Keble College A3: Quantum Mechanics and Mathematical Methods Problem sheet

Problem sheet - MT tutorial 6
Main questions

Q1. Dispersion of a Gaussian wavepacket At time r = 0, a wavefunction is given by
y(x,t=0)= Aekoxg=2/2a%

a) Determine the normalisation constant A from [ |y(x,0)|* = 1
b) Sketch and discuss the form of |y(x,0)|? .

¢) We will now express Wy(x,0) as a superposition of plane waves. Calculate the Fourier transform
a(k) of y(x,r = 0), showing that

1 = .
a(k) = ELMW(X,O)e_’kxdx (D

«<a e—az (k—k0)%/2 )

Hints: i) The integral is solved by completing the square, ii) remember that I = [ dxe ™ =

N

d) What is the approximate relation between the width of the wave packet in configuration / posi-
tion space and its width in k space? How does this relate to the position-momentum uncertainty
relation (with p = hik)?

e) The general form of a wave function, now including time dependence, is

1 o ‘
xX,t) = — a(k) e®=) gk
v == [ al)
Using the dispersion relation for de Broglie waves,

_hk?
 2m’

(k)

and the result for a(k), calculate a(k,1).

f) Use this to compute the function y(x,7) for any time ¢. Note: This integral is somewhat chal-

lenging. Show that
[x — (hko/m)t]? )

[, )| o< exp (‘az[l+(ht/maz)2]

g) Consider this form, especially answering the following questions regarding the mean position
and spread of the wavefunction:

(a) Why do you expect this change in the mean position? What does it correspond to physi-
cally, and what is the role of ky? Does this make sense given the form of the momentum
space wavefunction?

(b) Why does the spread of the wavefunction in position behave as it does in time? Is there a
corresponding change in the spread of the wavefunction in momentum ? What does this
mean for the uncertainty relation AxAp > /2 ?
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Q2. Consider a harmonic oscillator with Hamiltonian

2 o)
p mo-x
H="—+

2m 2

mw . P

A = 24P
2 " + V2mw

At = M9 P

2 V2mw

i) Show that [A, AT] = h and H = wAA + hw/2.

ii) Show that [H, A] = —hwA and [H, AT] = hwAl

iii) Assume that H|y) = E¢); show that [¢') = Aly) satisfies H[¢') =
(E — hw)|¢’). Deduce that there must be a state |0) satisfying A|0) = 0 and
give its energy.

iv) Show that |¢') = A'|¢) satisfies H[¢') = (E 4 hw)|¢'). Now you can
deduce the spectrum E, and how the corresponding states |n) are related to

10)-

v) It’s easy to compute the correct normalization too. Being careful we have
|n + 1) = C,A'|n)
where the states are all normalised and C, is a constant. Show that
1=(n+1n+1)=|C.*h(n +1).
This tells you C,; find the constant NN, such that
[n) = Na(A')"10)

is correctly normalized.

[JMR QM Q6.4]

Q3. Central elements of the Harmonic oscillator

3.1 After choosing units in which everything, including 7 = 1, the Hamiltonian of a harmonic oscillator may be
written H = 3 (p* + 22), where [, p] = 1. Show that if |¢) is a ket that satisfies H|¢)) = E|t)), then

1o ovia_ .x PRSI
3 (* +3%)(@ Fip)lw) = (B +1)(@ Fip)[v).
Explain how this algebra enables one to determine the energy eigenvalues of a harmonic oscillator.
3.2 Given that @|n) = a|n — 1) and E,, = (n + 1)hw, where the annihilation operator of the harmonic oscillator is

. mwT +1ip
a= 22T F

)

2mhw

show that a = y/n. Hint: consider |a|n)|?.
3.3 The pendulum of a grandfather clock has a period of 1s and makes excursions of 3cm either side of dead

centre. Given that the bob weighs 0.2kg, around what value of n would you expect its non-negligible quantum
amplitudes to cluster?

3.4 Show that the minimum value of E(p,z) = p?/2m + %mwzmz with respect to the real numbers p, z when they
are constrained to satisfy xp = %h, is %hw. Explain the physical significance of this result.

3.5 How many nodes are there in the wavefunction (z|n) of the nth excited state of a harmonic oscillator?

3.6 Show that for a harmonic oscillator that wavefunction of the second excited state is (z|2) = constant x (22 /62 —
1)6’12/4’32, where ¢ = /h/2mw and find the normalising constant.

[FE QM Problem sheet 3]
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Q4. Coherent states in a 1D harmonic oscillator:

We define coherent states as
o n

RV el
=e

where A = ho (a'a+ %), H|0,) = o (n+ 3) |9n).

a) Show that these coherent states are eigenstates of the lowering operator,
al9a) = o Po)
with complex eigenvalue o (Note that a is not Hermitian).

b) Show by calculating that these states are normalised, ||@q|| = 1/{Pa|Pa) = 1.

¢) Show that the probability when measuring the energy that we find an eigenvalue E,, = i® (n + %)
is given by the Poisson distribution

B \(x|2"e_|°“2

" n!

d) Based on (c) or otherwise show that these states have the following mean and standard deviation

of the energy:
1
e = 1o (loP ).

AH, = ho|ol,

so that AHy /(H)o, = 1/|al| for |a| > 1. In this sense, they behave as quasi-classical states.

e) Show that these states have the following position and momentum expectation values and stan-
dard deviations:

(X)a = 1 /n% Relo], (P)o = v2mho Im|a],

h mho
Ma = \ e M=\ 5

f) Compute AX AP . Is |@,) a state of minimum uncertainty?

and

Q5. Time evolution of a coherent state of the 1D harmonic oscillator: a harmonic oscillator is prepared
at time 7 = 0 in the coherent state |y(t = 0)) = |@g,(x)) . Consider the time evolution under the
Hamiltonian A = io(a’a+ 1/2), and show that

a) The time evolution of the state is given by

2 —iHt/h —ior /2
() =0 (0)|w(t =0)) = e g, (x)) = e /|0y, ),
where o, := 0ge ', so that a coherent state remains a coherent state in time evolution under
the harmonic oscillator hamiltonian H.
b) The time dependence of the position and momentum obey the same equations as in classical
mechanics.

¢) For the standard deviations, AX; = AXy, AP, = AP,.
Q6. Consider the 1D harmonic oscillator with ground state oscillator length xy.

a) Construct a linear combination of the ground and first excited states (determining coefficients
Co and Cl),
W) = col0) +c1[1)
such that (£) is maximised.

b) Taking the state from (a) as the state at t = 0, |y(z = 0)), determine the time evolution of the
expectation value (£)(¢) in terms of xp.



