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Derived functors

Let A be an abelian category. An object I P A is injective if A ÞÑ HomApA, Iq is an exact
functor. We say that A has enough injectives if every A P A injects into an injective object of
A. This lets us define injective resolutions AÑ I.
If F : AÑ B is a left exact functor between abelian categories, we can define the right derived
functors RnF of F . They satisfy R0F � F , RnF pIq � 0 if I is injective and n ¡ 0. They
take short exact sequences 0 Ñ A1 Ñ AÑ A2 Ñ 0 in A to long exact sequences

...Ñ RnF pAq Ñ RnF pA2q
δ
ÝÑ Rn�1F pA1q Ñ Rn�1F pAq Ñ ...

Any category of sheaves on a site has enough injectives.
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Derived functors

Now we can define the right derived functors of any left exact functor from SpXEq into an
abelian category.

 The global sections functor ΓpX,�q : SpXEq Ñ Ab, F ÞÑ F pXq. Its right derived
functors are RiΓpX,�q � HnpX,�q.

 The inclusion functor i : SpXEq Ñ PpXEq. Its right derived functors are HipF q.

 For a fixed sheaf F0 on XE , the functor F ÞÑ HomSpF0,F q is left exact, with right
derived functors ExtiSpF0,�q.

 For a fixed sheaf F0 on XE , HompF0, F q is the sheaf U ÞÑ HompF0|U,F |Uq. This gives
a left exact functor SpXEq Ñ SpXEq with right derived functors ExtipF0,F q.

 For a continuous morphism between sites π : X 1
E1
Ñ XE , the pushforward π� is left exact.

Its right derived functors are denoted Riπ�. For a sheaf F on X 1
E1

, the Riπ�F are called the
higher direct images of F .

Note: left exactness is not necessary but guarantees R0F � F .
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Spectral sequences: motivation

Fix an abelian category A, say R-mod or SpXEq.
A (cohomological) double complex in A is a family tEp,q0 u of objects in A, together with maps

dh : Ep,q0 Ñ Ep�1,q
0 and dv : Ep,q0 Ñ Ep,q�1

0 ,

such that pdhq2 � 0, pdvq2 � 0, and dhdv � dhdv � 0.
We will only deal with first quadrant double complexes, i.e. Ep,q0 � 0 unless p, q ¥ 0.
Examples: resolution of a complex; double complex induced by a filtered complex.
From a double complex E we can construct its total complex E defined by
Ek �

À
i E

i,k�1 with differential d � dh � dv . We want to compute the cohomology of the
total complex.
As a first step, we can compute the “vertical” cohomology of the double complex, by
considering only the action of dv on E and forgetting about dh. Setting

Ep,q1 � ker dp,qv { im dp,q�1
v ,

we get another double complex. Applying dv to it again would have no effect.
The horizontal differential dh descends to a differential d1 on E1 , so we can apply it and take
cohomology again. We set

Ep,q2 � ker dp,qh { im dp�1,q
h .
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Spectral sequences: motivation

Is this all we need to do to calculate HnpEq? Not quite.
Special case: if only columns p and p� 1 of E are non-zero, then we have computed
HnpEq up to extension: there is a short exact sequence

0 Ñ Epq2 Ñ Hp�qpEq Ñ Ep�1,q�1
2 Ñ 0.

In general, there is another natural map d2 : Epq2 Ñ Ep�2,q�1
2 :

Take x P Epq2 and lift it to x1 P Epq1 . Then d1px1q � 0 in Ep�1,q
1 . This means that for a lift of

x1 to x2 P Epq0 , dhpxq is in the image of dv , say dhpxq � dvpyq, for y P Ep�1,q�1
0 . dhpyq

lies in Ep�2,q�1
0 and dvdhpyq � �dhdvpyq � �pdhq

2pxq � 0, so dhpyq lies in the kernel
of dv and therefore gives an element of Ep�2,q�1

1 . But d1dhpyq � 0, so we get an element of
Ep�2,q�1

2 .
This map is well-defined and a differential.

