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Abstract

In this note I give a formula for calculating the number of orbits
of irreducible binary forms of degree n over GF(p) under the action of
GL(2,p). This formula has applications to the classification of class
two groups of exponent p with derived groups of order p?.

1 Introduction
A binary form of degree n over a field F' is a homogeneous polynomial
oz + 12"y + a2y 4 L+ ay”

in x,y with coefficients in F. Two binary forms are taken to be identical
if one is a scalar multiple of the other. We define an action of GL(2, F') on

binary forms as follows. Let g = < Z Z ) € GL(2, F), and let

f=apr" + a2ty + a2y 4y

Then we define
fg = aglaz + by)" + ay(ax + by)" ez + dy) + . .. + an(cx + dy)™.

Binary forms over the complex numbers are an important research topic, but
there is very little published in the literature on binary forms over GF(p).
However binary forms over GF(p) do have applications to the classification
of class two groups of exponent p with derived groups of order p* (p > 2).
There is an important paper by Vishnevetskii [2] in which he classifies the
indecomposable groups of this form. (A group of this form is indecomposable
if it cannot be expressed as a central product of two proper subgroups.) Let
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us call a class two group G of exponent p with derived group of order p?
a (d,2) group if |G/G'| = p¢, so that G has d generators. Vishnevetskii
shows that if d is odd then there is only one indecomposable (d,2) group.
If d = 3 then it has a presentation on generators aq,as,az with a single
relation [a1,a3] = 1 in addition to the relations making it a class two group
of exponent p. If d is odd and d > 3 then it has presentation on generators
ai,as, . ..,aq with relations

la1, as] = |ag, a4] = [as,a6) = ... = [ag—2, ag_1],

las, as] = layg, a5] = ... = |ag—1, aq,

where all other commutators of the generators are trivial. If d is even, say
d = 2n, then the indecomposable groups of type (2n,2) correspond to orbits
of binary forms f of degree n which have the form f = ¢g* where g is irre-
ducible. Corresponding to an orbit representative f of degree n we have an
indecomposable group V; on generators

L1, X2,y TnsY1,Y2, - - -3 Yn, 21, 22-

The relations on V; are given by a pair of n xn Scharlau matrices A, B where
A is the identity matrix, and B is the companion matrix of the polynomial
f(z,1). We set [z;,2;] = [yi,y;] = 1 for all 4,j. Let A have (i, j)-entry a;;
and let B have (i, j)-entry b;;. Then we set [z;,y;] = 2% 25 (The generators
21, 29 are assumed to be central, of course.) The type (2n,2) groups obtained
in this way form a complete and irredundant set of indecomposable groups
of type (2n,2). For example, consider the case n = 4. If f = ¢* where ¢
is irreducible, then £ = 1,2 or 4. If £k = 1 then then f is irreducible, and
there are 2+ orbits of irreducible quartic binary forms over GF(p). If k = 2
then f = ¢ where ¢ is an irreducible quadratic, and there is only one orbit
of irreducible quadratics. And if & = 4 then f = g* where g is irreducible
of degree 1, and there is only one orbit of irreducible binary forms of degree
1. So there are 7%5 indecomposable groups of type (8,2), and if we pick
representatives for the orbits of irreducible binary forms of degrees 1,2 and
4 we can write down presentations for the groups.

Vishnevetskii [I] gives a formula to compute the number of orbits of
irreducible binary forms of degree n over GF(p) for the cases when n is
coprime to p+ 1. I have managed to extend Vishnevetskii’s formula to cover
all n > 2. (When n < 2 there is exactly one orbit for all p.) When n = 3
there is one orbit for all p. When n = 4 there is one orbit for p = 2 and
1%1 orbits for p > 2. When n = 5 there is one orbit for p = 2, six orbits for

p=>5and é(p2 — 1+ 2ged(p® —1,5)) orbits for p # 2,5. In general if p is an
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odd prime coprime to n then the number of orbits is one of ¢(n) polynomials
in p, with the choice of polynomial depending on pmodn. (If p is coprime
to m, then pmodn is coprime to n.) So the number of orbits is polynomial
on residue classes (PORC). I have a MAGMA program which computes these
©(n) polynomials (with symbolic p) for any given n. I also have a MAGMA
program which computes the number of orbits for any given prime p and
any given n, including the prime 2 and primes dividing n. The programs are
superficially quite complicated, but their complexity is bounded by k? where
k is the number of divisors of n. The programs can be found on my website
http://users.ox.ac.uk/~vlee/PORC/orbitsirredpols.

