14, true⟩⟩) : kt
[X6 : ℓtw]2 true : ℓtn

⊗I

⟨X6, true⟩ : (ℓtw ⊗ ℓtn)
⊗I

⟨intentionally(λX14.⟨kick(john)(door), ⟨X14, true⟩⟩), ⟨X6, true⟩⟩ : (kt ⊗ (ℓtw ⊗ ℓtn))
→ I2

λX6.⟨intentionally(λX14.⟨kick(john)(door), ⟨X14, true⟩⟩), ⟨X6, true⟩⟩ : (ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn)))
→ E

twice(λX6.⟨intentionally(λX14.⟨kick(john)(door), ⟨X14, true⟩⟩), ⟨X6, true⟩⟩) : kt

b.

intentionally : ((ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt)

twice : ((ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

kick(john) : (de ⊸ kt) door : de
→ E

kick(john)(door) : kt

[X6 : ℓtw]1 true : ℓtn
⊗I

⟨X6, true⟩ : (ℓtw ⊗ ℓtn)
⊗I

⟨kick(john)(door), ⟨X6, true⟩⟩ : (kt ⊗ (ℓtw ⊗ ℓtn))
→ I1

λX6.⟨kick(john)(door), ⟨X6, true⟩⟩ : (ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn)))
→ E

twice(λX6.⟨kick(john)(door), ⟨X6, true⟩⟩) : kt
[X14 : ℓiw]2 true : ℓin

⊗I

⟨X14, true⟩ : (ℓiw ⊗ ℓin)
⊗I

⟨twice(λX6.⟨kick(john)(door), ⟨X6, true⟩⟩), ⟨X14, true⟩⟩ : (kt ⊗ (ℓiw ⊗ ℓin))
→ I2

λX14.⟨twice(λX6.⟨kick(john)(door), ⟨X6, true⟩⟩), ⟨X14, true⟩⟩ : (ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin)))
→ E

intentionally(λX14.⟨twice(λX6.⟨kick(john)(door), ⟨X6, true⟩⟩), ⟨X14, true⟩⟩) : kt

(104) Sole full proof for example (80), John kicked the door intentionally
twice, with scope constraint

twice : ((ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn))) ⊸ kt)

true : ((ℓtw ⊗ ℓin) ⊸ (ℓtw ⊗ ℓin))

[X6 : ℓtw]4 true : ℓin
⊗I

⟨X6, true⟩ : (ℓtw ⊗ ℓin)
→ E

true(⟨X6, true⟩) : (ℓtw ⊗ ℓin)

intentionally : ((ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin))) ⊸ kt)

kick : (je ⊸ (de ⊸ kt)) john : je
→ E

kick(john) : (de ⊸ kt) door : de
→ E

kick(john)(door) : kt

[X14 : ℓiw]1 [X26 : ℓin]3
⊗I

⟨X14, X26⟩ : (ℓiw ⊗ ℓin)
⊗I

⟨kick(john)(door), ⟨X14, X26⟩⟩ : (kt ⊗ (ℓiw ⊗ ℓin))
→ I1

λX14.⟨kick(john)(door), ⟨X14, X26⟩⟩ : (ℓiw ⊸ (kt ⊗ (ℓiw ⊗ ℓin)))
→ E

intentionally(λX14.⟨kick(john)(door), ⟨X14, X26⟩⟩) : kt
[X25 : ℓtw]2 true : ℓtn

⊗I

⟨X25, true⟩ : (ℓtw ⊗ ℓtn)
⊗I

⟨intentionally(λX14.⟨kick(john)(door), ⟨X14, X26⟩⟩), ⟨X25, true⟩⟩ : (kt ⊗ (ℓtw ⊗ ℓtn))
⊗E2,3

let true(⟨X6, true⟩) be ⟨X25, X26⟩ in ⟨intentionally(λX14.⟨kick(john)(door), ⟨X14, X26⟩⟩), ⟨X25, true⟩⟩ : (kt ⊗ (ℓtw ⊗ ℓtn))
→ I4

λX6.let true(⟨X6, true⟩) be ⟨X25, X26⟩ in ⟨intentionally(λX14.⟨kick(john)(door), ⟨X14, X26⟩⟩), ⟨X25, true⟩⟩ : (ℓtw ⊸ (kt ⊗ (ℓtw ⊗ ℓtn)))
→ E

twice(λX6.let true(⟨X6, true⟩) be ⟨X25, X26⟩ in ⟨intentionally(λX14.⟨kick(john)(door), ⟨X14, X26⟩⟩), ⟨X25, true⟩⟩) : kt
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