It doesn’t stop here, there are more differentials dr .
Given the pattern we’re seeing, it’s time to make a definition.
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Spectral sequences: definition

A (cohomological, first quadrant) spectral sequence consists of
 objects Epqr P A for all p, q, r ¥ 0

 morphisms dr � dpqr : Epqr Ñ Ep�r,q�r�1
r with d2r � 0

 isomorphisms ker dpqr { im dp�r,q�r�1
r � Epqr�1

     

Epq0      
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Spectral sequences: definition

A (cohomological, first quadrant) spectral sequence consists of
 objects Epqr P A for all p, q, r ¥ 0

 morphisms dr � dpqr : Epqr Ñ Ep�r,q�r�1
r with d2r � 0

 isomorphisms ker dpqr { im dp�r,q�r�1
r � Epqr�1

     

Epq1      
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Spectral sequences: definition

A (cohomological, first quadrant) spectral sequence consists of
 objects Epqr P A for all p, q, r ¥ 0

 morphisms dr � dpqr : Epqr Ñ Ep�r,q�r�1
r with d2r � 0

 isomorphisms ker dpqr { im dp�r,q�r�1
r � Epqr�1

     

Epq2      
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Spectral sequences: definition

A (cohomological, first quadrant) spectral sequence consists of
 objects Epqr P A for all p, q, r ¥ 0

 morphisms dr � dpqr : Epqr Ñ Ep�r,q�r�1
r with d2r � 0

 isomorphisms ker dpqr { im dp�r,q�r�1
r � Epqr�1

     

Epq3      
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Spectral sequences: definition

A (cohomological, first quadrant) spectral sequence consists of
 objects Epqr P A for all p, q, r ¥ 0

 morphisms dr � dpqr : Epqr Ñ Ep�r,q�r�1
r with d2r � 0

 isomorphisms ker dpqr { im dp�r,q�r�1
r � Epqr�1

     

Epq4      
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Spectral sequences: definition

Fix pp, qq. Once r is sufficiently large, Epqr�1 is computed from the complex

0
dp�r,q�r�1
rÝÝÝÝÝÝÝÝÑ Epqr

dpqrÝÝÑ 0.

Therefore we have canonical isomorphisms Epqr � Epqr�1 � Epqr�2 � ... We denote this limit
object by Epq8 . Back to our objective of computing the cohomology of the total complex: it
turns out that there is a decreasing filtration on Hn � HnpEq

Hn � F 0Hn � F 1Hn � ... � FnHn � Fn�1Hn � 0

such that Ep,n�p8 � F pHn{F p�1Hn � grpH
n. Therefore

Àn
p�0 E

p,n�p
8 � grHn. We

say that our spectral sequence converges to HnpEq and denote this Epq0 ñ Hp�qpEq.
We didn’t quite compute the cohomology of E, but we came close. If there is an r ¥ 2 such
that Epqr has only one non-zero column or row, we really can read off HnpEq. We say the
spectral sequence collapses at page r. In most applications, spectral sequences already collapse
at E1 or E2.
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Spectral sequences: first applications

In our definition of a spectral sequence, we can reverse the roles of dh and dv . This gives a new
spectral sequence that also converges to the cohomology of the total complex, but (possibly)
with a different filtration. We denote the previous definition by Êpq and the new definition by
~Epq . This observation is already very powerful.
EXAMPLE. the Five Lemma. Assume both rows are exact, all squares commute, and α, β, δ,
and ε are isomorphisms. Then γ is an isomorphism.

F G H I J

A B C D E

α β δ εγ

Consider the diagram as ~Epq0 . We take horizontal cohomology to get to ~Epq1 . Since the rows
are exact, ~Epq1 looks like

? 0 0 0 ?

? 0 0 0 ?

In particular, the cohomology of the total complex vanishes in the two degrees corresponding to
C and H . ~Epq2 looks similar and the spectral sequence converges there, since there will be no
more morphisms between two non-zero objects.
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Spectral sequences: first applications

Now compute using the other orientation, taking the vertical differentials first. Since α, β, δ,
and ε are all isomorphisms, Êpq1 looks like

0 0 ? 0 0

0 0 ? 0 0

and we see that the spectral sequence already converges on this page. We want to show that
both question marks are zero. But they equal those cohomology objects of the total complex
that are zero by the previous calculation. We’re done!

Let’s show that a short exact sequence of chain complex gives a long exact sequence in
cohomology:

0 A2 B2 C2 0

0 A1 B1 C1 0

0 A0 B0 C0 0
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Spectral sequences: first applications

Taking horizontal cohomology, we get 0 in every position by exactness and the spectral
sequence converges. Thus the cohomology of the total complex is trivial.
Taking instead vertical cohomology first, Êpq1 looks like

0 H2pAq H2pBq H2pCq 0

0 H1pAq H1pBq H1pCq 0

0 H0pAq H0pBq H0pCq 0

α2 β2

α1 β1

α0 β0

The next page Êpq2 looks like

0 kerα2 kerβ2{ imα2 cokerβ2 0

0 kerα1 kerβ1{ imα1 cokerβ1 0

0 kerα0 kerβ0{ imα0 cokerβ0 0

The diagonal arrows drawn are the only non-zero morphisms on this page or on any subsequent
page. So the spectral sequence will converge on the next page. We know it must converge to
zero in every entry. This can only happen if kerβj{ imαj � 0 and if the diagonal arrows are
isomorphisms. This gives the desired long exact sequence.
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Spectral sequences: first applications

One more example: the Snake lemma. Consider the following diagram, where rows are exact
and squares commute.