2 Vishnevetskii’s method

Let S be the set of irreducible binary forms of degree n over GF(p), and let
G =GL(2,p). We have an action of G on S, and the number of orbits is
given by Burnside’s Lemma:

|G| Zﬁx

geG

where fix(¢g) is the number of elements s € S such that sg = s. Since we
have a group action, fix(g) depends only on the conjugacy class of g, and so
we only need to compute fix(g) for one representative g from each conjugacy
class. There are four types of conjugacy class.

1. There are p—1 conjugacy classes of size one, each containing an element

of the form g = ( ())\ ?\ ) For g of this form
=S| = u(d)p™*,
din
where p is the Mobius function.

2. There are p — 1 conjugacy classes of size p*> — 1, each containing an

element g = ( ())\ i ) For each of these elements

ﬁx(g):ﬁx(é i)


http://users.ox.ac.uk/~vlee/PORC/orbitsirredpols

We will show in Section 3 that this is given by Vishnevetskii’s function
B(p,n) from [I], where B(p,n) = 0 if p{ n and where

p—1 n
Blpm) =2 37
d|n, ptd
if p|n.

3. There are 3(p—1)(p—2) conjugacy classes of size p?+p each containing

an element g = ( 2 ) with A 2 p. We will show in Section 4 below

that if g = ( g\ 2 ) then fix(g) depends only on the multiplicative

0

order of % We will show that if the order of % does not divide n then
fix(g) = 0, and that if the order is e where e divides n then fix(g)
is given by Vishnevetskii’s function A(p,n,e) from [1]. If e|n then we
write 2 = kr where k is the largest possible divisor of n which is coprime
to e and then

A, e) = 2D S iy i~ 1),

dlk

Note that for each e > 1 dividing p — 1 there are gp(e)p;l conjugacy
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. A :
classes containing an element ( 0 2 ) with ﬁ of order e.

4. There are %p(p— 1) conjugacy classes of size p? —p, containing elements
g € G whose eigenvalues do not lie in GF(p). Let N be the central
subgroup of GG consisting of the matrices A\I. We will show in Section 5
that if g lies in one of these conjugacy classes then fix(g) depends only
on the order of gN. Note that this order must divide p + 1, and that
for every e > 1 dividing p + 1 there are gp(e)’%l conjugacy classes of
this form containing elements g with g/N of order e. We will show that
if gN has order e where e { n, then fix(g) = 0. Vishnevetskii does not
have an expression for fix(¢) when e|n, and this is why his formula only
applies when n is coprime to p+ 1. We will obtain a function C'(p, n, €)
in Section 5 which gives fix(¢g) in the case when e| ged(n,p + 1).

Putting all this together we see that the number of orbits is

1
@(a+b+c+d),



where
a=(p—1)) uldp",
dn
b= (p—1)(p*—1)B(p,n),
c= Y o)l ; ! (p* + p)A(p,n,e),

€|(Tl,p71), 67&1

i= Y et - pCn.e)

el(n,p+1), e#1

3 Vishnevetskii’s formula B(p,n)

11
0 1
..., Y™ as a basis for the space of homogeneous polynomials of degree n in
x,y over GF(p). Then g maps these basis elements to

(+y)", (x+y)" "y, ...y,

and so the matrix A giving the action of g is an upper triangular matrix with
1’s down the diagonal, and entries n,n — 1,...,2,1 down the superdiagonal.
The only eigenvalue is 1, and we need to count the number of eigenvec-
tors corresponding to irreducible polynomials. (We treat two eigenvectors as
being equal if one is a scalar multiple of the other.) An eigenvector of A cor-
responding to an irreducible polynomial must have non-zero first entry, but
(1,%,%,...,%) can only be an eigenvector if the (1,2)-entry of A is zero. So
the number of eigenvectors corresponding to irreducible polynomials is zero

unless n = Omod p. So suppose that p|n. Then the superdiagonal of A has
(p—D)n
p

n—2,,2

We need to calculate fix(g) when g = ( ) We take ", 2" ty, 2" %y,

% zero entries, and

non-zero entries. This implies that the dimension
of the eigenspace of A is at most 1+ %. Now y and 2P — xyP~! are both fixed
by g, and so if we let k = % then we see that the following 1+ % polynomials

are all fixed by g¢:
(l,p - :L,yp—1>k’ (xp - xyp—l)k—lyp’ SRR (l‘p - Iyp—l)y(k:—l)p7 ykp.

