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Self-assessed questions

Q1. Expansion of a function in terms of an orthonormal set

[MM Q3.2]

Q2. Operator matrix elements

[JB QM Q1.9]

Q3. Common orthogonal sets of functions

[JMR QM MT Q3.1]
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Q4. Determining when continuous operators are hermitian

[MM Q3.3]

Q5. Bayes probability

[SB PS Q5]
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Main questions

Q1. Polarisation identities

Mathematical Methods

Problem Sheet 1: “Normed and inner product vector spaces”

Andre Lukas, MT 2022

1) (Examples of function vector spaces)
Consider the set F(S, V ) of all functions S ! V from a set S to a vector space V .

(a) Write down the definitions of vector addition and scalar multiplication for F(S, V ) and
argue that this makes F(S, V ) a vector space.

(b) Sub-vector spaces of F(S, V ) can be obtained by restricting to functions with certain
properties which are preserved under vector addition and scalar multiplication. Based on
this observation find three vector spaces of functions.

(c) Discuss possible norms and scalar product which can be introduced on the vector spaces
found in part (b).

2) (Polarisation identities)
Let V be a (complex) inner product vector space with inner product h·, ·i and associated norm
k · k defined in the usual way as k v k =

p
hv,vi.

(a) Show that

hv,wi =
1

4

⇣
k v + w k2 � k v � w k2 � ik v + iw k2 + ik v � iw k2

⌘
, (1)

for all v,w 2 V . (This identity, also called polarisation identity, implies that the scalar
product is completely determined by its associated norm.)

(b) Find the polarisation identity if V is a real inner product space.

(c) Let T : V ! V be a linear operator on the complex inner product space V . Show that
the following generalisation of the polarisation identity holds:

hv, Twi =
1

4
(hv + w, T (v + w)i � hv � w, T (v � w)i

�ihv + iw, T (v + iw)i + ihv � iw, T (v � iw)i) . (2)

(d) Suppose T : V ! V is a linear operator on a complex inner product space V with
hv, Tvi = 0 for all v 2 V . Use the result from part c) to show that T = 0.

(e) Show that the linear operator T : V ! V is hermitian if and only if hv, Tvi 2 R for all
v 2 V . (Hint: Apply the statement of part (d) to T � T †.)

3) (The normed vector space `p and the parallelogram identity)

1

[AL MM Q1.2]

Q2. The normed vector space `p and the parallelogram identity

(a) Let V be an inner product vector space with inner product h·, ·i and associated norm
k · k. Show that the associated norm satisfies the parallelogram identity

k v + w k2 + k v � w k2 = 2
⇣
k v k2 + k w k2

⌘
, (3)

for all v,w 2 V .

(b) Consider the normed vector space `p of sequences (xi)
1
i=1, where xi 2 C, with (

P1
i=1 |xi|p)1/p

finite. Show that, for 1 < p < 1, the expression

k (xi) k :=

 1X

i=1

|xi|p
!1/p

(4)

defines a norm on `p.

(c) For the normed space `p consider the vectors v = (1, 0, 0, . . .) and w = (0, 1, 0, 0, . . .)
together with the parallelogram identity from part (a) to show that the above norm on
`p is not associated to an inner product for p 6= 2.

4) (Recap of Gram-Schmidt procedure)
Consider the Hilbert space L2

w(R) with weight function w(x) = e�x2
and scalar product

hf, gi :=

Z

R
dx w(x)f(x)g(x) . (5)

(a) Apply the Gram-Schmidt procedure to the sub-space V ⇢ L2
w(R) with basis 1, x, x2 to

obtain ortho-normal polynomials pi of degree i, where i = 0, 1, 2.

(b) Write a general quadratic polynomial q(x) =
P2

k=0 akx
k as a linear combination of the

ortho-normal polynomials in part (a).

(c) Use the result from (b) to work out k q k2.

(d) Consider the linear operator T = 1
w

d
dxw d

dx and show that it is hermitian, relative to the
above scalar product. Compute the matrix which describes the restriction of T to V
relative to the basis of ortho-normal polynomials from part (a).

5) (Ortho-normal basis)
Let V be a (finite-dimensional) inner product space and (✏i)

n
i=1 and (✏0i)

n
i=1 be two ortho-normal

basis sets.

(a) For any two vectors v,w 2 V show that hv|wi =
P

ihv|✏iih✏i|wi.

(b) Show that the matrix P with entries Pij = h✏0i|✏ji is unitary.

(c) For a linear operator T̂ : V ! V consider the matrices T and T 0 which consist of the
entries Tij = h✏i|T̂ |✏ji and T 0

ij = h✏0i|T̂ |✏0ji, respectively. Show that T 0 = PTP †, where P
is the matrix from part (b).
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Q3. Quadratic forms

[MM Q2.12]

Q4. Diagonalisation and normal modes

[MM Q2.13]
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Q5. Continuous hermitian operators

[MM Q3.4]

Q6. Stationary states of a particle in a box

[JMR QM MT Q3.2]
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Q7. Dynamics of a particle in a box

[JMR QM MT Q3.3]

Q8. Determining signal above background [SB PS Q6]
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