B7.1 Classical Mechanics
Sheet 4 — MT26

Section A : introductory questions, with solutions provided

Section B: core questions to be handed in for marking, to be discussed in classes, solutions

not provided for students

Section C: optional extension questions, with solutions provided

Students are strongly encouraged not to consult the solutions for parts A € C before properly

attempting the problems.

Section A

1. Show that the Poisson bracket relations

0 0
{a.f} = % and  {p.f} = —%

hold for any function f on phase space.

2. (a) Show that Q = arctan Z, P = 3(p* + ¢?) is a canonical transformation.

(b) For which functions f(q) does @ = f(q) €' cosp, P = f(q) e " sin p define a canonical

transformation?
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Section B

3. (a) Show that the angular momentum vector L = r A p satisfies the Poisson bracket
relation {L;, L;} = Ziﬂ €ijk Ly [Hint: you may use the identity 22:1 €ijk€hmn =
SimOjn — 0indjm]. Deduce that {L, |L|*} = 0.

(b) Show that for a particle moving in a central potential V' = V' (|r|) we have {L, H} =

0. Deduce that angular momentum is conserved.

(c¢) Recall that the Laplace-Runge-Lenz vector is defined as

A = p/\L—ijL

r|
where r is a constant. Derive the Poisson bracket relations {L;, A;} = Zizl €k Ak

(d) (Optional: for the enthusiast.) Assuming that the Hamiltonian is H = |p|*/2m —
k/|r|, show that {A, H} = 0 and deduce that A is conserved.

4. Consider the time-dependent Hamiltonian

1
H = é(p%_{_pg)_l_v(qlaq%t) )

where the potential V' (q1,qo,t) = U(G1,G2) and §3 = ¢ cost — gasint, Go = qpsint +
g2 cost. Determine the canonical transformation defined by the generating function of
the second kind

t —sint
Fg(q17q2,Pl’P2’t) — (Pl P2) (COS Sin )(Ch) .

sint cost Q2

In particular show that the transformed Hamiltonian K is independent of time ¢, and
may be written as K = H 4+ A where A = A(Qq, Qs, Py, Ps,t) satisfies equation (5.70)

in the lecture notes.
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5. Let
2n 8f o
D, = 0,
! ﬁz Oye Dy

be the Hamiltonian vector field associated to the function f = f(y) on phase space, with
coordinates y = (y1,...,%2m) = (¢1,---,4n, D1, --,Pn) and where Q is the symplectic

matrix introduced in lectures.

(a) Show that for all functions f, g, h on phase space we have
Dy(Dyh) —Dy(Dyh) = Disgy b -
(b) Hence prove the Jacobi identity

{Fi g}y +{g,{h, [3} +{n{f.9}} = 0.

(¢) Consider the one-dimensional harmonic oscillator Hamiltonian H (g, p) = 3(p*+¢?).
Show that

—tDy o—tDn

e q = qcost+psint p = pcost —qgsint .

Deduce that () = gcoss + psins, P = pcoss — ¢sin s defines a canonical transfor-

mation for any s. What happens for s = /2 and s = 7?7
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Section C

6. Consider the elliptic cylindrical coordinates on R3, related to Cartesian coordinates

(z,y, 2) by
x = acoshpucosv , y = asinhpsiny , z = z.

Show that the Hamiltonian for a particle of mass m moving in a potential V' is given in

these coordinates by

1 1
H = 24l i+ Vv, z)
2ma?(sinh? p + sin® v) (v, +p,) om’= (v, 2)
Assuming the potential V' takes the form
v, V.

sinh? yu + sin® v
show that the Hamilton—Jacobi equation is completely separable, and determine the

three corresponding ordinary differential equations.

Mathematical Institute, University of Oxford Page 4 of 4

James Sparks: james.sparks@maths.ox.ac.uk