So the eigenspace of A corresponding to eigenvalue 1 has dimension 1 + 2
and these polynomials form a basis for the space of all polynomials of degree
n which are fixed by the g. So we need to count the number of irreducible
polynomials

(2P — 2" ) g (2P — oyP )P b g (o — oy )y B TIP gyt



with ag, aq, ..., ax_1 € GF(p).

Let F =GF(p), let K =GF(p*) and let L =GF(p"). We want to count
the number of irreducible polynomials f(x? — ) where f(z) is a polynomial
of degree k. Clearly, if f(a? — x) is irreducible then f(x) is irreducible, and
so f(z) splits in K and f(aP — x) splits in L. Let « be a root of f(z) in K.
Then 2P —z — a € K|x] divides f(z? — x), and so 2P —x — « splits in L. We
then have K = F(«), L = F(p) if § is any root of 2 — x — a. So f(z) is
the minimum polynomial over F' of an element o € K where a does not lie
in any proper subfield of K and a # P — v for any v € K.

Conversely let a € K, and assume that o does not lie in any proper
subfield of K. Also assume that o # 77 — « for any v € K. Let f(z) be the
minimum polynomial of a over F. Since a does not lie in any proper subfield
of K, we have K = F(«a), and so f has degree k. Also since o # 7P — ~ for
any 7 € K we see that 2P — x — a € KJz]| does not split in K. Let 5 be a
root of 2P — x — « in a splitting field M for 2? — x — . The the other p — 1
roots are 1 + 3,2+ f,...,p— 1+ . Since § ¢ K the minimum polynomial
of B over K has a root i + [ with ¢ # 0, and so there is an automorphism
0 in the Galois group of M over K such that 6(8) =i+ . But then 6 has
order p so that |[M : K| =p and |M : F| = p™. So the minimum polynomial
of 5 over F has degree n. But f(aP — x) has a root  and has degree n, so
must be irreducible.

So we need to count the number of elements o € K which do not lie in
any proper subfield of K and which cannot be expressed in the form A7 — ~
with v € K.

The map ¢ : K — K given by ¢(v) = 7 —+ is an additive homomorphism
of K with kernel F. So |Imp| = p*~!, and the set S = K\ Im contains
’%lpk elements. We need to count the number of elements of S which do not
lie in a proper subfield of K. So let M be a proper subfield of K. We show
that if p divides |K : M| then M NS = @, and that if |K : M| is coprime to
p then [M N S| = 22| M|,

First consider the case when p divides |K : M|. If &« € M is not equal to
vP —~ for any v € M then, as we saw above, the splitting field of 2? — 2z — «
over M has degree p over M and so must be contained in K. So M NS = &.

Now consider the case when |K : M| is coprime to p. We show that if
B € K\M then P — g € K\M. For suppose that § € K\M and ¥ — 5 =
a € M. Then the splitting field of 27 — 2 — o over M has degree p over M
and is contained in K, which is impossible. Tt follows that o(K\M) C K\M
so that [S'N (K\M)| = E2[K\M| and |S N M| = Z2[M|.

Putting all this together we see that the number of elements of S which



do not lie in any proper subfield of K is

1
P28 w(dypr/r

P

where the sum is taken over all d dividing k£ which are coprime to p. It follows
from this that the number of polynomials f(x) of degree k with f(a? — x)

irreducible is ]
P — n/pd
d)p"'P
- Ed p(d)p™'re,

and this is Vishnevetskii’s function B(p,n).

