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Problem sheet - HT tutorial 3
Self-assessed questions

Q1. Practise at adding up angular momenta

[JMR QM HT Q4.3]

Q2. Singlet and triplet state of two spin- 1
2 particles

Consider two spin- 1
2 particles, whose spins are described by the vector Pauli operators σ1 and σ2,

respectively. Let e be the unit vector along the direction connecting the two particles and define the
operator

S12 = 3(σ1 · e)(σ2 · e)−σ1 ·σ2.

Show that if the two particles are in an S = 0 state (singlet) then

S12ψsinglet = 0.

Show that for an S = 1 state (triplet) we have

(S12 −2)(S12 +4)ψtriplet = 0.

Q3. Spin dependent potentials

In a low energy neutron-proton system, possessing zero orbital angular momentum, the potential
energy of the pair of particles is given by

V (r) =V1(r)+V2(r)
(

3
(σ1 · r)(σ2 · r)

r2 −σ1 ·σ2

)
+V3(r)σ1 ·σ2,

where r is the vector connecting the particles with magnitude r, while V1(r),V2(r) and V3(r) are three
potential functions. Calculate the potential for the neutron-proton when it is (a) in a spin singlet state,
and (b) in a spin triplet state.
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Q4. Measurements of spin for a two-particle system

Consider two electrons in a spin singlet state∣∣ψsinglet
〉

=
1√
2
(|↑⟩1 |↓⟩2 −|↓⟩1 |↑⟩2) ,

where |↑⟩ and |↓⟩ are the sz =± 1
2 h̄ eigenstates of Sz, respectively for each electron. (a) If a measure-

ment of the spin of one electron shows that it is in a state with sz =
1
2 h̄, what is the probability that a

measurement of the z-component of the spin of the other electron also yields sz =
1
2 h̄? (b) If a mea-

surement of the spin of one of the electrons shows that it is in a state sy =
1
2 h̄, what is the probability

that a measurement of the x-component of the spin yields sx =
1
2 h̄ for the second electron? (c) Now

suppose that the two electrons are in the product state∣∣ψprod
〉

=
(

cos(α1) |↑⟩1 + sin(α1)eiβ1 |↓⟩1

)(
cos(α2) |↑⟩2 + sin(α2)eiβ2 |↓⟩2

)
.

What is the probability that the two electrons are in a spin triplet state?
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Main questions

Q1. A first approximate attempt to solve the Helium atom - non-interacting electrons

[JMR QM HT Q4.1]

Q2. Treating the two-body problem properly

[JMR QM HT Q4.2]
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Q3. Angular momenta of two spin- 1
2 particles (c.f. with qubits)

[JMR QM HT Q4.4]
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Q4. Adding up angular momenta

[JMR QM HT Q4.5]
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