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Problem sheet - HT tutorial 2
Self-assessed questions

Q1. Describing spin- 1
2 angular momentum

[JMR QM HT Q3.1]

Q2. Measurement of spin angular momentum

[JMR QM HT Q3.2]
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Q3. Measurement of the spin angular momentum along some axis

Consider a spin- 1
2 particle whose spin state was

|ψ⟩ =
1√
5
(2 |↑z⟩+ |↓z⟩) ,

where |↑z⟩ and |↓z⟩ are the ± 1
2 h̄ eigenstates of Sz, respectively. Suppose we now measure the projec-

tion of the particle’s angular momentum along an axis defined by the unit vector n = 1
5 (3,4,0). What

is probability that a result of − 1
2 h̄ is obtained?

Q4. Analysis of the Stern-Gerlach measurement

[JMR QM HT Q3.3]

Q5. Expectation values of an electron

An electron in the Coulomb field of a proton is in a state described by the wave function

ψ(r) =
1
6

[
4ψ100(r)+3ψ211(r)−ψ210(r)+

√
10ψ21−1(r)

]
,

where ψnlm(r) are the eigenstates of hydrogen. (a) Confirm that ψ(r) is normalized properly. (b)
What is the expectation value of the energy? (c) What is the expectation value of L2? (d) What is the
expectation value of Lz?
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Main questions

Q1. The spherical box potential

[JMR QM HT Q2.1]

Q2. The Coulomb potential

[JMR QM HT Q2.3]
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Q3. The 3D harmonic potential

[JMR QM HT Q2.4]

Q4. Mathematical tricks with Pauli matrices

The Pauli matrices we can be formed into a 3D vector operator σ = (σx,σy,σz). Given two scalar 3D
vectors a and b prove that

(σ ·a)(σ ·b) = a ·b+ iσ · (a×b).

Use this result to show that for any vector a with magnitude a we have

exp(iσ ·a) = cos(a)+ i
(

σ · a
a

)
sin(a).

Q5. Hamiltonians of rotating systems

The Hamiltonian for an axially symmetric rotator is

H =
L2

x +L2
y

2I1
+

L2
z

2I3
,

where I1 and I3 are moments of inetria. (a) What are the eigenvalues of H? (b) Sketch the spectrum
assuming that I1 > I3. (c) What is the spectrum in the limit that I1 is much larger than I3? Suppose
we have another system described by the Hamiltonian

H =
L2

2I
+αLz,

where I is a moment of inertia and α is a coupling constant. (d) What are the eigenstates and associ-
ated energy eigenvalues of this system?
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