0 D E F 0

0 A B C 0

α β γ

We want to prove the exactness of

0 kerα kerβ ker γ imα imβ im γ 0.

Taking horizontal cohomology, we see that all entries of ~Epq1 are zero and the spectral sequence
has converged. On the other hand, Êpq1 looks like

0 imα imβ im γ 0

0 kerα kerβ ker γ 0.
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Spectral sequences: first applications

Taking horizontal cohomology, we get Êpq2 :

0 0

0 ?? ? ? 0

0 ? ? ?? 0

0 0

The single question marks converge on this page. Therefore they must equal zero. The double
question marks will converge on the next page, as there will be no more non-zero arrows into or
out of them. They also must be zero on Ê3, so the arrow between them is an isomorphism, i.e.
cokerpkerβ Ñ ker γq � kerpimαÑ imβq. This proves the Snake lemma.
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Spectral sequences: properties

From now on, we consider only spectral sequences of type Êpqr , i.e. with d0 vertical. We also
abstract slightly: we will let a spectral sequence converge to any family of finitely filtered
objects En P A with F 0En � En and Fn�1En � 0, i.e. Epq8 � grp E

p�q .
Notice that each Epqr�1 is a subquotient of Epqr . In particular there are natural quotient maps

En,00 Ñ En,01 Ñ ...Ñ En,08 .

Now En,08
�
ÝÑ grn E

n � FnEn{Fn�1En � FnEn ãÑ En.
The composite En,00 Ñ En is an edge morphism.
En naturally surjects onto E0,n

8 � F 0En{F 1En � En{F 1En, and E0,n
8 naturally injects

into E0,n
r , which injects into E0,n

r�1. The composite En Ñ E0,n
0 is the other edge morphism.

EXERCISE. (5 term exact sequence) the following sequence is exact:

0 Ñ E1,0
2 Ñ E1 Ñ E0,1

2
d
ÝÑ E2,0

2 Ñ E2

EXAMPLE. The Hochschild-Serre spectral sequence computes the group cohomology of G in
terms of the cohomology of G{H and H: HppG{H,HqpH,Aqq ñ Hp�qpG,Aq. In this
case, the 5 term exact sequence is the inflation-restriction exact sequence

0 Ñ H1pG{H,AHq Ñ H1pG,Aq Ñ H1pH,AqG{H Ñ H2pG{H,AHq Ñ H2pG,Aq.
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The Grothendieck spectral sequence

THEOREM (GROTHENDIECK). Let A,B, and C be abelian categories such that both A and B
have enough injectives. Let there be left exact functors G : AÑ B and F : B Ñ C. Call an
object B of B F -acyclic if the derived functors of F vanish on B, i.e. RiF pBq � 0 for i � 0.
Suppose that G sends injective objects of A to F -acyclic objects of B. Then there exists a
convergent (first quadrant, cohomological) spectral sequence, beginning on page 2, for each
A P A:

Epq2 � pRpqpRqqpAq ñ Rp�qpFGqpAq

PROOF (sketch). For A P A, take in injective resolution AÑ I and apply G to it to get a
cochain complex in B. Take an (appropriate) injective resolution to get a first quadrant double
complex. Apply F to the double complex. The cohomology of the total complex of the
resulting double complex is denoted RnF pGpIqq, the right hyper-derived functors of F .
As before, we have two different spectral sequences both converging to pRnF qpGpIqq.
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The Grothendieck spectral sequence

Starting with the injective resolution of GpIq, we can take vertical cohomology first and
horizontal cohomology second to get

Êpq2 � HpppRqF qpGpIqqq ñ pRp�qF qpGpIqq.

Reversing that order, we get

~Epq2 � pRpF qHqpGpIqq ñ pRp�qF qpGpIqq.

By hypothesis, each GpIpq is F -acyclic, so pRqF qpGpIpqq � 0 for q � 0. Thus Êpq2 consists
of a single row and the spectral sequence collapses, giving

RpF pGpIqq � HpppR0F qGpIqq � HppFGpIqq � RppFGqpAq.

Now the other spectral sequence looks like

~Epq2 � pRpF qHqpGpIqq ñ RppFGqpAq.

Since HqpGpIqq � RqGpAq, we are done.

Lukas Kofler Spectral sequences



References

NEUKIRCH SCHMIDT WINGBERG - Cohomology of number fields

VAKIL - Spectral sequences

WEIBEL - An introduction to homological algebra

Lukas Kofler Spectral sequences