4 Vishnevetskii’s function A(p,n,e)

Let g = < g\ 2 ) with A # p. Then fix(g) =fix(h) where h = ( g (1) >,

with v = ﬁ We take 2", 2" 1y, 2" 2y?, ..., y" as a basis for the space of

homogeneous polynomials of degree n in z,y over GF(p). Then h maps
these basis elements to

n
v, vty vt T Tyt Ly

So the matrix M giving the action of A is a diagonal matrix with entries
v "1 ..., 1 down the diagonal. We need to count eigenvectors of M cor-
responding to irreducible polynomials, and such an eigenvector must have
non-zero first entry and non-zero last entry. So fix(h) = 0 unless v = 1. So
suppose that v has order e where eln. Then the eigenspace corresponding
to eigenvalue 1 is spanned by a™, " ¢y¢, 2" 2¢y%, ..., y", and so if we set
2 = kr where k is the largest possible divisor of n which is coprime to e, we

need to count irreducible polynomials of the form

" T alxnfeye + ann72ey2@ o+ akryn-

This is equivalent to counting the number of irreducible polynomials f(z)
where f(x) is a polynomial of degree kr.

Let F =GF(p), K =GF(p*") and let L =GF(p"). Let f(x) € F|x] have
degree kr and suppose that f(z¢) is irreducible. Then L is the splitting field
of f(x¢). Also, f(z) must be irreducible over F, so that K is the splitting
field of f(x). Let a € K be a root of f(x), so that K = F(«), and « does
not lie in any proper subfield of K. Then z¢ — « divides f(z¢) over K, and
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so x°—a hasaroot f € L, and L = K(f3). Since |L : K| = e, 2° —a must be
irreducible over K, and so o must be non-zero and cannot be the ¢** power
of an element of K for any prime ¢ dividing e.

Conversely, suppose that « is a non-zero element of K which does not lie
in any proper subfield of K, and suppose that « is not equal to a ¢ power
of an element of K for any prime ¢ dividing e. Let f(x) be the minimum
polynomial of a over F'. Since we must have K = F'(«), f(z) is an irreducible
polynomial of degree kr. We show that f(x°) is irreducible over F.

Let M be the splitting field of ¢ — a over K, and let v € M be a root of
2¢ — a. Since p = 1 mod e, there is a primitive e root of unity ¢ € F, and
the roots of ¢ — a in M are

Y, 6y, ¢y, Ty

So the conjugates of v over K have the form (%, and the set of powers (* such
that ¢’y is conjugate to v form a subgroup of (¢). Let this subgroup have
order m dividing e. Then the minimum polynomial of v over K is 2™ — ™
(with y™ € K). So
a == (y")m

Our assumption that o is not equal to a ¢ power of an element of K for any
prime ¢ dividing e implies that m =e. So |[M : K| =e and M = L = F(7).
This implies that the minimum polynomial of v over F' has degree n. But
f(z¢) is a polynomial of degree n which has v as a root, and so f(x¢) must
be the minimum polynomial of v over F', and must be irreducible.

So to count the number of irreducible polynomials of the form f(z¢) where
f has degree kr we need to count the number of elements o € K which do
not lie in any proper subfield of K and are not ¢** powers of elements of K for
any prime ¢ dividing e. Let S be the set of elements in K which are not ¢*
powers of elements in K for any prime ¢ dividing e. The non-zero elements
of K form a cyclic group G of order p*” — 1, and e[p—1, so | S| = @(p’“"— 1).
However we need to take account of elements of S which lie inside proper
subfields of K. So let M be a proper subfield of K, with |K : M| = t.

First consider the case when g¢|t for some prime ¢ dividing e. Then if
a € M is not a ¢ power of an element in M then 27 — « is irreducible over
M. (This uses the fact that F' contains primitive ¢'* roots of unity.) So the
splitting field of 27 — o over M has degree q over M, and must be contained
in K since ¢ divides |K : M|. So |SN M| = 0.

Next consider the case when ¢ is coprime to e. Note that this implies that
t|k. We show that in this case |S N M| = @(\M! —1). To see this suppose
that & € M\S. Then a = +? for some v € K and some prime gle. If v ¢ M
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then 29 — v is irreducible over M, so that the splitting field of 7 — a over M
is an extension of M of degree q. But this is impossible since this splitting
field is M () which is a subfield of K, and ¢ does not divide |K : M|. So if
a € M\S then « is a ¢ power of some element of M for some gle. Hence
5N M| =22(M]| - 1).

