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Mock exam question

● No previous exam questions, so we’ll pretend
– Hopefully this will provide further illustration of the 

concepts
● Let

– σ0=I identity matrix, σi 2x2 Pauli matrices
– xμ are components of a 4-vector
– Derive an expression relating the determinant of X 

to the length of x



  

Mock exam question

● Derive an expression relating the determinant 
of X to the length of x

X is another representation of a 4-vector,
as a 2x2 matrix rather than a column vector



  

Mock exam question

● Let M be an arbitrary 2x2 complex matrix with 
det(M) = 1

● Define the transformed matrix
● Show that the length of the corresponding 4-

vector is unchanged



  

Mock exam question

● Show that the set of M matrices forms a group 
under matrix multiplication
– Closure:
– Associativity:  same as for matrix multiplication
– Identity element:  M=I (same as for matrices)
– Inverse:

● In fact the group is the “Special Linear” group 
SL(2,c)  



  

Mock exam question

● How many degrees of freedom does M have?
– 8 components (2 per element)
– 2 constraints → 6 real parameters

● Interpretation?
– Transformation leaves length of a 4-vector 

unchanged, but changes its components
→ Lorentz transformation

– Full Lorentz group also has 6 real parameters:
3 for rotations, 3 for boosts



  

Mock exam question

● Now let’s look at the subset of matrices which 
are unitary.  You can assume it’s a subgroup.

● Show that elements of the unitary subgroup 
leaves the time component of the 4-vector 
unchanged



  

Mock exam question

● How many degrees of freedom does U have?
– Unitarity condition → 4 constraints
– But remember also that we required detU=1

→ 3 real parameters
● Interpretation?

– U only affects spatial components, but leaves 
length unchanged → 3D rotations
(also only 3 real angle parameters)



  

Mock exam question

● A further comment on SU(2), the group of U:  
one also finds that the Pauli matrices are 
related to the generators of SU(2)

● Exponentiation, e.g.:

● This is just a spin-1/2 rep:  need 4π rotation!
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