
Keble College A3: Quantum Mechanics and Mathematical Methods Problem sheet

Problem sheet - MT tutorial 5
Self-assessed questions

Q1. Periodic extensions of functions

[MM Q5.1]

Q2. Odd and even functions

[MM Q5.2]

Q3. Energy over time

[JB QM Q1.15]

Q4. Basic properties of the Fourier transform

[MM Q5.10]
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Q5. Incompatible observables

[JMR QM Q5.6]

Q6. Fourier transform of an ODE

[MM Q5.9]

Q7. Superpositions of a particle in a well

[JB QM Q1.16]
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Main questions

Q1. Superposition of energy eigenstates (note that the certain instant the question refers to is t = 0)

[JMR QM Q5.1]

Q2. Collapsing superpositions

[JMR QM Q5.5]
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Option section: Mathematica version Either complete Q5, Q6 and Q7 in the form here, using
Mathematica to compute the integrals, and then complete the additional Mathematica problem on
time evolution with Fourier Transforms (recommended) or alternatively, complete the alternative
versions on the next page without Mathematica.

Q5. Fourier series expansions (I strongly suggest that for this question and the next 2 questions you use
Mathematica or Wolfram Alpha do some of the trig integrals you will encounter and to check your
answers, i.e. plot the first 10 terms of the series and see if it looks right):

[MM Q5.3]

Q6. Fourier sine and cosine series expansions

[MM Q5.4]

Q7. Another example (with Mathematica)

[MM Q5.5]

Mathematica additional component: Complete the problems in PotentialWellquestions.nb. Either sub-
mit a commented version (i.e., send me the notebook by e-mail or print it and hand it in, but before
you do add text lines in the notebook that explain each step of what you did), or write a series of
bullet points explaining each step in your handwritten submission.
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Option section: Non-Mathematica version. Complete the alternative versions of Q5 and Q6 from
the 2023 Mathematical Methods problem sets, with the additional mathematical components, as well
as Q7.

Q5. Fourier series expansions

Mathematical Methods

Problem Sheet 2: “Fourier series and Fourier integrals”

Andre Lukas, MT 2022

1) (Fourier series)

a) Find the Fourier series for the function f : [�⇡, ⇡] ! R defined by

f(x) =

⇢
0 for �⇡  x < 0
sin x for 0  x  ⇡

(1)

(b) Find the Fourier series for the functions f : [�⇡, ⇡] ! R defined by f(x) = x2.

(c) Use the result from part (b) to sum the series
P1

k=1
1
k4 .

2) (Sine and cosine Fourier series)

(a) For the functions f : [0, ⇡] ! R defined by f(x) = x sin x find the cosine Fourier series.

(b) For the function from part (a), find the sine Fourier series.

(c) For the function f : [0, ⇡] ! R defined by f(x) = x compute the cosine Fourier series.

(d) Compute the sine Fourier series for the function from part (c). Comment on the conver-
gence properties of this series and its cosine Fourier series counterpart. Sum the seriesP1

k=1
1
k2 .

3) (Legendre polynomials as an orthogonal basis)
Denote by (Pn)1n=0 the Legendre polynomials in L2([[�1, 1]), normalised as k Pn k2 = 2

2n+1 .

(a) Show that, for any polynomial p 2 L2([�1, 1]) with degree less than n, we have hPn, pi = 0.

(b) Find explicitly the polynomials P0, . . . , P4.

(c) Write the function f 2 L2([�1, 1]) with f(x) = x4 as a linear combination of Legendre
polynomials.

(d) Write the function f 2 L2([�1, 1]) defined by f(x) = 2p
5�4x

as an expansion in terms of

Legendre polynomials. (Hint: Think about the generating function for Legendre polyno-
mials.)

4) (Examples of Fourier transforms)
Recall that the Fourier transform of a function f 2 L1(R) is defined as

f̂(k) = F(f)(k) :=
1p
2⇡

Z

R
dx f(x)e�ikx . (2)

1

[MM 2023 P2.1]

Q6. Fourier sine and cosine series expansions

Mathematical Methods

Problem Sheet 2: “Fourier series and Fourier integrals”

Andre Lukas, MT 2022

1) (Fourier series)

a) Find the Fourier series for the function f : [�⇡, ⇡] ! R defined by

f(x) =

⇢
0 for �⇡  x < 0
sin x for 0  x  ⇡

(1)

(b) Find the Fourier series for the functions f : [�⇡, ⇡] ! R defined by f(x) = x2.

(c) Use the result from part (b) to sum the series
P1

k=1
1
k4 .

2) (Sine and cosine Fourier series)

(a) For the functions f : [0, ⇡] ! R defined by f(x) = x sin x find the cosine Fourier series.

(b) For the function from part (a), find the sine Fourier series.

(c) For the function f : [0, ⇡] ! R defined by f(x) = x compute the cosine Fourier series.

(d) Compute the sine Fourier series for the function from part (c). Comment on the conver-
gence properties of this series and its cosine Fourier series counterpart. Sum the seriesP1

k=1
1
k2 .

3) (Legendre polynomials as an orthogonal basis)
Denote by (Pn)1n=0 the Legendre polynomials in L2([[�1, 1]), normalised as k Pn k2 = 2

2n+1 .

(a) Show that, for any polynomial p 2 L2([�1, 1]) with degree less than n, we have hPn, pi = 0.

(b) Find explicitly the polynomials P0, . . . , P4.

(c) Write the function f 2 L2([�1, 1]) with f(x) = x4 as a linear combination of Legendre
polynomials.

(d) Write the function f 2 L2([�1, 1]) defined by f(x) = 2p
5�4x

as an expansion in terms of

Legendre polynomials. (Hint: Think about the generating function for Legendre polyno-
mials.)

4) (Examples of Fourier transforms)
Recall that the Fourier transform of a function f 2 L1(R) is defined as

f̂(k) = F(f)(k) :=
1p
2⇡

Z

R
dx f(x)e�ikx . (2)

1

[MM 2023 P2.2]

Q7. Another example (without Mathematica)

[MM Q5.5]
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