It follows from this that the number of elements of S which do not lie in
proper subfields of K is

A S - ).

dlk

Each of these elements has a minimal polynomial f(z) of degree kr with
f(z°) irreducible, and so the number of these polynomials is

2O S ) - .

n
dlk

5 My function C(p,n,e)

If e|ged(n,p + 1) and e > 1 then we write = kr where k is the largest
possible divisor of n which is coprime to e. We define

C(p,n,e) = 0 Zﬂ(g)(pm — 1+ 2(rdmod?2)).

n
dk

We show that if g € G has eigenvalues that do not lie in GF(p), and if gN
has order e then fix(g) = 0 if e { n, and fix(g) = C(p, n, e) if e|n.
Let g € G have eigenvalues that do not lie in GF(p). Then g is conjugate

to an element h = ( (1) : ) where 2% — sz — r is irreducible over GF(p),
and fix(g) =fix(h). So we assume that g = (1) " Let A, \? be the

eigenvalues of g in GF(p?). Then g has eigenvectors (1, \), (1, \?) with these
eigenvalues. Let U be the space of homogeneous polynomials of degree n
in z,y over GF(p?), and let V be the space of homogeneous polynomials of
degree n in x,y over GF(p). Then U has a basis

(x+ Ay)", (= + )\y)”_l(x + Ny), (x + /\y)”_Q(w + )\py)2, ooy (T NPy

The element g acts as a linear transformation 7, on U, and these basis vectors
are eigenvectors for T, with eigenvalues A", \"71AP, ... A\P". We show that
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fix(g) = 0 unless A" = AP". (Note that if A\ = A" then ¢" = ( A0 ) €

0 A"
N, and the order of gN divides n.)

The element g acts as a linear transformation S, on V', and v € V' is fixed
by g if and only if v is an eigenvector for S;. So let v € V' and suppose that
vS, = pv with u € GF(p). The eigenvalues of S, are also eigenvalues of T,
and so

€ AN AT AP
Now p = pP, and so if A™ # A" then

e D AP PR A AP
But this implies that v lies in the GF(p?) span of
(z+ 2y)" e + Ny), (. + Ay)" 2z + Ny)?, ..o (o + Ay) (z + Ny)"
and hence that v has a factor
(z + \y)(z + Ny) = 2 + szy — ry°

and is not irreducible. (We are assuming that n > 2.) So if A" # A" then
fix(g) = 0, as claimed.

So assume that A" = A" and let gN have order e dividing n. Then
elp+ 1, and e is the smallest value of s such that A\* € GF(p). As we have
seen, if v is an irreducible polynomial in V' then v is an eigenvector for 9,
with eigenvalue A". The dimension of this eigenspace is 1 + 2 and we obtain
a basis for the eigenspace as follows. As in the definition of C'(n,p,e) let
2 = kr where k is the largest divisor of n which is coprime to e. Let

ale.y) = 5 (24 M) + (2 + Wy)),

1
b =—— Ay)¢ — APy)e) .
(@) = Sy (@ 20" = (4 W)
Then a and b are homogeneous polynomials of degree e in GF(p)[x,y]. The
coefficient of z¢ in a is 1, and the coefficient of y° in a is A\°. The coefficients
of ¢ and y° in b are zero, and the coefficient of ¢y is 1. The eigenspace

of S, for eigenvector A" has basis
akr) akT_lb, akT_QbQ, o 7bkr‘

So to calculate fix(g) we need to count the number of irreducible polynomials
of the form
apad" + a1 + and T 4+ L+ oy, b
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Since b is divisible by = we can assume that ag = 1.
So assume that

h(z,y) = a* 4+ a1a™ b + a0 + .. 4 o, DT
is irreducible, and let
f(l') = xkr + Of1l’kr_1 + CYQZL‘]W_Q + .o+ o

Then f must be irreducible, and so f has splitting field K = GF(p*"). Let
F =GF(p), and let L =GF(p"). Since h(z,1) is irreducible over F' it splits
over L. Let 8 be aroot of f(x) in K. Then a(x, 1) — gb(z,1) € K[z] divides
h(z, 1), and so splits in L. Let v be a root of a(x,1) — fb(x, 1) in L, so that
L =F(v). So |K(v) : K| =|L: K| = e, which implies that a(z, 1) — gb(x, 1)
is irreducible over K.

