
Quantum Theory

Sheet 2 — MT21

(Questions on sections 3 and 4 of the lecture notes)

1. A particle of mass m moves freely in the interval [0, a] on the x-axis, with potential

V = 0 inside the interval. Initially the wave function is

1√
a

sin
(πx
a

) [
1 + 2 cos

(πx
a

)]
.

(a) Show that at a later time t the wave function is

Ψ(x, t) =
1√
a

e−iπ
2~t/2ma2 sin

(πx
a

) [
1 + 2e−3iπ

2~t/2ma2 cos
(πx
a

)]
.

[Formulae for the normalized wave functions Ψn(x, t) and energy levels En may be

quoted from lectures.]

(b) Hence find the probability that at time t the particle lies within the interval [0, 1
2
a].

2. Consider the particle in a box [0, a], where the particle is initially in the ground state.

At time t = 0 the edge of the box at x = 0 is suddenly moved to the position x = −a,

doubling the width of the box. The change occurs so rapidly that at that instant the

wave function does not change. Calculate the probability that if the energy is measured

one finds the particle in the ground state of the new system.

[You might find your results for question 2 of Problem Sheet 1 helpful.]

3. The normalized first excited state wave function for the harmonic oscillator of angular

frequency ω is

ψ1(x) =
1√
2

(mω
π~

)1/4
2ξ e−ξ

2/2 ,

where ξ =
√

mω
~ x. Compute the expected values of x and |x| in the state ψ1.

4. A particle of mass m and charge q moves on the x-axis under the influence of a harmonic

oscillator potential of angular frequency ω, and a constant electric field E . The potential

is

V (x) =
1

2
mω2x2 − qEx .

Show that the energy levels are

En =

(
n+

1

2

)
~ω − q2E2

2mω2
,

where n is a non-negative integer. [Hint: change the space variable, and you may use

results for the quantum harmonic oscillator from lectures.]
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5. A particle moves in two dimensions under the influence of the potential

V (x, y) =
1

2
mω2(10x2 + 12xy + 10y2) .

By considering V in the rotated coordinates u = (x + y)/
√

2, v = (−x + y)/
√

2, find

the energy levels and the associated degeneracy of each level.

6. Consider the equation

Hψ = Eψ ,

where H is the differential operator

H =
~2

2m

(
− d

dx
+W (x)

)(
d

dx
+W (x)

)
,

W (x) is a real function, and E is a constant.

(a) Show that this is the stationary state Schrödinger equation with potential V (x) =
~2
2m

(W 2 − dW
dx

).

(b) By integrating by parts and assuming that the wave function ψ tends to zero

sufficiently rapidly at infinity that boundary terms are zero, show that∫ ∞
−∞

ψ̄Hψ dx =
~2

2m

∫ ∞
−∞

∣∣∣∣dψdx +Wψ

∣∣∣∣2 dx .

Deduce that E ≥ 0, with equality if and only if ψ satisfies a first order equation.

(c) By taking W = λx, use your results to find the ground state energy, and corre-

sponding ground state wave function, for the one-dimensional harmonic oscillator

with potential V (x) = 1
2
mω2x2.
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