Conversely, suppose that § € K generates K over F', and suppose that
a(x,1) — pb(x, 1) is irreducible over K. Let

f(@) =2 + a2 + a4+ ayy,
be the minimum polynomial of 3, and let
h(x,y) = a* 4+ a1a™'b + apa 720 + .. 4 o, DT

Since a(x,1) — b(x, 1) is irreducible over K its splitting field over K is L.
Let v be a root of a(z,1) — Bb(z,1) in L, so that L = K(v) = F(5,7).
Provided b(7,1) # 0 we see that 8 € F(y), so that L = F() which implies
that the minimum polynomial of v over F' has degree n. This implies that
h(z,1) is the minimum polynomial of v over F' so that h(z,1) and h(z,y)
are irreducible. However we cannot have b(vy, 1) = 0 since this would imply
that a(vy,1) = b(~,1) = 0 and this would imply that a(x,1) and b(z, 1) have
a common factor over F' so that a(x,1) — $b(x, 1) would not be irreducible
over K.

So to count irreducible polynomials of the form h(z,y) we need to count
elements § € K such that [ generates K over F' and such that a(x,1) —
Bb(z, 1) is irreducible over K. As a step towards this we prove the following
lemma.

Lemma 1 Let M = GF(p™). If m is even then the number of elements
B € M such that a(z,1) — 5b(x, 1) is irreducible over M is @(pm —1), and
if m is odd then the number of elements f € M such that a(x,1) — b(z, 1)
is irreducible over M is &< (pm + 1).

e
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Proof. First suppose that m is even. Then A and A lie in M, and the
set of M-linear combinations of a(z,1) and b(z,1) is the same as the set of
M-linear combinations of (z+\)¢ and (x+A?)¢. So the number of irreducible
polynomials of the form a(x,1) — fb(z,1) with § € M is the same as the
number of irreducible polynomials of the form (z+ \)¢— f(x + \?)¢ with 5 €
M. Since e|p+1, M contains the e roots of unity, and so (z+\)¢— B(z+\P)°
is reducible if and only if 3 is a ¢** power of some element of M for some prime
q dividing e. So the number of irreducible polynomials (z + \)¢ — 5(z + AP)®

Su@ = Ay

€
dle

Next, suppose that m is odd, so that A\, \? & M. Let L = GF(p*™). So L
is an extension field of M with |L : M| = 2. The field L contains A, \?, and
also contains the e roots of unity. Since m is odd, \» = \P". If 3 € M then
g 1 g

)@+ AN+ (=

2 T ) /\pm))(a:+>\z>m>e.

a(z,1) — pb(x,1) = (% + m

Ifweset’y:%—i-ﬁeljthen

a(z,1) — Bb(z,1) = y(z + A + 47" (z + )"

Conversely, if v € L then y(z+\)¢+~F" (z+AP" )¢ is an M-linear combination
of a(x,1) and b(x,1). Note that y(xz+\)¢+~P" (2 + I\P") is a scalar multiple
of 6(z + \)° + 6" (z + X)) if and only if 47"t = 6"~ Let w be a
primitive element in L. Then —1 = w®"~DE"+D/2 We let ¢ = w®"+1/2 50
that ¢(?"~! = —1. So

" = (G = e

for some ¢ with 1 < ¢ < p™ + 1. Note that this implies that there are
p™ + 1 different values of v*" =1, We show that vy(z + )¢ + P (z + A\P")¢ is
irreducible over M if and only if ¢ is coprime to e. Since e|p™ + 1 this implies
that there are @(pm + 1) different values of 4?"~! yielding polynomials
y(x + X)€+~P" (x + A\P")¢ which are irreducible over M. This in turn implies
that there are @(pm + 1) values of § € M such that a(x,1) — gb(z, 1) is
irreducible over M, as claimed.

So suppose that ¢ is not coprime to e. Then there is some prime ¢ dividing
e which also divides c. Write ¢ = ¢d, and let § = w?. Then —?"~1 = g™~ 1a_
So (x4 A)¢ 4+~ "1 (z + AP")¢ is divisible by

(2 + AT = 6" "o + N = (2 N4 (5P (@ + AT
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and this implies that y(z + \)® +~4*" (z + AP")¢ is divisible by
CB(a -+ X)7+ (GO (a4 X,

Conversely assume that v(z 4+ A)¢ 4+ 47" (z + A" )¢ is not irreducible over
M. Then (z+A\)¢+~P"~1(x+ A\P")¢ is not irreducible over L and so (since L
contains the e roots of unity) (z +\)°+~*"~1(x+ A\P")¢ has a factorization

((:L‘ + )\)e/t _ oél(q; + )\Pm)e/t) o ((x + )\)e/t . Oét(SC X )\pm)e/t)

for some ¢t > 1, with af = af = ... =af = —?" 71
First consider the case when t is divisible by an odd prime g. Then
—AP" = " =De ig a ¢th power, and since ¢ is coprime to p™ — 1 but

divides p™ + 1 this implies that ¢|c.

Next consider the case when ¢ is divisible by 4. Note that since t|e and
elp + 1 this implies that "1 s odd, and also implies that 2 is a prime
dividing e. Now —+P"~1 = w®™ =1 is a fourth power of an element of L,
and since pm;l is odd, this implies 2|c.

Finally suppose that (z + )¢ ++?"~1(z + A\*")¢ has no factorization with
t divisible by an odd prime or ¢ divisible by 4. Since we are assuming that
(4 A+ 47" "Iz + N")¢ is not irreducible the only possibility left is that
e is even and that (z + \)® + 97" ~!(x + A\")® equals

((x+ N = a(z + X)) ((z+ N + alz + X")?)

for some o with —a? = v?"~!. Since there is no factorization with ¢t > 2 the
factors (24 A\)*/2 £ a(z+ " )*/? are irreducible. So v(z+ )¢ +~7" (x+ " )¢
can only factorize over M if a@ = §*"~! for some § € L. But then

sPm-D2 _ 2 _me_1 — @ =De
so that 2|c.
This completes the proof of Lemma 1. 0J
0 9 . .
So let g = 1 where z# — sx — r is irreducible over GF(p), let

g have eigenvalues A\, AP, and suppose that gN has order e|p + 1. As we
have seen, fix(g) = 0 unless e|n. So assume that eln and write 2 = kr
where k is the largest divisor of n which is coprime to e. Let F' = GF(p),
K =GF(p*), and let L =GF(p"). As we have seen, to calculate fix(g) we
need to count the number of elements 5 € K such that K = F(f), and such
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that a(z,1) — Bb(x,1) is irreducible over K. Let S be the set of elements
f € K such that a(z,1) — b(z, 1) is irreducible over K. By Lemma 1,

S| = @(p’” — 1+ 2(krmod?2)),

e
but we need to subtract away the number of elements of S which lie in proper
subfields of K.

So let M be a proper subfield of K and suppose that |[K : M| =1t > 1.

First we show that if ¢ is not coprime to e then |S N M| = 0. So suppose
that t is not coprime to e but that 5 € SN M. Then a(z,1) — 5b(x,1) is
irreducible over M, and so the splitting field P of a(x,1) — b(z, 1) over M
has degree e over M. Let s = ged(e,t). Then there is a subfield @ with
M < @ < K such that [Q : M| =sand M < @Q < P with [P: Q| = £. But
this implies that the splitting field of a(x,1) — 8b(x,1) over K has degree <
over K, so that a(x,1) — 8b(x, 1) is not irreducible over K.

Next consider the case when ¢ is coprime to e. We show that if 8 € M
and if a(x, 1) — pb(x, 1) is irreducible over M then 5 € S, so that

M NS| = @(pkr/t -1+ 2(% mod 2)).

So suppose that 8 € M and that a(z, 1) — b(x, 1) is irreducible over M. Let
P < L be a splitting field for a(z,1) — Sb(x, 1) over M, and let o be a root
of a(xz,1) — Bb(z,1) in P. So P = M(«). Since |K : M| and |P : M| are
coprime with |K : M|.|P: M| =|L: M|, L = K(«),andso 8 € S.

So we see that the number of elements of S which do not lie in any proper
subfield of K is

S )~ 1+ 2(rdmoa ),
dlk

and hence that
fix(g) = C(p,n,e).
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